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EDITORS' NOTE 


The Soviet physicist V.A. Pook is well know by physicists for his 
work in quantus mechanics, particularly in connection with the Hartree- 
Fock theory of self-consistent fields, The purpose of this collection 
ds to acquaint the reader with Fook's more recent work on the propaga~- 
tion, refraction, and diffraction of radiowaves, Fock's early papers on 
this subject (the first five papers in thie collection) appeared in 
English almost a decade ago. However, all of his more recent work has 
deen published in Russian and is relatively unkmow outside the Soviet 
Union. 


The translations in this collection have been basci upon transla- 
tions obtained from eeverel sources. Mr, Herman ¥. Cottony of the 
Rational Baresu of Standaries and Miss A. Pingell of the Naval Research 
Laboratory, reepectively, made the original tranalations of Chapters 
VI and XJ of this collection, The translator of Chapter VIIT is ur 
imow to the editors. The remainding chapters were translated ty 
Morrie D, Priedman. Chapters VIII, IX, and X were made by Morrie D. 
Priedzan, Ino., Newtonville, Massachasetts. Chapters II and III were 
made in cooperation with Lincoln Laboratary. 


According to the Library of Congress scheme for the transliteration 
of the Bussian alphabet, Fock's name appears as Fok, However, because 
of the more general use in scientific literature of the form Pock the 
editors bave retained this form in this collection. 


NAL. 
P.B., Jr. 
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V.A, POCK'S CONTRIBUTIONS TO DIFFRACTION THEORY 


, 


V.I, Snirnov 


1. DNTRODOCTICN 


V.A. Fock becane interested in diffraction problems comparatively 
recently, Within a short tine he succeeded in obtaining numerous 
results which are very important both in theoretical and in practical 
eopects, By forecasting the pathe of further investigations in this 
field, they undoubtedly are epochal in diffraction theory, 

The solution of the problems of electromagnetic wave diffraction 
consists of finding solutions of the Maxwell equations subject to 
specific initial and boundary conditions on the diffrecting surface and 
radiation conditions at infinity, The initial conditions are often re= 
placed by the requirement that the solution be sinusoidal in time, 

Pock devoted himeelf to an analyeie of problems of the last kind. Prior 
to the Fock investigations in the theory of electromagnetic wave dif- 
fraction, only solutions for a small ramber of problems for obstacles 

Of a specific shape were know, such ser the infinite wedge, cylinders - 
ciroular, elliptic and parabolic - ard also for the ephere. In addi- 
tion, the problem of diffraction from a paraboloid of revolution, solved 
by Pook himself in 1944, should be added to the above list, 


a 


The previous solutions of the problems mentioned above, which 
were represented by series or by integrele, were not very useful in 
the important prectical case when the wavelength is smal. in comparison 
to the dimeneions of the obstacle, and they should be considered as 
only the firet step in solving the problem, The next step mst be the 
derivation of formas fran which qualitative physical consequences 
can be obtained and which are, in addition, suitable for practical 
computations, Hence, one of the possible directions of work in dif= 
fraction theory wae the development of a method of isolating the prin~ 
cipal parts out of the complex formulas which constitute the exact 
Golution of the problem. The Fock investigations were made in thie 
direction when solving the problems of diffraction from a conducting 
sphere ag well ae from a paraboloid of revolution, Naturally, the 
method cited is applicable only in those few cases when an exact solu- 
tion can be constructed succesefully. Consequently, an urgent need 
existed for the creation of an spproximte meothed of solving diffrac- 
tion problems which, while being general, would lead to relatively 
sinple formulas. 

The fundamental works of Fock on diffraction are devoted to the 
construction of such an approximate method and to the solution of a 
manber of practical important problems by using this method, Pook 
developed and used the parabolic equation method proposed by Leontovich. 
This permitted him to give not only new simplified derivations of 
results he had obtained earlier by other means but also to generalize 


pt 


them in various directions (to take the finite conductivity of the 
body into accounts to determine the field close to the eurface ae well 
ao on the surface iteelf; to take atmospheric inhamogeneltics into ac~ 
pount in the problem of diffractdon of radiowaves around the carth’s 
surface). 

As ie every approximate method of solving boundary value problems, 
the Fock method 1s based on the smallness of certain parameters en- 
countered in the probles, The quantities which are ually small in 
the problems of radiowave diffrection are: vi and A, where 
Fees 4 47 ig the complex dielectric constant of the diffracting 
body; A ie the wavelength of the incident waves B is a quantity of the 
order of the radius of ourvature of the surface of the body, 

If |%j = © (perfect conductor), then the field within the oondus- 
tor is zere, i.e,, it is known in advance. Thie circumstance permits 
the diffraction problem to be formulated only for the space outside the 
body, which leads to substantial simplification, The situation in the 
imperfect conductor case 1g similar if the inequalities || >> and 
RA >> 1 are satisfied. 

In this case, the field within the conductor appeare to be van- 
ishingly small everywhere except in a surface layer of thickness of 
order Mal » here the influence of this layer oan be taken into 
account by using boundary conditions for the external field 


(1) _—e 77 (& - 33,) * my, - nw, etc. 


ait 


where Jy jp 4, are the components of the current density; Dy ay a 
are the unit veotor components normal to the body surface, Acad. M.A, 
Leontovich first suggested the aforementioned conditions in a rather 
different form, 

Consequently, the approximate formulation of the diffraction 
problem is9 thereby reduced to a problem involving the fields exterior 
to the body, A further essential eimplification in problems of radio— 
wave diffraction from bodies of arbitrary shape results from the pring 
ciple of the field being local in the half-shadow region. 

If the electromagnetio field near ths surface of a conducting 
body were to be detercined successfully, and, therefore, the current 
distribution in the surface layer, then the solution of the diffrection 
problems would be attained by simple well~kmown formulae for the vector 
potential, The field in the illuminated region near the body is mbject, 
with a high degree of scouracy, to the Fresnel laws of reflection, and, 
therefore, can be deternined capily; the field decreases rapidly to 
sero in the shadow region, 

Consequently, the unattainable link in the approximate solution of 
the diffraction problems is the transition region (half=shadow) located 


near the geometric shadow bountlary amd with the shape of a band of width 


d = q/2 2 , where R, 4s the radius of curvature af a normal ssoticn 


go 
of the body in the inofident plane, 
Pock succeeded in showing that the alectromagnetio field in the 
half-shadow region ie, to the accuracy of quantities of the order of 


iv 


Va , of locel character, 1,0,, tt dependsonly on the values 
of the incident wave field in the neighborhood of the given point, on 
the geometric shape of the body near this point, and on the electric 
properties of the conductor, ; 

After the principle of the local field had been established, there 
remained only to find the solution of the diffraction problem for a 
convex body of euffioiently ceneral shape, end to derive the approxi- 
mate formas for the field on ite surface, It is convenient to take 
the paraboloid of revolution as such 8 body, In solving the problem of 
plane wave diffraction from a paraboloid, ¥V.A, Fock used separetion of 
variables in parabolic wordinates, He constructed the exact solution 
in the form of integrals and performed the approximate calculation of 
these integrale under the sesumption that ka>> 1, where k ie the 
wave number and a isa parameter of the paratoloid of revolution: 
x2 ¢y%— 25-02 = 0, 

The characteristic direotion of the work on diffraction explained 
above is sufficient ~o indicate the important principles of the methods 
developed, Basically, these methods reduce to the followings 

Pook indicated an effective method of approximately evaluating in= 
“inite series and integrals {containing a large parameter) which repre- 
tent the exact solutions of certain problems of electromagnetic wave 
diffraction, This method permitted him to develop, for example, a 
rigorous theory on radiowave diffreotion around the eerth's surface 
surrounded by & homogeneous atmosphere  ‘{"Diffraction of Radiowaves 
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Around the Earth's Surface", 1946)2, He was aleo tha firet to establish 
the very important principle of the loca) character of the electromag~ 
netic field in the half=shadow region, using _, didely tha Leontovich 
conditione? in the approximate formilation of radiovave diffraction 
problema, 

This work afforded him the opportunity to construct an appracimate, 
but yet eufficiently accurate for pracv.cal needs, theory of rediomve 
diffraction from conductors of arbitrary ahape ae well as a theory of 
rediowave propagation around the earth taking inhomogeneities of the 
atmosphere into account. The explanation of this theory ie given in 
"Theory of Radiowave Propagation in an Inhomogeneous Atmosphere for a 
Raised Source", (1950)°, 

These works on diffraction have played a very important part in the 
history of this question and, at the present tine are among the clearest 
attainments in diffraction theory and its applications, Let us turn to 
& Bore detailed explanation of sowe of these works. 

The problem of rediowave diffraction in a wacinm relative to a oon- 
ducting sphere is solved in "Diffraction of Radiowaves Around the Earth's 
Surface”, 

Let the sphere be of radiue a and be characterized by the dl- 
eleotric constant € , the conductivity O& and the magnetio permeability 
unity, Let the spherical coordinates (r,6,9) be introduced and let « 
vertical electric dipole be placed at the point r= b, @ = 0, where 
b> «e. The electromgnetic field exoited by such a dipole oan be ex- 


pressed by means of the Herts funotion U(r,0,9) which satisfies the 


equation 
vt 


(2) Aveky = 0 


Hence, in omier to determine the value of tne field on the sphere's 
gurface, 1t 19 sufficient to kndw the quantities: 


(3) D, © U(a,6,y) and Us «So 
ma 

In 1906, Mie obtained an analytical representation for the function 
U as an infinite series of spherical functions, ‘The extremely poor 
convergence of the serise prevented qualitative physical consequences 
from being obtained and prevented practical use of the aforementioned 
exact solution of the problesn, A major step toward @ practical we of 
these series was made by Watson 1n 1918. But the transformed form of 
the solution was still unsatisfactory, both because of its complexity 
and because 1t was only applicable in the geometric shadow region 
(1.0., far from the horizon). Only 4n 1945 did Fock succeed in obtaine 
ing an expression for the Rerts function suitable for all cases, 

Fock traneforms the series for u and v, into complex integrals, 
But, in contrast to the precedirg authors who tended to reduce the 
integrals to a sum of residues, Fock isolated from the integrals a 
principal term which ylelds sufficiently exact values for the functions 
inveatigated, 

It wae shown in this work that if waves passing through the thicke 
hese of the earth and waves oiroumsoribing the earth because of dif~ 
fraction are neglected because of their emaliness, then the valve of 
U, oan be represented ty the following integral 

vil 


oe ka 
(b) “ = Ze! f vprielr*g, dy 3 where 
¢c 


a” F kab¥23ine 


+ (tb) 


(5) ely) 2 7 XK (¢¢ as (Ka) 
FOE ed 2 y-t 


° 
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(6) Gt PETE) F(t, diveyd— £etgé), 


Toren 
(1 : 
(1) Cnle a fF Fant Bs Hef Fhe); 


(8) Xngrs Va!) , ga 20 (A-t0 the wevelength) 
% a 
Hee 

(9) Ky= Ky, yaee ld te; 
PU. A,y73 3) 1s the hypergeametric function; the contour C is a line 
intersecting the positive part of the real axis going downward (to the 
left of the poles of ¥({y)). 

A similar integral 1s obtained for Ul, The essential feature of 
this method of approach is that the integrals obtained can be caloulated 


eaelly and with great accuracy for any value of 8. 
witt 


The characteristic parameter of the aforenetianed integrals is 
the quantity p = cs T where Ya fe the angle between the 
vertical at the observation point and the source direction, If ps» 1 
and the observer ie in the line of sight region (nore accurately: if 
kh cosTS >1, where b 4s the height of the source above the earth), 
then the « ~*uation of the integrals leads to the well-cnom "reflece 
tion forma", This evaluation of the integrals leads to the Woyl~van 
der Pol formula valid for pointe at large distances from the source 
bat etill well within the line-of-sight. 

The half-shedow region (where p wl), for which approximate 
values of the field were not know) ie of greatest interest, A method 
is indicated in this work of evaluating the integrale for this case 
and the following forma is obteined 


(10) 0 


em (to FOE) 
i ¢ ve fo ORCA) dt, 


in which w(t) is the complex Airey function related to the Hankel 
function of one third order by the relation 


2g 


(2) w(t) -/5* 3 (— e)t a) [e«-8"}. 


The contour [" goes frmie@ to 0 and frm 0 to om; 
-% % 
ay 2 Br - (8) a - fs) BH. 
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The formula for the half-ahadow region 1s the main result of this 
work, It is applicable in all cases of practical interest, It trans- 
forms inte the Weyl-van der Pol formula far from geometric shadow in 
the line-of-sight region, This forms can be reduced to a rapidly 
converging series when the transition is made into the shadow region 
where (- p)>>1, 

In the work "Solution of the Problem of Propagation of Electro- 
magnetic Waves Along the Earth's Surface ty the Method of Parabolic 
Equations" (written jointly with M.A. Leontovich)*, a problen is 
analysed which 19 similar to the problea in the paper mentioned above 
tut the method 1s essentially different, 

The influence of the earth's surface is taken into account by the 
Leontovich approxdmte boundary conditions and terms in the field equa- 
tions are neglected which are smal) and are of the order of am 


i « Ag a result, the "approximate" formation of the probdlen for 


the spherioal earth case is simplified substantially and 1a reduced to 
the problem of solving the parabolic equation 


a3) 2 . i|(=-2) 28 si oe 


conditions 


It im difficult to estimate the error introduced by discarding the 
wgmli" terms when using this method, To do this the well-mom 
Presnel "reflection" formula mist also be considered, The essential 
advantage of the parabolic equation method ie its great aimplicity as 
well as the possibility of solving more complex probleas (for eanple, 
wave diffraction from bodies of arbitrary shape). 

In this work the first case considered 1s that in which the 
earth is aeuned to be planar, Then the spherical earth case is con- 
sidered and the same formilss are obtained by using the parabolic 
equation method as had been previously obtained by approximately 
suming the series which yield the axct solution of the problem, 
The agreement between results obtained by these two methods provides 
a justification for the use of the parabo.ic equation method in 
problems of radiowave diffraction fram good conductors. Fock used 
this method widely in later works on diffraction, 

In the work "Propagation of the Direct Wave Around the Zarth with 
Due Account for Diffraction and Refraction",” the problem is solved 
under the assumption that the surface of the earth is homogeneous as 
well as thet the dielectric constant of the air is a function € ,(b) 
oaly of the height b= r-a of points above the horizon, A vertical 
dipole performing harmonic oscillations defined by the factor et 
ia placed on the surface of the earth at the point r= a, @= 0, 

A rapidly varying factor is isolated from the Herts function U 
and a new "slowly" varying function U, is introduced by means of the 


5 - 


formila 


otkty, 


15) ae mane Sees 
: Go (hr Yai © 


where « = a6 ig the length of arc on the terrestrial sphere from the 
point where the dipole is to the point above the earth at which the 
observer fe situated, 
2\% 
The author neglects quantities of order (S) in the equation 
obtained for Uz, After introduction of the nondimensional variables x 
and y by means of the formilas 


# 2° 
(16) b 2 ee ys «e y--* 
o 1 


oc hagas 
whore a Ti (0) fe the equivalent radiue of the 


‘a 265{0) 
earth's surface, anf after introducing the new function w, by means of 
the formla 
£,(0)¥e 


{17) 0, = A 4, 
V k 


the problen is reduced to determining the function w(x ,y) from the 


equation 
(18) 


y+ gy = 0 (y>0) 


a%4 jog ed 
ay? ax 


under the conditions 


2 
Qg9) a3. = 0; lin(w,- — ot 2 0, 
x00 iz 
r0 7>0 
and the natural radiation condition for bh>>1. The quantities q 


and g, entering in the formmlas reduced above, have the following 


values 


tfa® 10) * festa) » (0) 
oe Jefe e° Fae 2- co]. 


Investigation of the equation for w, shows that if g=0 and if 

the radine a ie replaced by the equivalent radius of the earth e, 
then the mathematical problem ie reduced to exactly the same form as 
when the atmoophere ia absent. In the general case, g can be con- 
sidered as a function of the product Ay, where @ © Vy a: is 


a small parameter, The solution of the problem is successfully repre- 
sented by the contour integral: 


(au) ee er re t 
Ve a ‘ 
tr ay yo 
where f(y,t) in an entire transcendental function with a definite be- 
havior at infinity am! estisfying the equstions 


2 
(22) at, yot*ys(fsy) f= 0 
ae ] 


wait 


The contour c is infinite and encloses ths first quadrant of the 
t plane. 

Investigation of the solution of the problem constructed shows 
that the lave of geometric optice are correct in the line-of-sight 
region far from ths horizon, The following inequality is the condition 
for this 


yx kh? 
(23) — n>? 1, 
ax 2s 


The solution transforms into the Weyl-van der Pol formula for small 
values of x and y and for large values of p © 4/2 con ts 


The inveatigation of the solution in the half-shadow region permits the 
conclusion that the wave reaches the horizon with an amplitude und 
phase corresponding to the laws of geometric optics for an unbounded 
medium and undergoes diffraction according to the law of the focal 
field in the half-ashadow region at the horizon, 

This result agrees completely with the ideas of L,I, Mandel'shtan 
that the properties of the soil are essential not along the whole ray 
trajectory in radiowave propagation along the earth's surface but only 
dn that region where the transaitter or receivers are located. 

Let ue turn to the work in which the problem diffraction from an 
arbitrary convex surface ie analyzed, 

An electromagnetic wave incident on a conductor axcites surface 
currents which, in turn, are sources of scattered waves, Consequently, 


an essential step in the solution of the plane wave diffraction prob- 
jem from a conductor of arbitrary shape is to find the ourrente excited 
on its surface, 

In the work, "The Distribution of Currents Induced by a Plans Wave 
on the Surface of a Conductors, ° the current distribution excited by a 
plane wave on the surface of a convex, perfectly conducting, suffi- 
ciently smooth body of arbitrary shape is analyzed unier the condition 
that the length of the eleotromgnetic weve is very azall in comparison 
with the body dimensions and the redii of curvature of ite surface, A 
fundamental result of the work is the proof that the field has local 
character near the geametric shadow boundaries, 

It ia show in the work that when the incident wave is polarized 
with the electric vector in the plane of incidence the current distri- 
bution near the boundaries cited is expressed through a universal 
(identical for all bodies) function @(f) of the argument £ = a, 
where Ll is the distance froa the geometric shadow boundaries meas- 
ured in the incident plane and d is the width of the half-shadow 
region, An analytic expression is derived for the function G(£) and 
detailed tables are given, 

The solution of the problem of the current distribution is based 
essentially on the study of the solution of the integral equation for 
the current density T on the surface of the perfect conductor, If 
the monochromatic electromagnetic wave B = Ht @7Ket e4116 on the 
conductor and if the following notation is introduced 


(2a) f= a-aal®, T- fax], 


then the following integral equation is obtained for the surface cur 
rent density 


(25) JT. geod (See Pd ea, 


vhere “2 1s the unit vector normal to the conductor eurface; ¥ and 
P’ are radius vectors of fixed points of the surface ard of points with 
the surface clement 43’ ani R= |F- 74 . 

As an deegtlgaticn of the integral equation in the case of very 
large values of k (1,0,, small wavelengths A ) shows, it can be con- 
sidered, with enough accuracy, that J = 2$* on the i2luminated part 
of the surface (which corresponds to Fresnel reflection theory and 
J=0 41n the shadow part, In the neighborhood of the geometrical 
shadow boundaries, the integral equation shows that in a bandwidth of 


order 


(26) as UD, ne , 


where R, is the radius of curvature of a section of the body surface 

by the incident plane, the current density and, therefore, the field 

has an approximate value dependent only on the value of the extemal 

field Ti 4n the point under investigation, the geometric character= 

istios of the surface element and on the electric properties of the 

conductor, Such a result means that universal formas for the current 
xvi 


density on the wurface of « perfect conductor in the half-shadow re- 
gion cap be obtained from the solution of the diffraction probles for 
qhe particular case of a convex surface, ‘The universal formilas nen- 
tioned are obtained by considering the problem of plane wave diffrac- 
tdon from a paraboloid of revolution, 

The remit is 


a ist 

set, a ea 
w(t) 

where w(t) 4s the conplex Airey fimotion and I’ 4s a contour in the 


complex plane going from infinity to tero along the line arg “iw 


(27) T- TRO 


and from sero to infinity along the positive part of the real axis, An 
investigation of the ssymptotic values of G(&) for large positive and 
negative values of £ echows that the current density J” tranoforms 
continuously when the traneition is made frum the half-shadow into the 
line-of-sight or into the shadow regions, into the values 2§°% and 
j- 0, respectively, Detailed tables are constructed for the function 
o£). 

The result of the preceding work is generalized in "Field of a 
Plane Wave Near the Surface of a Conducting Body* in thet, first, the 
field ie determined not only on the body surface itsdlf but also ina 
Certain surface layer with thickness emall in canparison with the redii 
of curvature) second, the body js cansidered to be not as perfect, but 
caly a good conductor in the sense that the M.A. Leontorich conditions 
hold for the tangential field components on ite surface, Furthemore, 

xvi 


the polarisation of the incident wave may be such that the electric 
vector lies in or is perp: diowlar to the plane of incidence, 

Let us discuss the Fock work, "Fresnel Diffraction from Convex 
Bodies", (1951)". 

Considered in thie work is the diffraction from a sphere, werein 
refraction of the atmosphere is not taken inte account. It is con- 
sidered that the source and the observer are above the surface of the 
earth, where bh) is the source height and h, is the height of the 
observation point, The field 1s expressed through the two solutions 0 
and w of the equation AU kU = 0, The following notations are 
introduced in addition to those used previously: 


(28) y° hey Tins 2 * (sy? kh, } 
(29) a= (3 a ear’ 3 4° - (4) o-a! 1) i. 
The following formilas hold near the surface of the sphere: 
: ‘ gika® 
<30) * Veues ¥ (x,71,7909) 5 
eikad 
(31) SET Tat ¥ (xF Foe) » 


and the attenuation factor V is axpressed by a certain contour integral 

containing two Airey functions, All these results are contained in the 

work "Field from a Vertical and Horizontal Dipole, Raised Slightly Above 
xvisi 


qhe Barth's Surface", (1949)® and in the 1951 work, an approximate ex- 
preseion 4s given for V in the region of the shadow cone. Hence, it 
is considered that the parameter defined by the formils 


2, fi 
(32) | —? 
1° 7: 
4s large ant the quantity + x- fF, - 4/Fz is finite or msll, 
To functions are introduced 


ark ae ae eT 
(33) f(y © @ Yr eo dec 3 
=| 
(3a) gle) » 7 Ae hated So? ~ got 


Then the approximate expreseion VOouy,s Y29) is the following for 
rf 3 O in the shadow cone 


(35) Vo a 680) nein) = (6) © 8". 
4 pe? 


We do not cite the expreseion for @,- The principal term fe 
t(E), proportional to the Fresnel integral. It is independent of 
the material of the diffracting body. Superimposed on the diffraction 
Ploture (Fresnel diffraction) determined by this term is the background 
@ependent on the function g(€) varies slowly in couparison with the 
Principal term, Thie backgrouri depends on the material of the dif 


frecting body. 
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A translation of ¥,A. Fock, "Diffraction of 
Radiowaves around the Farth's Sarface*, is 
availahle through Morrie D. Friedman, {nc.; 
Newtonville, Massachusettes, 

See Appendix to thig collection of Fock papers. 
See Chapter VII of this collection, 

See Chapter I¥ of this collection. 

See Chapter VI of this collection. 

See Chapter II of this collection, 

See Chapter IX of this collection. 


See Chapter VIII of thia collection, 


I. NEW METHODS IN DIFFRACTION THEORY 


Vv. A. Fock 


The general problem of the theory of diffraction of electro- 
magnetic waves consista in finding a solution of Maxwell's 
equations, having prescribed singularities (field sources) 
and satisfying prescribed boundary conditions and conditions 
at infinity. 

The solution of this problem presents serious methe- 
matical difficulties, which arise chiefly from the necessity 
of taking into account the geometrical shape of the obstacles 
on which the wave is falling. The problem is somewhat 
simplified 1f only monochromatic waves of given frequency 
are considered, but the difficulties are stili so great, that 
the problem has not yet been solved, except in cases when the 
obstacle is of a particularly simple form. The best known of 
these are the cases of a perfectly reflecting half-plane or @ 
Wedge, the cases of a sphere and a circular cylinder. 

The cases of an elliptic and a parabolic cylinder have 
@lso been considered, and the field of a plane wave incident 
On a perfectly reflecting paraboloid of revolution (oblique 
incidence) has recently been obtained by the author, In the 
few cases enumerated a rigorous solution of the problem in the 


form of an infinite series of integrals has been obtained. 


(2) 


The aim of a theory is to give a picture reproducing all 
the qualitative and quantitative features of the phenomenon 
considered, This aim is not attained until the solution obtained 
1s of a sufficiently simple form. If the rigorous solution has 
a complicated analytical form, it constitutes only the first 
step; a second step must be made - the derivation of formulas 
suitable for numerical calculations. 

This second step may be as difficult as the first one. T9 
give an example, we may mention that the problem of diffraction 
of electro-magnetic waves around @ sphere was solved rigorously 
some 40 years ago (Mie). This problem includes that of the 
propagation of radio-waves along the surface of the earth. 

Owing to the slow convergence of the series involved, the 
general solution could, however, not be applied to the latter 
problem until 1918, when a transformation of the original series 
into another rapidly converging series was found (Watson). But 
the improved form of tho solution was still unsatisfactory in 
some respects, being very complicated and applicable only in 

the region of the geometrical shadow (far beyond the line of 
horizon). A far more satisfactory form of the solution, 
‘applicable in all cases of practical importance, has been 
recently found by the author. Thus, the way from the rigorous 
theoretical solution to the approximate practical one took about 


40 years of research. 


(2) 


To find first a rigorous solution of a diffraction problem 
and then to transform it into another form suitable for numerical 
calculations - this straightforward method is, however, of a very 
limited application. It can only be applied to the few problems | 
admitting a rigorous solution in form of series of integrals. 

In other oases (especially when the diffracting obstacle 
ie of arbitrary shape) attempts have been made to reduce the 
problem to integral equations, These attempts have proved 
successful from the theoretical point of view; but with the 
exception of a paper by the author,” no use has been made of 
the integral equations for the practical solution of the 
problem, the general theory of integral equations being quite 
useless for purposes of numerical calculation. 

An approximate method, sufficiently general and leading 
to eufficiently simple formulas ds thus urgently needed. In 
the following we shall outline the principal ideas of such a 
method, proposed and developed by the author. 

Every approximate method 18 based on the smaliness of some 
parameters involved in the problem. We have to consider whioh 
of the parameters of our problem may be regarded as small. 

We are usually concerned with the propagation of waves in 
air, 1.@., in a medium with properties widely different from 
those of the scattering bodies (obstacles), The electrical 
properties of these bodies are characterized by means of the 


complex dielectric permeability 


(3) 


necei a (1) 


(€ denotes as usual the dielectric constant, +t - the conductivity 
of the medium, w - the frequency). Now 1t 1s essential that in 
most cases In] >> 1. Thus we may choose as one of the small 
parameters of the problem tue inverse value of In| or the 
quantity 1: fini . 

Next, the wave-length A in vacuo is usually very much 
emaller than the radii of curvature of the scattering bodies. 
We thus have another small parameter - the quotient 2:R, where 
R 1s the radius of curvature of the obstacle. It 1s convenient 


to take .netead the quantity 


ao ot 
1 ™ (2) 


In addition to the two small parameters defined above, 
there may be others, depending on the position of the point 
of observation. For instance, in the problem of the propaga- 
tion of radio waves along the earth surface the angle of 
inclination of the ray to the horizon may be regarded as amall. 
Let us consider the consequences of the fact that the 
parameters 1:. fh| ana l:m are emall. [n the limiting case 
| 9 | « 00 (perfect conductor) a great simplification arises 
from the fact that the field is known beforehand inside the 
conductor (this field being equal to zero). We can confine 


ourselves to the space outside the conductor by prescribing 


(4) 


proper boundary conditions to the field in air (the tangential 
components of the electrical vector should vanish at the sur- 
face). A Similar situation arises if lal 1s very large. 
The field inside the body 1s in this case very small except 

4n a thin surface layer (skin-effect), and the influence of 
this layer may be accounted for by stating boundary conditions 
for the external field, These are of the form 


= i, An(8, 2g nz.) = nyH, - ni, » etc., {3) 


where (3,» Jy? J.) is the surface current density vector, 
(ny, ny? n,) the unit vector of the normal to the surface, 
En the normal component of the electric field, the meaning 
of the other symbols being evident. These conditions, first 
stated by Leontovich” in a somewhat different form, apply if 
| a| >> 1 and if xr Jf] >> 1 (Kwon; 2). The latter in- 
equality signifies that the thickness of the skin layer should 
be small as compared with the radius of curvature of the 
obstacle. Conditions (3) may be easily generalized for 
arbitrary values of the magnetic permeability m. 
Consequently the smallness of i: Stal permits us to 
confine our attention to the field outside and on the body, 
which constitutes an important simplification of the problem. 
We now proceed to examine the influence of the amailncss 


of the wave-length. 


(5) 


As well known, in the limiting case of small wave-lengths 
the laws of geometrical optics become valid. Particularly, the 
boundary of the shadow on the surface of the body becomes sharp 
and well defined. On the one side of the boundary — in the 
illuminated region — the field obeys very nearly Frensnel's 
laws of reflection, and on the dark side the field rapidly 
decreases to zero. 

The approximation given by the geometrical optics is, 
however, not sufficient for our purposes, The point of interest 
for us is the diffraction phenomenon in its strict sense, 1.e., 
the bending of the ray around the obstacle. This phenomenon 
cannot be treated by the means of geometrical optics, and to 
give a theory of this phenomenon a more accurate solution of 
the field equations is required. 

The author succeeded in finding this solution by means of 
a new principle which may be called "The Principle of the Local 
Field in the Penumbra Region”. 

This principle consists in the following: - The transition 
from light to shadow on the surface of the body takes place in 
a narrow strip along the boundary of the geometrical shadow. 


The width of this strip is of the order 


3 
ae “3 nee « (4) 


where R, is the radius of curvature of the normal section of 


the body by the plane of incidence. .It ‘may be proved that, 


(6) 


i 
with neglect of emall quantitiea of the order = , the 
Oo 
field in this strip has a local, character: it depends only 


on the value of the field of the incident wave in the neighbor- 
hood of the point considered, on the geometrical shape of the 
body near the point and on the electrical properties of the 
material of the body. The field near a given point on the 
strip does not depend m its values at distant points and can 

be calculated separately. 

To establish the principle of the local field and to derive 
explicit formulzs for this field we have used two different 
methods. 

One of these (2) applies to the case of an absolute con- 
ductor ani gives the values of the field on its surface. We 
start with the integral equation for the surface current density 


j. This 1s of the form 
ex 1 nx [y'x(z - 2*)] as‘ 
Je2s” + jy (rebenig and Balt (5) 


f= (1 - ikrjetXF (6) 


where 


The vector s* (external current density) is defined by the 
expression (3), where H is replaced by H°%, the magnetic 
vector of the external fields z 1s the radius vector of the 
point of observation, z' that of the point of integration; 
Re | z - z'| is the length of the chord between z and 2'; 


(7) 


n 18 the value of the unit vector of the norma} at z. A qualita- 
tive atudy of the integral equation permits us to establish the 
principle of the local field. This principle once established, 
we have to find a solution of the diffraction problem for.a con- 
vex body of a particular shape and to derive approximate formulas 
for the field on its surface. In virtue of the principle of the 
local field, these formulas hold for any other convex body having 
at the point considered the same values of the principal radii of 
curvature. (The particular body must of course be sufficiently 
general to possess points with any prescribed values of principal 
radii of curvature; actually a paraboloid of revolution has been 
used). Proceeding in this way we arrive at a general formula 
for the surface values of the tangential components of the 
magnetic field or, which amounts to the same, for the surface 


current density vector. This formula is of the form 


ex 


j= J°* a(e, 0) (7) 


where the argument ¢ in G denotes the quantity 


cnt ae et ca, (8) 


& being the distance fran the boundary of the geometrical shadow, 
measured along the ray (i.e., along the line of intersection of 

the plane of incidence with the surface of the body) and taken 
positive in the direotion of the shadow and negative in the 
opposite direction. The function G(€, 0) is defined by the integral 


(8) 


aa 
(9) 


a{e, 0) (ef 


where C 1s a contour in the complex t-plane running from 


infinity to zero along the line are t e = and from zero 


to infinity along the positive real axis. 
The function w(t) may be called the complex Airy's © 
function; it 16 defined by the differential equation 


w"(t) = ta(t) (10) 


and by the asymptotic behavior for large negative values 
of t 


bl 
pice 8 ert ee [x3 (-0)?/?], (11) 


The function @(€,0) tends to the limit @ «= 2 for large 
negative values of €, while its modulus decreases exponentially 
for large positive values of ¢. Formula (7) reproduces thus 
the gradual decreaee of the field amplitude when passing from 
light to shadow. 

‘The same results may be obtained by another method* 
which allows us to generalize them in two respects. Firstly, 
the body need not be a perfect conductor, but may have a 
finite conductivity, 4f only the dDoundary conditions (3) are 
applicable. Secondly, the field is obtained not only on the 
surface of the body, but alec near the surface (et distances 
that are small ‘as compared with the radii of curvature). The 
method consists in simplifying Maxwell's equations and boundary 


(9) 


10 


conditions by neglecting quantities of the order of the aquare 
of the smal] parameters a= Jin] and 1:m. The wave equation 
for the amplitude ie thereby replaced by a parabolic equation 
of Schrodinger's type. The simplified equations are valid in 
a limited region near a point on the penumbra strip. 
The solution of these equations may be performed by means 
of the separation of variables and yields the field in the region 
considered and especially in the penumbra strip on the body. 


Introducing the complex quantity 


3 aR 
ar eH: 2 (12) 


(the modulus }]q/ is thus the quotient of the two small para- 


meters), we may write instead of (7) 


jm 3 ale, a), (13) 


where 


3 1€t 
ee ed oe ttty. an 


the contour C being the same as in (9). These formulas give 
thus the distribution of currents on the penumbra strip on the 
body and generalize our previous formulas (7) and (of. The 
formulas for the field near the surface are more complicated 
and will not be written here. 

It is to be noted that in the outward portion of the strip, 
where the illuminated region begins, approximate expressions can 


be derived from our formas that coincide with expressions for 


(10) 


11 


the field obtained by superposing the incident and the reflected 
wave and using Fresnel's coefficients of reflection. On the 
other hand, in the opposite portion of the etrip the field is 
practically zero. Thus our formulas constitute the missing 

jink joining the two regions where the laws of geometrical 
optics may be applied. Together with Fresnel's formulas they 
allow us to compute the field near and on the whole surface of 
the diffracting body. : 

In some problems this is all that is required. In the 
problem of propagation of waves around the earth's surface, 
for instance, we are only concerned with the field on helighta 
not exceeding ten kllometers--a quantity that is small as com- 
pared with the earth's radius (6380km.). In this inatance 
our formulas, if modified so as to include the case when the 
source is near or on the surface, give the required solution. 

In other problems, however, the field at large distances 
from the scattering body 1s needed. In spite of the fact that 
our formulas are valid only in the region near the surface, 
they provide a means to calculate the field at large distances 
also. Indeed, the field of the scattered wave is generated 
by the currents induced on the surface (in the ekin-layer) 
by the incident wave. These currents are given by our formulas. 
Thus, by applying well-known theorems on the vector potential 
due to a given current distribution, we may, in principle, 
calculate the field for arbitrary distances from the reflect- 


ing body. 
(11) 


12 


The prineiple of the local field in the penumbra region 
provides thus a basis for the approximate solution of the probley 
of diffraction in the general case of a convex body of arbitrary 


shape. 


REFERENCES 


1. V. FOCK, Journal of Physics, 1x:255, 1945. 
2. V. FOCK, Journal of Physics, x:130, 1946. 


3. M, LEONTOVITCH, Bull. Academy Sciences, U.S.S.R., 
serie physique, 1x:16, 1944, (in Russian), also 
M. LEONTOVITCH and V, FOCK, Journal of Physics, 
x:13, 1946. 


4, V. FOCK, Bulli. Academy Sciences, U.S.S.R., serie 
physique, x:171, 1946, (in Russian). 


(12) 


13 


11. THE DISTRIBUTION OF CURRENTS INDUCED BY A PLANE WAVE 
ON THE SURFACE OF A CONDUCTOR 


V. Fock 


The distribution of currents, induced on the 
surface of an perfectly conducting body by an incident 
plane wave is considered. The body is supposed to be 
convex and to have a continuously varying curvature. 
The wave length \ of the incident wave ia supposed to 
be small as compared with the dimensions of the body 
and with the radii of curvature of its surface. It 
4s shown-that the current distribution in the vicinity 
of the geometrical shadow is expressible in terms of 
an universal function G(€) (the same for all bodies), 
depending on the argument €=£/d, where £ 18 the 
distance from the boundary of the geometrical shadow, 
measured in the plane of incidence, and d is the width 


3 | 
of the penumbra eee + Re R, is-the radius of 


curvature of the normal section of the body by the plane 
of Incidence]. For the function G(#) an analytical 
expression is derived and tables are computed. 


Let us consider a perfectly conducting body on the surface 
of which a plane electromagnetic wave is incident. The surface 
of the conductor 1s supposed to be convex, with a continuously 
varying curvature, The incident wave induces on the conductor 
electrical currents, which in their turn become a source of the 
scattered wave. If the current distribution on the conductor 
1s determined, then the calculation of the field of the scat- 
tered wave may be performed by applying the well-known formulas 
for the vector-potential. Hence the essential step in solving 
the problem of diffraction of a plane wave by a perfect con- 
ductor is to find the currents induced on its surface. 


(1) 
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The present paper is a preliminary report on our work 
concerning the approximate solution of this problem, 


1. Let us denote by j the surface current density on the 
eonductor. The veotor Jj 1a defined for every point on the sur- 
face and te directed along the tangent to the surface, It te 
completely determined by its two tangential components, the 
third component (normal to the surface) being equal to zero. 


It may be shown that the vector §j maptetion the follow- 
ing integral equation: 


j= 23°* ore | oxteage oil tr. : ‘as! (1.01) 
n : Bur: 


with 
f= (i - ike | (1.02) 


In this equation R is the length of the chord joining the two 
pointe of the surface: the fixed point r(x,y,z), for whieh the 
4ntegral 18 evaluated, and the variable point r'(x',y',z'), 
whose coordinates are functions of the integration variables. 

n is a unit vector of the normal to the surface at the point 

r, @S' 1a the surface element at r' and k ie the absolute value 
of the wave vector. 


The quantity s°* ie an “externel" current density defined 
by the formula 


yet [nent® |, (1.03) 


where H®* 46 the value of the magnetic field of the incident 
wave on the surface ("external” field). 


If the dependence of the external field upon the coordinates 
is given by the factor 


(2) 
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etk(ax+py+yz) : (1.04) 


then the current density may be sought in the form of a product 
of a similar factor with a slowly varying furction of coordina- 
tes. The integral (1.01) after dividing by (1.04) takes the 


form 


\ 
Iz eik [Rea(x'-x)+B(y'!-y)+y(z!-2) ods! ; (1.05) 
where 9 1s a slowly varying function. If the wave length is 
sufficiently small as compared with the dimensions of the 
body, the value of the integral will be approximately 


tees ah gs (1.06) 
*« cos 8 


where the point x' y' z' is connected with the point x y 2 as 
4t 1s showm in Figs. 1 and 2, and 6 is the angle of incidence 
of the ray. 


oy 


Ayhy 
Pig. 1 Fig. 2 


The analytical connection between the points x' y' 2' 
and x y z is given by the following formulas. Let n’ denote 
the unit vector of the normal at the point x' y’ z' and let 


(3) 
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a+ 2n, cos 6=a' , 
B + 2n) cos Gmep', (1.07) 
Y + any cos Omy , 


where 
cos 9 = . (ans + Bny + yn) ) a (1.06) 


The quantities a', 6', y' are the direction cosines of the ray 
reflected at the point x' y' z’. 


With these notations, we have either: 
i i] - ” 
Xk ma; P ae Ae = 6; 272! = Y (1.09) 
R R R 


or 


X-Riogt;, UN ag , ZrZBay 
R R R 


. (1.20) 


we 


the formulas (1.09) being valid, 1f the point x' y' 2' 18 
situated on the illuminated part of the surface (Fig. 1), 

while (1.10) are valid, if this point is situated on the 
shadow part of the surface, In the latter case the "reflected" 
ray is fictitious. 


With the same degree of approximation as in formula (1.06) 
the integral equation (1,01) allows the following solution: 


J== 2j°% on the 111uminated part, (1,21) 
Jj == O on the shadow part. 


Near the boundary of the geometrical shadow (where cos 6 a0), 
formula (1.06) ceases to be valid and expression (1.11) does 
not give & gradual transition from light to shadow. 


(4) 
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2, In order to obtain for the currents an expression 
yalid in the transition region also, it is necessary to use a 
pore exact solution, It is rather difficult to derive it 
directly from the integral equation, but we have succeeded 
to obtain it in an indirect way, on the basis of the follow- 
ing considerations. 


First of all, it is seen from Figs. 1 and 2 that if the 
point x y 2 ilies near the geometrical boundary of the shadow, 
the point x' y' z' lies also near this boundary and near the 
point x y Z. Therefore, the value of the integral (1.01) is 
determined by the values of the integrand in the neighborhood 
of the point for which the integral is evaluated. Thus, in 
the region of the penumbra (near the geometrical boundary of 
the shadow) the field has a local character. Secondly, the 
investigation of the integral equation (carried out under the 
assumption that the chord can be repiaced by its projection 
on the tangent plane) shows that the width of the penumbra 
regicn ‘a of tne order of 


, (2.01) 


where R, is the radius of curvature of the section of the body 
surface by the plane of incidence. But ina region of width 

d and in a certain more extended region the nucleus of the 
integral equation depends essentially oniy on the curvature 

of the surface in the neighborhood of a given point (1.e. on 
the second but not on the higher derivatives of the surface 
equation with respect to coordinates). 


Hence 1t follows, that all bodies with a smoothly vary- 
ing curvature have the same current distribution in the penumbra 
region, if only the curvatures and the incident wave are the 
same near the point under consideration. 


(5) 
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Tne resulte stated permit us to infer that, if we solve 
the problem for any particular case, we can obtain universal 
formulas for the field on the surface of a perfect conductor. 
These formulas immediately apply to the region of the penumbra, 
but the field may be considered as known everywhere on the sur- 
face, Since for the illuminated region and for the remote shaded 
region the expressions (1.11) are valid. i 


bai calc Ra Oe 


3. The derivation of these universal formulas is too 
complicated to be given in any detailed form in & short paper. 
We confine ourselves to some indications as to the method, and 
to the statement of the result, which may be done in quite a 
eimple way. 


The considerations developed above show, thet for the 
derivation of the general formulas we can start from an exact 
solution of the problem of diffraction of a plane wave by 
some convex body with ea smoothly varying curvature. The sur- 
face of the body must, of course, be sufficiently general, i.e. 
must possess points with given values of the principal radii 
of curvature. 


There are two cases in which exact solutions of the problem 
are known, namely, the case of a sphere and the case of @ circu- 
lar cylinder (in the last case the incidence of the wave is 
supposed to be normal). These bodies are, however, not sufficiently 
general: for a sphere the two radii of curvature are equal, and 
for a cylinder one of the radii is infinite. The simplest of 
the bodies heving arbitrary values of the curvature radii are: 
the ellipsoid and the paraboloid of revolution. For these bodies 
only the generas form of the solution of the acalar wave equation 
18 known; the complete solution of Maxwell's equation for the 
given physical problem appears to be unimow’. 


In our work we have obtained the required solution for the 
paraboloid of revolution (particularly the values of the tangential 


(6) 
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components of the magnetic field on its surface) and have used 
this solution to derive the approximate formulas. 


Let the equation of the paraboloid have the form 


xety?_ paz - are. (3.02) 


The components of the field of the incident wave are 


in 


E,= gE, cos Be 7, H, =0, 
= = in 
r= Oo, Hy =E,e, (3.02) 
a in _ 
E,= - B sinéde i HH, oO, 
where 
Q =k (x sin & +z cos 8) . (3.03) 
S 
Fig. 3 
If the parabolic coordinates: 
umsk (r +2); 
vek (r- 2) ; (3.05) 


@ sarc tet 


(7) 


with 
oe eee (3.05) 


are introdused, the equation of the paraboloid becomes 


v= 0, mka . (3.06) 


For the generalized (covariant) tangential components of 
the external magnetic field we have the expressions: 


E 
dtu H* 4 nt* =. --8 [us e@ +16 (307) 
u $ k 


E ome 
- 21u i + nS e — fuo go ae (3.08) 


In the new coordinates the expression for 9 has the form 


a= (u-s) cos 6 + Juv ein &cos¢@. (3.09) 


For the same components of the total field expressions in form 
of Fourier series with respect to the angle @ are obtained. 
The coefficients of sin s¢ and cos 8¢@ in these series are 
definite integrals with respect to the parameter t, involving 
some complicated functions of u, vo, 5, s, t. These series 
and integrals can be transformed into double integrals of 

the form , 


E, Juv 
2iu Hy, + Hy ——— e{s,t) e 
en k sin 6 


~teg¢+1t iste $ ecdy 
edt, 


(3.10) 
where the function g(s,t} 1s defined in the following way. Let 


€ {v,8,t) be an integral of the differential equation 


(8) 
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2 2 
d ag ) 8 t 
+ + —_-— = 0 ell 
>t dv es (911) 


having at v-»c@an asymptotic expression 


T 8+1 it v 
- t-1 mn -3?+5- #1 
C(v,8,t)ae : v8 ae = Foo (tapes 


where Foo is an asymptotic series of the form 


1 1 ala+l] +1) 1 
Fs, (4.9, 3) =1+8 zt Mas plbe) 2 cee (3.3) 


We put 


oa 1 : r (28) r (34% 
N(s,t)=te 2 oe ee). 


ec (v,68,-t-1) + t (374t7) ce? (v,8,-t+1) 
(3.214) 


, 


where v» is considered to be the quantity (3.06). 


Then 


is 2 
g(s,t) se ‘ 2 © (u,s+1,t) ¢ (v,s-1,t) (s-it) N (s,t) . (3.15) 


With g(s,t) having this value, the expression (3.10) 
is valid, if -n/2 < 9 < 1/2, Im the cases 1/2 < $< 
3n/2 and -37/2 < @ < -1/2 we have to take for g(s,t) a 
somewhat different expression. which we shall not 


(9) 
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write down here. The integration in (3.1C) with reapect to the 
variable t 18 to be made along the real axis from - oo to + 0 
and with respect to s atong the imaginary axis from ~ 1 wto 
+100, The value of -2tu H, + Hy 4s obtained from (3.10), if 
we replace @ by ~-¢, 

The double integral can be evaluated approximately under 
.the assumption, that the value of v=ka is very large. Let us 
introduce the quantity 


. Juv sin 6 cos ¢- cos 8 ; 
wf [20 (use) 7 (etn 8) ae 


Tt 1e easy to verify that on the geometrical boundary of the 
shadow @ =0) but in general @ will be large, of the order of 


o/3 . Therefore, when evaluating the integrals we shall oon- 
sider v to be very large and € to be arbitrary (in general, 
finite). It can be shown, that under these assumptions the 
following approximate exp:'essions for the integrals are valid 


with a relative error of the order of 0/3, 


E 
iu H, + Hye ~ [uo elf + 1¢ a(t) , (3.17) 


E 
> Bu Hy + Hye 2 [uo ei ~ Fale), (3.18) 


where 5 
i & { itt 
= 3 1 e at 
a(é)ee ace angay (x) (3.19) 


1 
the symbol ry denoting a contour running from infinity to the 


origin along the ray arc z=2/3 7 and from the origin to infinity 
Blong the ray are 2=0 (the positive real axis). 


(10) 
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The function w(t) whose derivative 1s involved in the 
integrand has “been studied in our previous paper*®, w(t) 
satisfies the differential equation 


‘ 


w" (t) = tw (4) , (3.20) 


and can be written in the form of an integral 


1 ,3 
™m - z 
w(t) © 24 | - 3° az, (3.21) 
A " 
WP) 
where the contour denoted by ws runs from infinity to the 


origin along the are z= - 2/3 7 and from the origin to 
infinity along the positive real axis. 


Comparison of (3.17) and (3.18) with (3.07) and (3.08) 
gives 


Meg =H G (et). (3.22) 


Thus the tangential components of the total magnetic field 
are equal to the tangential components of the external field 
multiplied by a certain complex function of a single variable €. 


A similar relation exists between the total and the "external" 
current density, namely 


S=J3** 0 (€) . (3.23) 


Let us examine the geometrical meaning of the variable ¢ in 
More detail. Consider the section of the paraboloid surface 
by the plane of incidence passing through the given point 
o(Fig. 4). We denote by £ the distance of the given point from 


* Journ. of Phys., 9:255, 1945. 


(11) 


24 


Fig. 4 


the geometrical boundary of the shadow, considered positive in 
the direction of the shadow and negative in the direction of the 
light. The distance £ 1s measured in the plane of incidence. 
Let Ay be the radius of curvature of the surface section and 


k = 27/)d the absolute value of the wave vector. 


Then the quantity 


3% r 
és L = (3,24 
‘ls 4 


[ where d is the width (2.01) of the penumbra region | 18 easily 
seen to coincide with the quantity (3.16) defined for a paraboloid 
of revolution, Since we know beforehand that formulas (3.22) and 
(3.23) are quite general, we conclude that they are valid for all 
bodies with a given curvature, if ¢ 18 given by (3.24). 


(12) 
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These formulas give the transition from the shadow to the 


light. 
For large positive values of & the function G(€) 18 approxi. 


mately equal to 


3 
& 
Q(t) = de: € . “s) ek (3.25) 


where a, b, c are kmown numbers; namely 


a #2 0,5094 ; b= 0.8823 ; c= 1.8325. (3.26) 


Owing to the factor eS the function G(&) decreased rapidly. 
This corresponds to the decrease of the amplitude in the shadow 
region. 

For large negative values of & the function G(€) admits an 
asymptotic expansion of the form 


ot) = 2+ ty +. a3 (3.27) 


and tends to a limit which 1s equal to 2. This limiting value 
corresponds to formulas (1.11) for the illuminated region, The 
discontinuous function (1.11) is thus replaced in our more exact 
solution by the continuous function (3.23). This enables us to 
calculate the distribution of currents on the surface of a con- 
ducting body with sufficient accuracy. 


In the Appendix are given tables of the function G defined 
by (3.19) and of the function g related to G by the equation 
12 
G(x)=e 7 g(x) (3.28) 


and expressible in form of the integral 


(13) 
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1 ext 


= dt. . 
g(x) Ais J ieee (3.29) 
1 


The function G(x) is tabulated for values of x from x - 4.5 to 
x21 with interval 0.1, and the function g(x) is tabulated for a 
range of values of x from xa- 1 to x=4.5 with the same interval. 
For values of x less than xw#- 4.5 expression (3.27) may be used, 
and for values of x greater than xm4,5 formula (3.25) becomes 
applicable. 
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IIL DIFFRACTION OF RADIO WAVES’AROUND THE EARTH'S SURFACE 
V. Fock 


The problem of the propagaticn of radio waves 
around the homogeneous surface of the earth is inves- 
tigated. The diffracticr. effects are considered but 
the influence of the ionosphere is neglected. The ain 
of the paper is to derive formulas for the wave ampli- 
tude as a function of the elevation of the source, its 
distance from the point of observation (situated on 
the surface of the earth), of the wave length and of 
electrical properties of the 8011. The main result is 
the derivation of an expression for the attenuation 
factor in form of an integral. This expression is 
valid for all the values of parameters which are of 
practical interest. In the limiting cases the well~ 
known formulas are obtained: the Weyl—van der Pol 
formula for illuminated region and the formula which 
corresponds to the first term in Watson's series for 
the shaded region (the latter in a slightly corrected 
form). Essentially new is the investigation of the 
region of the penumbra (near the liue of horizon). 
Formulas are obtained which give a continuous transi- 
tion from the illuminated region to the shaded one. 
Methods for numerical calculations of sums and inte- 
grals involved in the problem are elaborated. 


INTRODUCTION * 


There are many papers devoted to the problem of the dif- 
fraction of radio waves around the surface of the earth. A 
review of more recent investigations may be found in a paper 
by B. vvedensky .> 

The interest in this problem is justified by the fact, 


that at small distances, of the order of a few hundreds of 


", short ,account of the result. of this paper is given 


in our note. 
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kilometres, the refraction of radio waves in the ionized layers 
of the atmosphere may be neglected and the decisive role in the 
propagation of radio waves is playcd vy the diffraction. 

In spite of the fact that a rigorous solution of the pro- 
blem of diffraction by the sphere had been already obtained 
some decades earlier, no practically suitable approximate solu- 
tSon has been proposed up to now. In this paper we intend to 
fill up this gap. 

1. STATEFENT OF THE PROBLEM AND ITS SOLUTION 
IN THE FORM OF SERIES 

We denote by r, 8, ¢@ spherical coordinates with origin 
at the center of the earth globe. 

The equation of the earth's surface (considered as smcoth) 
is r= a, where a is the radius of the earth. Let us suppose 
that a vertical electric dipole is located at the point r=b, 
6 = 0 (where b>a). Suppressing the time-dependent factor eit 
in the field components, we can express these components by 
means of the Hertz function U which depen&on r and @ only. De- 
noting by k the absolute value of the wave vector we obtain for 


the field in the air: 


ze -i 2 r 3 (1.01) 
tS ou 
Hy = - ik 3 ’ 
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the other components being equal to zero. 
Similar equations hold for the field in the earth. 


The function U satisfies for r > a the equation 


AU + k*U = 0, £1.02) 
and the radiation condition at infinity 
eru ) 
lim ( 55" - ikr U} = 0. (1.03) 
rT 0 


If b > a, 1. e. if the source (dipole) 18 located over 
the earth's surface and not on the surface itself, U must have 


a singularity at the point r=» b, 6 = 0, such that 
ikR 
u=S— +07 (1.04) 


and U® remains finite if kR » 0. In this formla 


R= Vr? + d* - 2rb cos 8 (1.05) 


is the distance rrom the dipole. On the earth's surfaae the 
Hertz function U has to satisfy the boundary conditions which 
ensure the continuity of the tangential components Ey and Hy. 

If ‘ie denote the Herts function within the earth by Uy 
these boundary conditions will have the form: 


eu =u; & (ru) = 2 (ru) for rsa. (1.06) 


For 0 ¢r<¢ a (within the earth) the function Up has to 
satisfy an equation similar to (1.02) and to remain finite, 
The quantity k, in formula (1.06) and in subsequent 


formulas 1s determined by the equation 


2. .,2 4n6 
kB tek +1 —k (1.07) 


(3) 


3a 


and by the condition In(k,) > 0. It 1s useful to introduce 
instead of the conductivity of. the earth 6, a length 4 which 


characterizes the specific resistance of ‘the earth. We put 


be e/ans. ae: (2.08) 


For sea water the values of £ vary from 0.05 cm (very salty 
water) to 0.5 cm (scarcely scloy water). For the soil ‘this 
length is hundreds “or thousande times ‘greater, Introducing 
the complex induotive capacity of. the earth , 


neetigdy 09) 
we have 
; ‘a k [m (1.10) 
The solution. of our problem in the form of series is well 


known. We write.down the necessary formulas, without giving 


their derivation 


¥, tx) = F Suey (5 


(1.21) 
- G, &) VE (x). 


where J y (x) ts the Bessel function ‘and nO) (x) is the ‘Hankel 
function of the first kind, These functions are: connected by 


the relation 


Hl) GylX) ~ vylA Sylx) 94 (1,22) 
We introduce a spevial “notation for ane logarithmic devivddies 
of the function v(m) tte) 
(x) = (2.23) 
x ae) | 


; () 


35 


As seen from (1.01), the field on the earth's surface 
may be expressed by the quantities 


o 
: . 2 
Ue Cat Yat ar (Up wg (1.14) 
For these quantities the following series in Legendre 
polynomials may be obtained: 


u : cea UB Neal (cos 6), (1.25) 
se eee cos ’ . 
a KB Low oo (ka) - He Yn (ge) 6, (ka) 


2 1 b K, 
Ul = - ra nine Sle J Xn a T (20s @). (1.16) 
n=O C1 (ka) - i Xp (Koa) 6, (ka) 


Our task 1s to perform an approximate summation of these 


series, 


2. THE SUMMATION FORMULA 


The sums we have to calculate are of the form 


s =) vo(v)P, .g(e0s 6), (2.01) 


where the summation is taken over half integral values of v. 
In ~ne sum (1.15) the function ¢{v) (disregarding a con- 


stant factor) is equal to 


Gg (kb) 


o(v) = ae 
by ig (ka) “ie Xy-g (28) 6g (ka) 


(2.02) 


In the sum (1.16) this function differs from (2.02) by the 
factor xy 0m ; 


(5) 
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For the direct computation of the sum it would be necessary 
to take the number of the terms approximately equal to 2ka, 1. e, 
to double the number of the waves which may be put around the 
earth circumference. Since this number 1s enormous, it is evi- 
dent, that such a direct summation is impossible. For the cal- 
culavion of the sum S it is necessary to make use of the fact 
that ¢{v) ie an analytical function and to transform this eum 
into an integral, which ie to be evaluated by some approximate 
method. Such a transformation was firstly proposed by Wateon* 
in 1918 and was then used by various authors. But all these 
authors aimed to bring the expression obtained by this trans- 
formation to the form of a sum of residues, while our aim is 
to separate out a main term which is easier to investigate and 
to estimate the magnitude of the remainder. The method of com- 
putation of the main term in not predetermined thereby. 

When performing our transformation we have to bear in 
mind the following general properties of the function ¢(v). 
Tt 16 an analytical function of v meromorphic in the right 
hal*-plane. It has poles only in the first quadrant and is 
holomorphic in the fourth quadrant. It decreases at infinity 
in euch a way that all the integrals considered converge. 

The Legendre functions that enter (2.01) can be expressed 
by means of the function 


-46 
a, fh sath r(a, vei, Soy (2.03) 


(6) 


aT 


where F denotes the hypergeometrical function. Denoting by 
c* and by ra the expressions which are obtained from Gc, and 
v . ’ 


from Py.d = P,,_y/eos 8) by replacing 6 by n - 6 we get: 


n n 
1 uaa at Z eivorip G, ] . (2.04) 


P s 
i ee V2 sia 8 


It. is seen from (2,03) that if the values of v lie out- 
side of a certain sector, which includes the negative real 
axis, and if ly sin e| is large, then the function G, (and 


also G*) is approximately equal to 
a ~Va/v. (2.05) 


Substituting (2.05) in (2.04) we get the well known 
asymptotic expression for Py}: If we denote by B(v) the 
first term in formula (2.04); 


1 1ve-32 
B 2 tT @ 2.06) 
Ay 1 ¥2 sin @ 6, ( 


the following relation may be proved 


p* es ei(v-3)n Py_y + 24 cos vm B(v). (2.07) 


We shall use this relation later on. We note that B(v) 
is holomorphic in the right half-plane. 

let us consider in the plane of the complex variable v 
three contours: 1) the loop Cc, which starts at infinity on the 


positive real axis, runs above the real axis, encircles the 


(7) 
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origin counter-clockwise and returns to the starting point at 
infinity running below the real axis; 2) the broken line Cy» 
which contains the first quadrant and ia described (in ite 
horizontal part drawn slightly over the real axis) from the 
left to the right aide; 3) the straight line Cc, which crosses 
the origin and is inclined at a small angle to the imaginary 
axis. This line is described from the top to the bottom and 
lies in the second and fourth quadrants. 


We can write the sum S in the form 


Se 5 J v¢(v) sec vn Pd av, (2,08) 
4 
Since the integral on the right-hand side reduces to the sum 
of the residues in the points v = n+ 4. The function ¢(v) 
being holomorphic in the fourth quadrant, we may replace the 


contour Cy by the contours Cy and Cs and write 


$=- > f vo{v) sec va Py dv + 


Co 


+ 2 | vo(v) sec va ry dv. 


2 
a“ 


(2.09) 


This transformation of the sum corresponds to the usual 


one; the integral along the contour Cs is neglected because of 


the smallness of the odd part of 9(v) (an estimate of its magni- 


tude will be given below), and the integral along Cy is reduced 
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to the sum of residues. But we shall go a step further and 
divide the integral along Cy into two parts: the »ain term 
and the correction term. Inserting in the integral the ex- 


pression (2.07) for Fk we shall have 


S = S, +S, + S3> (2.10) ” 
where 
i * | vote) B(v) dv, (2.11) 
C 
Sy" - 4 | vg¢(v) sec vn Pi Pyi3 dv (2.12) 
Ca 
85°35 vo(v) sec vn PF 4 dv. (2.13) 
Cy 


The integrand in S, has no poles on the real axis (and 
also in the fourth quadrant). Therefore, there is no difference, 
whether we evaluate the integral Ss) along Cy or along Cs. We 
have denoted by C any contour, which is equivalent to Cy or C,- 

The representation of S as a sum of three integrals (2.10) 
is exact—there was made no neglection in our derivation. But 
the estimation of the magnitude of S, and 8 shows that these 
integrals are negligibly small as compared to 8. 

In fact, if we evaluate the integral 5, as a sum of resi 
dues at the poles of ¢(v) we shall see that ite ratio to S, is 


of the order 


(9) 


4O 


e21¥2 (n-6) (2.18) 


where v, 18 the pole of ¢({v) nearest to the real axis. The 
imaginary part of v4 is positive and for large values of ka 
will be 

In(v,) = ¢(ka)?/3, (2.15) 


where c 18 a pure number of the order of unity (for the per- 
fect conductor c ® 0.70). Since ka is very large,of the order 
of a million (for A = 40 m, ka = 10°), it is clear, that the 
quantity (2.15) will be large (for instance, equal to 70) and 
the quantity (2.14) will be negiigibly small. (In our problem 
@ cannot reach the value n since in this case we have to take 
into account the influence of ionized layers of the atmosphere 
and our formulas cease to be valid.) 


The value of the integral S, is determined by the odd 


3 
part of ¢({v). But the odd part of this function will be of 


the order 
| -21x20] ; (2.16) 


Since the imaginary part of kya ie a positive and very large, 
the value of (2,16) will be inconceivably small. 
The following physical picture gives a notion of the 


smallness of the integrals 8, and S. The integral S, ie the 


3° 
amplitude of a wave which travelled once or several times 
around the globe without refraction (by means of diffraction 


enly). The integral S; ie the amplitude of a wave which 


(10) 
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traversed & path equal to the diameter of the globe with the 
absorption which takes place within the earth. It is clear 
that both the integrals are negligibly small as compared with 
the amplitude of the wave which reached the observer through 
the air by the nearest way. 

Therefore with the whole permissible accuracy (1.e. with 
an error which 4s negligibly small as compared with the errors 
involved in the position of our physical problem) the sum § 
defined by (2.01) may be put equal to the integral S, alone. 
This integral may be written in the form 

et (n/t) 
i 
n V2 ain @ g 


ive 


ve(v) e ay dv, (2.17) 


which follows from (2.11) when the expression (2.06) for B(v) 


is inserted, 


3. THE EVALUATION OF THE HERTZ FUNCTION 
FOR THE ILLUMINATED REGION 


If ¢(v) is the function (2.02), then the relation between 


the sum §S and the quantity UL is 


U.*- ep (3.01) 


Therefore, our approximate expression for U, may be 


written 
zt 
2e 


yo = —**¢@_ 
& sn kab V2 sin @ 


vo(v) eve ae av. (3.02) 


(12) 


he 


The position of the main part of the integration path in 
(3.02) depends on the point for which the integral is evaluated, 
In general the main part is in the vicinity of the point v = Yoo 
where 


Yo = kh, 2#k —___ab sin @ (3.03) 
2 


a+ b? - @ab cos @ 


The quantity h, is the length of the perpendicular dropped 


from the earth's center on the ray (1. e., on the straight line 


> 
which connects the source and the point of observation). 

For the approximate evaluation of the integral vL it is 
necessary to obtain the asymptotic expressions for the furc- 
tions oY and ¢(v) valid on the main part of the integration 
path. Since Yo and Ve are large as compared with unity, we 
may put according to (2.05) 


a = Yn/v. (3.04) 


For the Hankel functions involved in ¢{v) one may tenta- 


tively use the Debye expression 


by.g (P) =# ——— ae i) , (3.05) 


Ni - (v2 7p?) 
2 
£ | V1 Z Xs ae. (3.06) 


v 


where 


These expressions are valid provided the condition 


|p? 7 e| »> pi? (3.07) 


(12) 
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se satiefied. Ae to the function Xyug (Kye) its value near 
phe point v # v, may be represented with a sufficient approxi- 


, 


gation by the expression 


2 
Xy-3 (kya) = - 11 a (3.08) 


Ka a 


In order to make clear, in which cases the inequality 


(3.07) 18 satisfied, let us introduce the parameter 


P (ge)? cos Y, (3.09) 


where y ig the angle between the verticai direction at the 
observation point and the direction from this point to the 
source. 

It is easily seen that for v = Yor PS ka the inequality 
(3.07) 1s equivalent to the condition that p should be large 
and pesitive. Such values of p correspond to the illuminated 
region. The values of p of the order of. unity (positive and 
negative ores) correspond to the region of penumbra: the 
Special value p = O gives the boundary of the geometrical 
Shadow (horizon line). Large and negative values of p corres- 
pond to the shadow region. 

In this section we shall investigate the case of a large 
positive p (illuminated region); other cases will be invest iga- 
ted in the next sections. 

We have seen thai if p »1 the Debye expreasions for the 
Hankel funetions are valid. Inserting these expressions into 


(13) 


aa 


(3.02) and ueing (3.08) and (3.08) we get 


ce aatiraat 1 YRS 


where 


2 
oy - % ap + ve. (3.11) 
6 


If the condition 
kh cos y » 1 (3.12) 


4s satisfied, where h = Db - a is the height of the gource above 
the earth, the integral {3.10} can be calculated by means of 
the method of the steepest descent and the following "reflec- 
tion formula" is obtained: 
eAkR 
Us (3.13) 


In this formula 


R= y a + b* - 2ab cos @ (3.14) 


is the distance from the source, and W is the "attenuation 


function” which in our case is equal to 
2 


ee : (3.15) 
1 + tah ee y° sec y 


(34) 
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{he quantity U) defined by the series (1.16) differs 


(in our approximation) from U, by a constant factor only. 


2 2 
Urs - a = 5 sin? y U,. (3.16) 


The last formula is true not only for the illuminated 


We have 


region, but also in other cases. 
If condition (3.12) is not satisfied, the denominator 
in the integrand (3.10) cannot be considered as slowly vary- 


ing. If instead of (3.12) we suppose that the conditions: 


2 
l«< "3 « (xa)?/?, (3.17) 
1« kR « a/n, (3.18) 


are satisfied (the inequality p » 1, being a consequence of 
these conditions), the integral (3.10) can be approximately 
Calculated by introducing a new integration variable u, 


according to 


Besl--—33 . (3.19) 


For the function W in (3.13) the following approximate 


expression is obtained: 


-1¢n — XR - 2. 
wee Tym (. ag tes) Ho ; (3.20) 
2 


rt 


(15) 
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where 


u, = h/R 3.21) 


is the inclination of the ray to the horizon. The contour I 

4s a straight Jine which crosses the point u = ie passing there 
from the fourth to the second quadrant of the plane of yw» (or of 
u - UW, to be more exact). The integral (3.20) can be calculated 
without any further approximation and gives the well-known 


Weyl— van der Pol formula. 


45 ip 
cre ye cee hE, (3.22) 


we shall have 


If we put 


(oat)? Ot 
W= 2 ~ hoe” \e da. (3.23) 


1® 


To obtain the field components from our expressions for 
Un and UA we have to differentiate these expressions by 6 which 
1s easily done, since we may regard all factors in (3.13) ex- 


ikR 


cept e ,» 48 constants. 


4, ASYMPTOTIC EXPRESSIONS FOR THE HANKEL FUNCTIONS 


In the following we have to consider the case when the 
point of observation is in the region of penumbra, 
This case is characterized by the values of the parameter 


P (positives or negatives) of the order unity. As the inequality 


(16) 
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(2.02) 4s not satisfied in this case, the Nebye expressions 
(3.05) for the Hankel functions are not valid on the main part 
of the integration contour and must be replaced by some others. 
The new expressions for the Hankel functions suitable for our 
purpose can be obtained from the asymptotic expressions which 
are given in our previous paper’, or from the formulas given 
in the well-known Watson's treatise’, but it is more simple to 
deduce them independently. 

Our aim is to find an approximate expression for the 
Hankel function in terms of the function w(t), defined by 
the integral 


3 
whe et2-1/32 dz, (4.01) 
n 


a 


w(t) = 


the contour IT running fron infinity to the origin along the 
ray arc < ® - 2n/3 and from the origin to infinity along the 
ray arc z = O (the positive real axis}. Tne function w(t) 
satisfies the differential equation 

w(t) = tw(t) {4.02) 


with the initial conditions; 


= 28n 1(n/6) - 
w(0) 7s Gas e 1.0899290710 + 10.6292708425, 


wi(o) « — 2a e(7/6) 6 9, 7945704238 - 10.4587454481, 
3 P (4/3) (4,03) 


(17) 
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w(t) 18 an integral transcendental function, which can be ex- 


panded into a power series of the form: 


3 6 9 
w(t) = w(o) {2 + pf + x .- + TBS) ae 
4 7 10 
+ wlotes she omepteay + oredr +} 
(4.0%) 
If we separate in w(t) the real and the imaginary parts 


(for real values of t) putting 
w(t) © u(t) + iv(t), (4.05) 


then u(t) and v(t) will’be two independant integrals of equa- 


tion (4.02) connected by the relation 
u'(t) v(t) - u(t) vi(t) = 1. (4,06) 


The asymptotic expressions of these functions for large 
negative values of t are obtained dy separation of the real 


and imaginary parts in the formulas: 


cf 2,_,+\3/2 
w(t) a (-t)72/4 es e j (4.07) 


4 2 
2 apy 9°35! (4.08) 


w'(t) 


For large positive values of t the asymptotic expressions 


for u(t), v(t) and their derivatives are of the form 


2.3/2 2.3/2 
w(t) see 5 ur(ty ster 5 (u.09) 


(28) 
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v(t) = oto 


2 
v(t) 2-2 ele 5 (4.10) 


From the series (4.04) the following relations are easily 


deduced: on wn 
w(te >) « Ze 8 v(-t), (4.11) 
en ul 
w(te 2) =e >[u(t) - av(t)] . (4,12) 


These relations describe the behavior. of w(t) in the complex 
t-plane. 
We note that w(t) is expressible in terms of the Hankel 


function of the order 1/3 sccording to the formla 


en 
w(t) -/god (-1))/ AG (0). (4.13) 


After having enumerated she main properties of w(t), we 
Now proceed to deduce the asymptotic expression for the Hankel 
function #2) (p) where v and p are large and nearly equal, so 


that the ratio 


ves at (4.14) 


remains bounded, while p tends to infinity. 
The Hankel function #2) (p) admits the integral represen- 


tation 


(19) 


-p sh + 
Wl) (p) = j: mee oy, (4.15) 


where the contour C consists of a part of the straight line 
Im(v) = - 1 described from - ni - Wto some point v = V, with 
Re(v,) <0 [e. 8. v, * (- n/V3) - in], a straight line join- 
ing 5 to the origin and, finally, the positive real axis des- 
erited from the origin to infinity. 

Let us express v through t, according to (4.14), and 


introduce a new integration variable 


ze: A p/2-v- (4.16) 


Considering t and z as finite and p as large, we can ex- 
pand the intergrand in (4.15) in a series of negative (frac- 
tional) powers of p. Since the relevant part of the trans- 


formed contour C coincides with contour I. we can write 


HO) (p) : a(sy? eel - (8) 2? + Jee 
(4.17) 


and evaluate the integral using (4.01). We thus obtain 


1/3 2 
HO)(p) = - F(£) {wee - 6($) 9 Vey =) 
(4.18) 


In virtue of the differential equation (4.02) the fifth 
derivative equals 


w3)(¢y) = t2 wt (t) + wew(t). (4.19) 


(20) 
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Inserting this in (4.18) and using (1.11) we get the 
following expression for the function &,-1/2(p): 


cvetora-(B)/Sfates fg)??? [Per ceysaewtehe.t. (4.20) 


Differentiating this expression with respect to p (with 
account of the dependence of t on p with v constant) we get 


the following expression for the derivative: 


th-1/2(p)= (5) fu (t) Ze (8)-*/fe-o yw (t)-stw(t)] +. been 


These expressions will be used in the next section. 
& 5. The expressions of the Herz function valid in the 
penumbra region. 
We rewrite the expression (3.02) for the Herz function 
replacing therein the quantity ay by its approximate value 
or/v_ and the quantity sin @ before the integral by 8. 
We get 
1 
u, * — ae { ocret? VV &, (5.01) 
: Cc 
The contour C may be taken identical with contour Co» 
which was defined ing 2, or may be replaced by some contour 
equivalent to Cys The main part of the integration path lies 


in our case (1.e. for finite values of the parameter p) near 


(21) 


5e 


the point v = ka. Consequently, the function x, -4 (koa) involved 
in (2.02) can be replaced by the value of (3.08) for v = ka. 
Introducing this in ¢(v) we obtain: 


kb 
o(v) = i (5.02) 
Cy g(ka) +a en - Bea (na) 
‘atte se VE Sod 


For Syd and ite derivative we must vee expressions valid 
near the point v = ka. Such expressions were obtained in the 
preceeding paragraph, Retaining in (4.20) and. (4.21) the prin- 


cipal terme only we get: 


1/6 

by -g(ka) © - 1 (#2) A w(t), (5.03) 
-1/6 

Cy g(ka) 1 (2 m w'(t), (5.08) 


where the variable t is connected with v by the relation 


v = ka (ay? t. (5.05) 


The numerator in (5.02) 18 obtained from (5.03) by replacing 
a by b and t by t', where 


Nat 1/3 

vik +(#) th. (5.06) 
Equating (5.05) and (5.06) we obtain the connection between t 
and t'. Since the ratio h/a, where h © B - a, 1s amall [we 


shall consider it of <he same order as (xa) 72/3 | we must neg- 


lect it as compared to unity. We may then put 


(22) 
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t'et-y, (5.07) 
where ; 
kh 

2 .08 

y (xa2)73 (5.08) 


is a quantity proportional to the height of the source over 
the earth's surface, We may call y the reduced height of the 
source. Hence, with neglect of terms of the order h/a or 


(ka) “2/2 we have: 
1/6 
by g(kb) = - 1 CH)" a(t - yd, (5.09) 


where t is determined by (5.05). (We have also replaced b by 
a@ in the factor defore w.) 

Substitution of (5.03), (5.04) and (5.09) in (5.02) gives 
the desired approximate expression for ¢{v). 


If we put for the sake of brevity 


1/3 2 
é ka k _k 
q 1(#) i 1 iz j (5.10) 


we obtain 


2/3 
os GY 0 wth ein - (5.22) 


Remembering formulas (1.09) and (1.10), we may write for 


the quantity a 


i PSE ET 
‘s ma € -1+ ifrfent 
ae (g ) € + i(a/ent) (5.12) 


(23) 
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or with the same accuracy 


et ee le es 
ani(B)? Wests ifn) ae 


This form is slightly more convenient for calculations. 

We have now to substitute the value of ¢(v) from (5.11) 
into (5.01) and introduce the integration variable t. Making 
this substitution, we may replace the quantity Vv in the inte- 
grand by the constant value Vka and also write b instead at 
a in the factor before the integral. The resulting formula may 


be written in the form: 


paid tt [x i 
ixt Ww atthe - 
ULF ‘a = atthe t dt, (5.14) 
where x denotes the quantity 
1/3 
x=(B)"s, (5.15) 


which may be termed as the reduced horizontal distance from 
the source, while y and q have the values given by (5.08) and 
(5.13). The contour C must be such that all the poles of the 
integrand are comprised within the contour; as we shail see 
later, they are all situated in the first quadrant of the t 
Plane. Thus we can carry out the integration in (5.14) from 
i@to 0 and from 0 to+a@ 
In order to get a more clear idea on the ratio of the 

horizontal and the vertical scale in the variables x and y, 
we write the expression for the parameter p, as defined by 


(24) 


=) 


(3...7), in terms of x and y. From the consideration of the 
triangle with vertices in the earth's center, in the source 

¢ 
point and in the pcint of observation, the following approxi- 


mate expression is easily deduced: 
1/3 oe 
P -(# cos y = Yo <=. (5.16) 


It follows that the equation of the horizon line is 
= Vy. Further we shall need the relation between the dis- 
tance R from the source as measured along a straight line and 
the horizontal distance a@ as measured along the are of a 
great eircle. Assuming a@ >> h, 1. e. (ka )2/3 x >> y, this 


relation may be written 


KR = ka@ +m, (5.17) 
where 
wo? G&+#-& : (5.18) 
6. DISCUSSION OF THE EXPRESSION FOR THE HERTZ FUNCTION 


The expression obtained for the Hertz function is most 


conveniently written in the form: 


eikaé 
= S— V (x,y), (6.02) 
where 
- et%t wit - y) 
V(x,y,q) -e ax \Fattedh Ty ant ot at (6.02) 


(25) 


56 


The quantity V may be called attenuation factor by analogy with 
the quantity W, which was introduced earlier (see (3.13)]. Let 
us decvermine the connection between V and W. Since in the de- 
nominators of expressions (3.13) and (6.01) the quantities R 


and a@ can be considered as equal, it follows from (5.17) 
wee ve714 | (6.03) 


We have now to investigate the expression (6.02) for V. 
We shall first consider the case of large positive values of 
p(illuminated region). This case has been already discussed 
by another methcd (§ 3). But, as formula (6.02) wes odtained 
for the case of a finite p, it seema to be of interest to ver- 
ify that it 13 also valid in the case of a large p. If p >> 1, 
the integration path may be deformed so a& to cross the point 
where MV -t » Pp. Its main part will be situated in the domain 
of large negative values of t, where expressions (4.07) and 
(4,.0&) icr wand w' ere applicable. Using them and applying 


the method of the steepest descent, we obtain 


lw, 2 ‘ 
= ° 
Vere Tray.” (6.04) 


and in virtue of (0.63) 
2 
Ws TT ta7p) - (6.05) 
The latter expression practicaily coincides with (2.15). 


We note that in the case when x 18 of the order of unity or 


iarge the condition p >> 1 is sufficient for the applicability 


(26) 


ST 


of the method of steepest descent. If x is <majl, the further 
condition y* >> 2x is necessary. If the latter condition is 


not satisfied but tre inequality 


x «Cy << 1/x (6.06) °” 


4s satisfied instead, the integral can be calculated by another 
method. Further simplificaticns in the asymptotic expression 


for w(t - y) can be then made, ar:d the integral (6.02) reduces 


ify on 
V-s -1q ; ; 


Taking V-t as integration variable, we are led to an 


to the form 


integral of the form (3.20) [sath -t- (xa /2)2/3 if and we 
get again the Weyl-van der Pol formula (3.23) with the folloa- 


ing vaiues of 6 and Tt: 


itt n 
hod *u_y 
6- aV¥x, t2e ‘ (6.68) 
av x 


These values practically coincide with (3.22). 

Let us now investigate tne most interesting case when p 
1s of the order of unity (positive or negative). We know that 
this is the region of the penumbra, where the diffraction 
etfects piay che dominant part. 

If the values of x and y are of the order of unity, the 
most effective method of evaluation of the integral (6.02) 1s 


the representation of this integral in form of a sum of residues 


(27) 
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taken at the poles of the integrand. 
Denoting by t, = t, (a) the roots of the equation 


w'(t) - qw(t) © 0 (6.05) 
we obtain 
12 =e axts w(t. - y) 
q¥ ) es 8 
Ws s ——Saeee , 6. 
V(x,y,9) e 2mm a ta w(t.) (6.10) 


The roots t, (a) are functions of the complex parameter q. 
For the value q = 0 they reduce to the roots t. = t, (0) of the 
derivative w'(t) and for q * oo they reduce to the roots te bd 
t. (a9 of the function w(t). The phases of ti and te are equal 


to 1/3, so that 


uf 
tis jes Je 3; tle |e le 3, (6.11) 


We give here the moduli of the first five roots ts and te: 


1 1.01879 2.3 

2 3.24820 4 08795 
3 4.82016 5.52056 
rf 6.16331 6.78671 
5 7.37218 7.99417 


For large values of s we have approximately 


tale [RG -2)]?. 
[sf 2G -2))””. (6.38) 


(28) 
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To calculate the roots for finite values of q we may use 
the differential equation 


at. 1 
a ° (6.13) 
t, - a. 


which can be easily derived from (4,02). The root t, (a) is 
determined either as that solution of (6.13) which at q = 0 
reduces to tS or as that solution which at q = wmreduces to 
te. Both definitions are equivalent. Str.ting from the first 
definition, a series in ascending powers of q may be easily 
constructed for ta this series will converge for lal < lV ty |. 
tarting from the second definition we may construct a series 
in descending (negative) powers of q; this will converge for 
|| lye, . These series shall not be written down here. 
It may be noticed that the value of t, which for large values 
of lq| is close to a> is not a root of equation (6.09). 

If the condition y* «K< alt las satisfied, we have the 

3 ? 

approximate relation 


to - —_ 
—_ = ch(y Vf oe ae sty of t,)- (6.14) 
s 


This relation permits us to estimate the value of remote 
terms in the serles (6,16). If s is so large that le |e lye, ° 
we have approximately t, = t, {0) = ty. It follows from this 


and from expression (6.1) that the series (6,10) is always 


(29) 
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convergent. But if x is small or if y is large, the series 
converges slowly, and to calculate its sum a large number of 
terms may be required. 

In the shadow region, where p is large and negative, the 
series (6.10) converges very rapidly and its sum approximately 
reduces to its first term. 

Our series (6.10) corresponds to that of Watson but has 
the advantage of simplicity. 

The fundamental forma (6.02) permits us to investigate 
not only the limiting cases (large positive values of p-illumi- 
nated region, large negative values of p-shadow region) but 
also the intermediate cases, namely the region of the penumbra. 
While in the limiting cases our formula leads to an improvement 
of formulas previously known (the reflection formula and the 
Weyl-van der Pol fcrmula for the illuminated region and the 
Watson series for the shadow region), in the transitional 
penumbra region it yields essentially new results. 

The case when x and y are large and p-finite (short waves, 
penumbra) is of special interest. This case has not been in- 
vestigated before as the known formulas are not valid here. 

In what follows we shall derive approximate formulas, which 
allow a complete discussion of this case. 


We jatrodvce the quantity 


2=x -/y, (6.15) 
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which represents the reduced distance measured from the boun- 
dary of the geometrical shadow (and not from the sourc®). In 
the region of geometrical shadow we have z > 0, in the visible 
region z < 0. Our parameter p, expressed in terms of z and x, 


takes the form 


2 2 
p® ora Se2+ = (6.16) 


In our case x i8 large an z js finite; hence we have approxi- 
mately p = - 2. 

The main part of the integration path in (6.02) corres- 
ponds now to values of t of the order of unity; but if y is 
large and t finite we may use for w(t-y) the asymptotic ex- 


pression (2.07) which gives 


2 12(y-t)?/2 


4 
w(t -y) ze (y- tye? (6.17) 
or approximately 
af -1/4 ig yl? Vy. (6.18) 
w(t -y) =e oy e 


Inserting (6.18) into (6.02) and replacing in the factor 
before the integral the quantity x yt by unity, we get 


12 2/2 
vixysa) =e >) Vix -Vy,a), (6.19) 
where 
2 itt 
¥, (2,9) = Va wTTE) ~antey ot: (6.20) 
C 


(31) 
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The terms neglected in (6.19) are (for a finive z) of the 
order of W/W y (or of 1/x). 

Therefore, the function V(x,y,q@) of two arguments x,y and 
of the parameter q reduces in our case to a function V,(z,4) 
of a single argument z and of the same parameter q. The re- 
sulting simplification is quite essential. 

Let us now derive the relation connecting the attenuation 


function W with the furction vy We have the identity 


2 y?/2 = @, + ; z° - GZ , (6.21) 


where w, has the value (6.18). Omitting in (6.21) the last 


term we obtain from (6.03) and (6.19) 


5 27 7 
Wee V, (za). (6.22) 


Thus, in our approximation function W depends on x and y 
oniy through z = x “Vy. 

The function V, (z,q) 4s an integral transcendental func- 
tion of the variable 2. For a positive z we can evaluate the 


integral (6.20) as a sum of res?Jdves, and we get 


V,(z,q) = 42 ey eftte (6.23) 


(t, - a7) w(t.) 
(for 2 > 0), 
where t, are the roots of equation (€.09) which were discussed 


earlier, The larger is z the more rapidly converges the series 


(6.23). For a sufficiently large positive z its sum reduces to 


(32) 
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the first term. For finite negative values of z(e.g. - 2 < z 
<0) the integral (6.20) has to be evaluated by quadratures, 
For large negative values of z this integral may be 


evaluated by the method of steepest descent, and we get 


gen (1/9)2" 


4 


V, (2,4) = TetUasey ° (6.24) 


According to (6.22), this gives 
wz 2/(a + 4g) (6.25) 


Since approximately z = - p, this coincides with expres- 
sion (6.05). 

We note 1n conclusion that our fundamental formula (6.02) 
can be obtained by the method of parabolic equation, proposed 
by M. Leontovich end applied by him? to the derivaticn of the 
Weyl-van der Pol formula. Tne application of Leontovichn's 
method (in a slightly improved form) to our problem will be 


Given in a separate paper. 
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oy SOLUTION OF THE PROBLEM OF PROPAGATION OF ELECTROMAGNETIC WAVES 
*"* “qLONG THE EARTH'S SURFACE BY THE METHOD OF PARABOLIC EQUATION 


M, Leontovich 
and 
Vv. Fock 


The problem of propagation of electromagnetic 
waves Along the surface of the earth 1s solved by 
the method of parabolic equation proposed by Leon- 
tovich. In the first section the surface of the 
earth is considered as plane and the well-known 
Weyl-van der Pol formula is deduced, This formula 
turns out to be the exact solution of the parabolic 
equation with corresponding boundary conditions. 

In the second section the surface is considered as 

spherical, and tne resulting formula coincides with 
that obtained by Fock by the method of summation of 
infinite series representing the rigorous solution 

of the probiem. 


A new form of the solution of the problem of propagation 
of electromagnetic waves from a vertical elementary dipole 
situated at a given height above the spherical surface of the 
earth was given in a paper by Pock (+7? . In this solution 
the field 1s calculated for points on the surface of the earth, 
but according to the reciprocity theorem the same solution 
gives directly the fleid at any point above the surface if the 
dipole is located on the surface itself. In the present paper 
it is shown that Fock's solution can also be obtaired by 
another method, namely by reducing the problem to an equation 
of parabolic type for the “attenuation function”. 


*In the sequel these papers will be referred as I. 


am 6 


(1) OL. 
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The method of parabolic equation was proposed by Leontovich 
and applied by him to the solution of the same problem for the 
case of a plane earth. Since the considerations of the origina) 
paper by Leontovich 4 need some modifications, we shall give 
in what follows a new exposition of the method, applying it 
firstly to the case of a plane earth and considering then the 
case of a spherical earth, 


1. THE CASE OF A PLANE EARTH 


We assume the time-dependence of all the field components 
to be of the form oom. In the following this factor shall be 
omitted. 

Let us denote by k the absolute value of the wave vector 


and by n the complex inductive capacity of the earth: 


ka sq meri 2 teed (1.02) 
The quantity 
Rea (1.02) 


having the dimensions of a length characterizes the specific 
resistance of the earth (this length varies from some tenths 
of a centimeter for sea water to ten and more meters for dry 
soil). Let U be the vertical component of the Hertz vector 
(the Hertz function). This function satisfies the equation 


au+k’y 20. (1.03) 


We shall write the Hertz function in the form 


gi sh 
ve w, (1.04) 


*® This pap ~ will be referred in the sequel as II. 


(2) 
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where R ia the distance from the point of observation to the 
gource and the factor W is the so-called “attenuation function", 
kp it 18 known, for kR70 the Hertz function tends to infinity 
in such & Way that W takes a finite value, We normalize W in 
such a manner that this value shall be equal to unity (it being 
supposed that both the source and the observation point remain 
above the surface of the earth). 

In the following we assume, however, that the source is 
located on the earth's surface. Let us introduce cylindrical 
coordinates r, z with the origin in the dipole and the z axis 
érawn vertically upwards. On the earth's surface we have z=0, 
Te distance R will be R= JSr2 + ze .» The principal "large 
parameter" of our problem is the quantity In ]. For large In| 
the attenuation function W is a slowly varying function of 
eoordinates, In order to characterize the slowness of its 
variation it i9 useful to introduce the dimensionless coordinate; : 


kr kz: 
P= — 3 = » (1 .05) 
2 Ini tial 


and to consider W as a function of p and €. The derivatives 
of W with respect to its arguments will be then of the same 
order of magnitude as the function W itself. 

Substitution of (1.04) into equation (1.03) gives for 
the function W(p,f) an equation, which can be simplified if 
one supposes that the inclination angle of the ray to the 
horizon 4s small and that the distance from the source is at 
least equal to several wave lengths. These assumptions yield 
the inequalities: 


Z<c 15 kR>>1,° (1,06) 


which are equivalent to 


: 1 
gx aint ema: (1.07) 


(3) 
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Since |n| 1s assumed to be large, the inequalities (1.07) hola 
in a wide range of the values of p and & (and in any case for 
values of p and € of the order of unity). If the inequalities 
(1.07) are valid, the equation for W(p,f) assumes the form 


Ea) wow 

eif(—+a—}010., (1.08) 
ace Gs pa 
The terms omitted in (1.08) are of the order of 1/ |] as 
compared with those retained, 


The boundary condition for Won the earth's surface is 
obtained from the condition for the Hertz vector 


ou ik, 
az fa 


given by Leontovich. It has the form 


u (for z =0) (1.09) 


H+ avo (for #0) (1.10) 


a, [at a (1.22) 


and 6 1s the so-called loss angle, defined by 


where 


6 mare te py 5 0< bg : (1.12) 


In the limit |n|—sao the range of the variations of p and 
Cis O<psm,0¢c cm. 

As a "condition at infinity" we may require that for all 
positive values of p and € [ with the possible exception of 
the singular point p=0 of equation (1.08) } the function W 
should be bounded or 6uch that the Hert2 vector U is bounded. 


(4) 
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We now proceed to the formulation of the condition for 
po. Since this 1s a point of some delicacy, we shall discuss 
gt in a more detailed way. 

We must state, firstly, that in the region close to the 
source, 1.€., for small values of kR, the inequalities (1.07) 
cease to be satisfied; the differential equation (1.08) and the 
expression for W to be deduced from it become invalid. The 
region of small kA 1s a "forbidden zone" for our approximate 
function W, Therefore, the character of the singularity of the 
exact Hertz function cannot be used for the purpose of obtain- 
ing the required condition at p=0. For the atatenent of this 
condition we have to consider the properties of the Hertz 
function for large values of kR. 

It 18 known that for large values of kR the so-called 
“refiection formula" may be used. This formula gives an 
approximation for the Hertz function in the whole space 
above the earth’s surface, where the inclination of the ray 
to the horizon is not very small. If the Hertz function is 
normalized as stated above, the reflection formuia may be 


written 


1kR 
uUs(1+f) — ; (1.13) 


where : 
2 
fs cos J - sin (1.14) 


nN Cco8 y tH - ein® y 


is the Fresnel coefficient (y 18 the incidence angle and 
cos yw2Z/R in our case). The reflection formula is certainly 
valid in the region where the inequalities 


2 


kz— * 
«Kg «ke (1.15) 


(5) 
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are satisfied, . 
rf | | se large ana if 


sd 
dhl 
then the Fresnel coefficient f 18 close to unity, and we have 


@tkR 
Us2 “FC: (1.17) 


<< = «1, (1.16) 


When expressed in dimensionless coordinates p,€, the inequalities 
{1.15} and (1.16), which are necessary for formula (1.17) to be 
valid, become 


2 
l1< ‘ 1.18 
c& << 2tnip (1.18) 
1 «4 << 2 fiat (1.19) 


To obtain the required condition for W at p00, we must 
carry out a double limiting process: firstly [rnj@ and then 
pO. In the limit |n|—+0.the right-hand sides of the in- 
equalities may be dropped and we get 


2 
veh «4S . (1.20) 


If these relations are satisfied, the Hertz function tends to 
(1.17) and then 


W—2. (1.21) 


Inequalities (1,20) are valid particularly for p-»0, 1f €>0. 
Hence the desired solution of (1.08) has to satisfy the condition 


\w- 2|-»0 for poo andgro. (2.22) 


(6) 
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However, since p=0O is a singular point of the equation for W, 
condition (1.20) turns out to be not sufficient for the unique 
determination of the solution. We replace it, therefore, by 
a more stringent condition 


be for p-yO ‘and f£>0, (1.23) 
r 


which 48, as 1t will be seen later, a sufficient one. 

Thus, for the determination of the "attenuation function" 
wwe have the differential equation (1.08), the boundary con- 
ditions (1.10) and (1.23) and the condition of finiteness of 
U in the region considered (for p > 0}. 

To simplify the differential equation, we make the sub- 
stitution 


2 
Ww, prett Ws (1.28) 


Then the equation takes the form 


et Og hes eer (1.25) 
a dp 
The boundary condition for ¥) will be 
a + CTL 2 0 (for =0). (1.26) 
4 


The condition at peO becomes 
2 
oth 
W, - —Se P j—90 (for p90). (1.27) 
Since p =O is a regular point of the equation for W, (an 


@istinction to the equation for W) condition (1.27) 1s a 
sufficient one. 


(7) 


Te 


Solving (1.25) by means of separation of variables, we 
easily obtain a particular solution which satisfies the boundary 
condition (1.26); namely 


2 
Ww, ° et" P (cos ve - a1 pin vt) , (1.28) 


where v is the parameter of separation. 

For real values of v this expression remains finite and 
satisfies all conditions with the exception of (1.27). For 
complex values of v (except the case v= +t 4a) expression 
(1.28) becomes infinite when (~»@ and therefore, does not 
satisfy the necessary conditions. If vat iq) this expression 
transforms into the form 


2 


Fis . (1.29) 
According to (1.11) and (1.12), we have 
 < are a, < 3 : (1.30) 
and, consequently, 
Re (q,) > 05 Re (19°) <0. (1.31) 


Hence the real parte of the coefficients of p and € in (1.29) 
are negative and expression (1.28) also satisfies all conditions 
with the exception of (1.27). 

In order to satisfy also the last condition, we construct 
@ function which 18 @ superposition of solutions of the two 
forms (1,28) and (1.29) 


2 
f cave qa dane - 4,6 
w= oie os vg - ot sin *) t &) av + Ae Py : 


(1.32) 


13 


ap easily seen, the singularity of w) for p-»O is determined 
py the behavior of f(v) for large values of v, The required 
singulerity can be represented’ by the integral 


@ 2 
if 2 < 
ves jar cos vf av = 2h. (1.33) 
Jn 
0 

It ig clear, therefore, that at infinity the function f(v) 
tends to a finite limit equal to the constant factor before 
the integral in (1.33). Let us separate out in (1.32) the 


term 
@ 


4 2 q 
ware # et’ P (cos vg - st ein ve) av, (1.34) 


which corresponds to the limiting value of f({v), This term 
may be transformed into 


2 2 
1 2 .— 
w= fe Ps Q; fe Pat. (1.35) 
ip p 
r ) 


WS satisfies equation (1.25) and boundary conditions (1.26). 


For p-»0 we have 
2 
if ‘2 
lim (wo - —Ze f=. ear. a (1.36) 
(6 te : 
for any > 0. Hence if we put 


Wewew , (1.37) 


1 
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the function vw, has to satisfy equation (1.25) and condition 
(1.26), while condition (1.27) gives 


if 
W, = edne Va (for p20, €> 0), (1.38) 


If we put in (1.32) 


1 nv 
£(v) = e e * Qa + )) (1.39) 


n 


2 
1 2 1 - 
- a (cos vee GE ain ve) at avene rae 
(1.40) 


and condition (1.38)becomes 
re) 


-1 
(ees ve - AY sin *) g(v) av + Jz et eas 
v 
(0) 


Ha 


=4 q) (for @> 0). (1.41) 


The exponer.tial function in (1,41) admits an integral 
representation (valid for € > 0) 


F @ 

“a 

e Vela J age he av (1.42) 
0 *a 


Multiplying this expression by ha and integrating over ¢ fram 
0 to & we obtain 


(20) 


y* + ay) 


-qa,€ 2 
-e =- 4? forge. (1,43) 
T 
0 


subtracting (1.42) from (1.43) and eatyaeayaM by (x/2)q, 
we get the equation 


q -a4,¢ 7 
- a i es irs ee cl 
0 1 
(1.44) 


which is to be compared with (1.41). Identifying (1.44) with 
(1.41) we obtain 


re 
g(v) = - +5; aAwutre *a,. (1.45) 


According to (1.39), it follows 


a 
> Le 


f(y} Le (1.46) 


" v + a 


Inserting this and the value (1.45) for A in (132), we arrive 
at the following expression for the function Wy! 


4 
4 q ana? dv 
vor {J a ea 
0 


2 
oe + mqerth - |S PF, (1.47) 


It is convenient for the investigation of this expression to 
replace the integral over the real axis by an integral over 
the line arc v= - 7/4, since the new integral converges more 
rapidly. 


(21) 
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In the sector 
-Fc<arvco (1.48) 


i 
between the old and the new integration path there is, however, 
a pole Ve ~ 1a, > The residue in thie pole exactly cancels the | 
additive term in (1,47), and we obtain | 
| 
| 


ent (n/4) 
4 t 2 4 
4 elv’p .., v_av 
Wi, = —se e “ cos ve - q, sin v 
re So atte) eat 
0 
(1.49) 


We can write instead of this 


‘ poate (1/4) 
ee ee | eiv’p + avg _v av 


T ve iq) 
< oi (7/4) 


1 (1.50) 


since the integrand in (1.49) is the even part of the integrand 
in (1.50). We introduce a new variable of integration p putting 


C Pp Ag 


va—+—e 
2p fp 
we can shift the contour to the right at the distance ¢/2p, 


then the new variable p will be a real quantity running from 
- © to +00. 


. (1.51) 


Putting for brevity 


-1¢ ia 
e a, foes; ¢ * —h- at 


(12) 
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get 2 +@ 
i 2 
W, —2 e & oP —P+tt ap. (1.53) 
np ptoer+t 
- © 


It 18 convenient now to go from Wy back to the original 
“attenuation function" W, according to (1.24). We shall have 


+ 
2 
we — eP —Ptt ap. (1.54) 
n p+6+t 
- @ 


This integral can be easily evaluated. It represents different 
analytic functions according to the sign of the imaginary part 
of 6 +t. But from (1.30) and (1.52) it follows 


Im(6) > 0, Im(t) > 0, (1.55) 


so that in our case Im(6 + +t) > 0. In this case the integral 
(1.54) 1s equal to 
6+: 
~(0+1)? a 
da 


Ws 2 - He (1 56) 


1 00 


This is the well kmown Weyl-van der Pol forma, which we 


have had to derive, 
As it is seen from the derivation, the conditions stated 
above are sufficient to determine the function W in a unique 
way. On the contrary, any expression of the form (1.32) 
with f(¥) continuous and absolutely integrable | could be added 
to the obtained solution without interfering with condition (1.22). 


(13) 
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As it was already pointed out, the necessity of condition 
(1.23) 4a connected with the fact that equation (1.08) for W 
has a singularity at p= whereas equation (1.25) for W, has 
no eingularities. 

Tne derivation of the Weyl-van der Pol formula by the 
method of parabolic equation is but little easier than the 
gual derivation. However, in cases more complicated than 
the considered case of plane earth the use of this method 
leads to much greater simplifications, 


2. THE CASE OF A SPHERICAL EARTH 


Let us denote by r, 8, ¢ spherical coordinates with the 
Origin in the center of the earth globe and with polar axis 
dvawn through the source (vertical dipole). ‘The electric and 
the magnetic fields can be expressed by means of the Hertz 
funetion as follows 


EE.» —i_ roe : 


Tr pein@ 36 se 
(2.01) 
Eg - a2 (2 H 
r Or 30 
ou ; 
Hy = oe . (2.02) 
The function U satisfies the differential equation 
2 
aU + k°U #0 (2.03) 


and also certain boundary conditions on the surface of the globe 
(rmaj. As in the plane case we shall consider the modulus of 
the complex inductive capacity n as a large quantity (compared 
with unity). This assumption permits us to write the boundary 


(24) 


19 


itions in an approximate form pointed out by M, Leontovich, 
repeatedly used for the solution of similar problems 2, y 

por the plane case these conditions,are of the form (1.09) 

wed by us above; for the spherical case they become 


2) - - ru (forrea). (2.04) 


enese conditions lead to the following relation for the field 


components : 


B,= oe Hy (for r=aj . (2.05) 


Ia 


fe character of the singularity of the Hertz function at the 
point where the dipole is locatea is the same as in the plane 
case, Namely, if the dipole and the point of observation are 
jocated above the earth's surface and if R is their mutual 
distance, then 1t must be 


lim RU =@1 for kR-~O. (2.06) 


be shall look for the solution of the form 


Ue & Re, (2.07) 
R 


Wiere Wis the attenuation function. In the following we shall 
consider the dipole to be located on the earth's surface itself, 


tnd, therefore: 
2 2 
Re Ar* +a° - 2ra cos @ . (2.08) 


Let us examine what are the mall and “large” parameters, 
“hich characterize our problem. First of all, in the case 
COnsidered the wave length is extremely small as compared with 


(15) 
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the radius of the earth. Hence ka is very large, as compared 
with unity (of the order of several millions). 

In solving our problem we shall take this circumstance 
4nto account from the very beginning; our aim is to find the 
asymptotic limiting form of the solution for large values of 
ka, Further, as pointed out above, we consider I» | to be 
large as compared to unity. The ratio of the orders of magni- 
tude of these two large parameters is to be examined later. 

At last, we are concerned with distances although large as 
compared with the wave length, but small as compared with the 
radius of the earth. 

The idea of our method consists in the following. For 
large ka and large In| the attenuation function W is a slowly 
varying funetion of coordinates, 1. e. its relative variation 
over one wave length io very small. ‘This is seen, for instance, 
from the fact that in a very large region Wel +f, where f ia 
the Fresnel coefficient, (1.14). To express the siowness of 
the variation of W in an explicit form we shall introduce large 
(as compared with the wave length) scales of lengths: m,, in 
the direction of the radius vector (in the vertical direction) 
and My in the direction of the meridian arc (in a horizontal 
direction). Putting 


reatmy; O# =x (2.09). 
we introduce new dimensionless quantities x,y and assume that 


wew (x,y) , (2.10) 


and that the derivatives 3wW/dx and OW/8y arc of the same order 
of magnitude as W itself (this expresses the slowness of the 
variation of W). We shall show that by a suitable choice of 
the scales my, and Mg we can (in the case of large ka) obtain 


(16) 
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for W (x,y) an equation and boundary conditions which do not 
involve large parameters and which lead to a solution valid 
in the whole region considered., 

Under our assumptions the equation of the plane of the 


zon 
fort reo 62a (2.11) 


("the boundary of the direct visibility") can be written in 


the form e2 
rea+rtaz (2.22) 
or m@ 
ny ee x? , (2.13) 


From considerations of physical nature it is clear that the 
boundary of direct visibility must play an essential role in 
our problem. Therefore, it is convenient to make its equa- 
tion free from any parameters. This can be done by connecting 
m, and My by the relation 
2 
n 
6 
m8 oe (2.14) 
in virtue of which the equation of the boundary of direct 


visibility assumes the form 

yex, (2.15) 
As mentioned above, we look for the solution in the region 
where 8 << 1/2, Therefore, we require that to emall values 
of @ should correspond values of x of the order of unity. 
This will be the case if my << @ or, 1f we put m= a/A, 
we oust coneider A as @ large number (as compared with unity). 
Equations (2.01) transform into 


1 x 
rea(l+ 3 6 2.16 
( 32) “ht aaa 


and the distance R from the dipole (rormuie (2.08) ] » when 
expressed in terms of x and y, reduces to 


aad 2- =) 1 
R — ar (a - P (2.17) 
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where in the curly brackets the omitted terms are of the order 
v/a* and higher. 

Let us now derive the approximate differential equation 
for the attenuation function W. If R 4s the radius vector draw 
from the dipole, then from (2.03) ané (2.07) follows the equation 


ose (ie - j) Geapem oo. (2.18) 


Transformed to polar coordinatcs equation (2,18) takes the forn 
+> at — 
ar? r 36 r 08 


+§ (se - h) {te - 8 cos 8) # +2 sin @ 3° . (2.19) 


Making a further transformation from the variables r and 6 
to x and y and retaining in the differential equation thus 
obtained only terms of the highest order in A, we get 


oy + - 3 { ( r i) 2 al : (2.20) 


We note that the omitted terms are of the order 1/a® compared 
with those written down. 

As yet we have not fixed the value of the large parameter A. 
We crn try to choose its value in such a manner that for ka-vem 
equation (2.20) does not contain any parameters and that is 
possesses & Solution satisfying the necessary conditions. This 
ia only possible if ” is proportional to ka. Therefors, we prt 


1 
As (# a (2.21) 
and equation (2,20) takes the form 
2°y x) em]. 
— [+3 es Oo. (2.22) 


(18) 
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Ye note that this equation is simply the equation for the zero- 
order term W 0 in the expansion 


we lO) + oy wie) i. a (2.23) 


Besides the assumption that »” is proportinnal to ka, one could 
consider two more possibilities. Firstly, we could suppose that 


3 
x _,4o for ka—o (2.24) 
Ka 
or, secondly, that 
a» 
—-—»o for ka—po. (2.25) 
ka 


In the firet case the limiting form of the equation would be 


+2) Be Reo, (2.26) 


and in the second case: 


2 
7° : (2.27) 


However, it is easy to prove that the solutions of these equa 
tions cannot satisfy the boundary conditions. Thus the only 
Admissible assumption is that made above. 

We have now to formulate the boundary conditions. Using 
(2.17) and (2.21) and retaining only the terms of highest order 
with respect to A we obtain from (2.04) and (2.07) 


ben ew = (ey) (for yoo) (2.28) 


or in the same approximation 


Wy A +) ves (for yO) . (2.29) 
dy (zt . 
(19) 
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This boundary condition involves the complex quantity 


which may be written in the form 
- 
aefal . a. (2.31) 
where the value of q is given by (1.11) ana|q,| = 1, Since 


lal is the ratio of two large parameters, the value of this 
quantity can be large as well as small. 


We introduce a length b (which 1e independent of the wave 
length) 


pe (3) 2/5 37/5 (2.32) 
and put 
n= 2xb 5 weg = (28)? (2.33) 
Then the quantity q can be written in the forz. 


5/6 4 


q=an re : (2.34) 


As it 1e seen from Table 1], the parameter a varies for sea 
water and for different kinds of soil in relatively narrow 


(20) 


TABLE 1 


2nd 
8041 


21° 


in mptera 


SS 


Sea water very salty. . . 2.107 0,003 26.6) 60 {0,010 


gea water scarcely salty. 10° 0.016 69.8] 80 {0.015 
Ditto . 2. + ee ee wae 2.10° 0.032 105 ; 80 | 0.024 
gmp see eee ee] 210" | 0.26 | 276 | 15 |0.009 
Moist soil re 10° 1.6 1110 15 |0.022e 
and er ee 2.10° 3.2 1680 15 |0,029 
Fresh clean water... . 10? 16 4420 80 |0.29 

Dry etl, ..... «| 210°° | 160 | 17500 | 9 0.08 


Note. The first colum gives the ratio of the conductivity of 
mereury 6, to the conductivity of a given 3011 6. The 
cenduetiwity of mercury taken to be 6, #10440 (8 ° em)’ a 


limits (approximately from 0.01 to 0.03 and for dry soil to 
0,08), whereas the length 2nb varies from tens to thousands 

of meters. mnererors) n will be very large (such that lal 

4s of the order of ae ) only for very short waves and dry soils. 
In the general case, however, we must consider | ql asp finite 
and retain q in the boundary condition which we shall write 

in the form 


re + @ + #) Wm0O (for ym0). (2,35) 


(21) 
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It ie interesting to compare the equations and the boundary 
conditions for the two cases considered (the case of the plane 
earth and that of the spherical earth). Putting 


p= al? x, C-slaly, (2.36) 


we go back from our variables x,y to the old dimensionless 
variables p,¢ used in §1. [Introducing in (2,22) and (2.35) 
the variables p,{ we sbtain the equations 


a $2} @%4/8,-£ aw 0 2 
—— ee fh Dg »37) 
ac E G “Tal ) ay 
a 1 - 
Cae) 0, (2.38) 


where the terms of the order l ] are due to the curvature of 
q 


the earth. By omitting these terms, we return to equations 
(1.08) and (1.10) for the plane earth. 


We have now to formulate the condition at x#0. The 
corresponding condition for the plane earth has been discussed 
in $1. It has been shown there that we cannot utilize directly 
the character of the singularity of the Hertz function in the 
source, but have to consider the region, where the "reflection 
formula" (1.13) or its limiting form (1.17) is valid and have 
to compare these formulas with the desired solution in that 
region, : 


For the spherical earth the condition at x=0 does not 
aiffer esesntially from the corresponding condition for the 
plane earth, and we can write it in the form 


W-2 


— 0 for x—90 and y > 0 (2.39) 


(22) 
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in close analogy to (1.23). 


Thus, our problem 1s to obtain the function W from the 
aifferential equation (2.22), conditions (2.35) and (2.39), 
and the condition that W remaina finite for all y > 0. 


The solution of this problem, which is of purely mathe- 
matical nature, can be obtained aa follows. 


First of all, we simplify the differential equation 
(2.22) by the substitution 


-1o, 
Wee v, (2.40) 
where 
2 Pe 
on XiN- ZX , (2.41) 
o kx 2 12 


The geometrical interpretation of the quantity ®, follows 
from formula (2.17) which ean be written in the form 


KR = kad +o. (2.42) 


Thus ®, is the difference between the distance R measured 
along the straight line and the corresponding length of the 
arc (measured along the earth's surface), both quantities 
being expressed in wave numbers. According to (2.40) and 
(2.42) we have 


e Wee Vi, 2.43° 


80 that the transition from W to V corresponds to the separation 


i 1kR 


of the phase factor e ae instead of e ‘ 


Inserting (2.40) into the differential equation for W and 
using the relation~ 


(23) 


y x Oy ox 
, (2.44) 
mek, 
Oy 2x 
we obtain 
av. , wv a 
41Xeaefy-—>)veso, (2.45). 
ay" Ox ¢ 2x 


This equation (like the original one) has @ singularity 
at x«0, but this singularity can be removed by the substitution 


Vafxw,. (2.46) 
The result is 
3H, oy, . aan 
+i—=— +yWw, so. 2.47 
ay" Ox 1 


The boundary condition for Wy is the same as for V, namely: 


ow, 
s+, 20 (for ys) . (2,48) 
oy 


We note that this condition is most simply obtained directly 
from (2.28) [rather than from (2.35) | : 


Pinally, the condition for x-»0 is 


2 
w ae es ee (for x30 andy > 0). (2.49) 
teen a 


(24) 
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pransition from W to W) simplifies the problem considerably. 
pirstly, equation (2.47) 18 not only free from a singularity at 
300, but also its coefficients; do not contain the argument x; 
therefore, it 48 soluble by the method of separation of variables. 
Secondly, the coefficient in the boundary condition (2.48) does 
pot involve x. From the fact that x=0 is a regular point of 
equation (2.47), it follows also that condition (2.49) for x=0 
(together with the other boundary condition) 1s sufficient far 
a wique determination of W,- 


We shall solve equation (2.09) by the classical method of 
separation of variables, Considering particular solutions of 
the form 


W, = X(x) ¥(y) (2.50) 
we get the following equations for X and Y 


Heya -i beat, (2.51) 


where t 1s the parameter of separation, Hence 


X'w it X, (2.52) 
y+ (y-t) veo. (2.53) 
The solution of equations (2.52) and (2.53) ja 
X(x) =a ei, (2.54) 
¥{fy) aw (t-y), (2.55) 
where w(t) 18 an integral of the equation 


w'(t) = tw(t) . (2.56) 


90 


For w(t) we may take the function 


ae 
tg -=—2 
w(t) = = J e 3 az, (2.57) 


where the contour [ is a broken line drawn from infinity to 
zero along the straight line are z @ - 2n/3 and from zero to 
infinity along the positive real axis. The function w(t) 

1s an iritegral transcendental function which can be expressed 
through the Hankel function of the first kind and of the order 
1/3 according to the formula ; 


4 7 
w(t)= e r ie (- t)* ae E (2 07 . (2.58) 


The properties of w(t) are summarized in I. The function 
w(t - y) remains finite for y=>+ oo. The second integral of 
equation (2.53) which may be written in the form 


7 
Y, (y) = w fas (te y)| (2.59) 


Goes not possess this property and must be rejected. Expression 
(2.50) will satisfy the boundary condition (2.48) if we choose 
the parameter t so as to satisfy the relation 


w(t) - qw(t) #0. (2.60) 


As it was shown in I all roots te of this equation lie 
in the first quadrant of the t-plane; the distant reote are 
situated near the atraight line arc tan/3. Therefrom follows 
that the function 


(26) 
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ixt 
wee § w(t, - y) (2.61) 


1 
remains finite for all positive values of x and y, satisfies 
the differential equation (2.47) and the boundary condition 
(2.48). All these conditions are also setisfied by the function ,, 


w ait w(t - 9) (t) 4 (2.62) 
= t, . 
: y wit) ~ awit) . : 


where C is a closed contour in the t-plane containing the roots 
of (2.60) and wt; 1s holomorphic inside this contour. 


We have now to satisfy equation (2.49). This can be done 
by a suitable choice of the contour C and of the function #(t). 
It 1s clear that the contour C must go to infinity, since the 
integral along any finite contour cannot have a singularity 
at x0. The singularity is caused by distant parts of the 
contour, But for large values of {t | the following asymptotic 
expressions are valid 


1 eytt on 7 
Krag (3 carer cd), 


pet ( T an 


ai an = .at 
where arc Yt 2 are t (en the ray are t*3" or arc t > 


wey ares 


the two expressions coincide }. The contour C has two branches 
going to infinity. We shall draw one of them along the positive 
imaginary axis (from i@to 0) and the other along the positive 
Peal axis (from 0 to + a); the lower expression (2.63) is valid 
on the first branch, the upper - on the second branch. The 
singularity of the integral (2,62) for x=0 ie the same as that 
of the integral 

(27) 
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io 
v= i oft STE a(t) OE + { CITE WO) ae 
0 g 0 
(2.64) 


This is true in spite of the fact that the asymptotic expressions 
(2.63) are invalid for smal] and finite values of t, because the 
integrals over the corresponding parts of the integration path 
remain finite and have no singularities. 


Assuming the function »(t} holomorphic and bounded in the 
firet quadrant we can replace the upper limit in the second 
integral by 1 0a Then, putting t=ip’, we get 


1z + ae 
W, = 2e % f e & +i yp wltp*) ap . (2,65) 


- © 


But we have 


+o ral 

2 1 
J e XP +41 yp ap « [Fe x (2.66) 
- @ ¢ 


Therefore, if we suppose that »(t) is a constant quantity equal 
to 


1 -1¢ 
y(t) = e (2.67) 
.¢ 
we obtain 5 
; if 
v= = | (2.68) 


which is the required singularity of W)- Inserting the obtained 
value of y(t: in (2.62) we are led to consider the integral 


(28) 
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af ixt 
<22.,. 3 oN wit - at , (2.69) 


“” r BM Ct) ~ w(t) 


which satisfies the differential equation and the boundary 
conditions and has the required singulerity for x#0, However, 
we cannot yet assert that the integral (2.69) gives the solu- 
tion of our problem. In fact, the more general form (2.62) 

of the integral will have the same singularity, if the function 
y(t) 18 holomorphic in the first quadrant and tends to a 
constant value (2.67) at infinity. The more general integral 
satisfies the following relation 


a 


atk), 
lim (, 7 f(y), (2.70) 


where f(y) 18 some bounded function, the form of which depends 
on y(t). But 1f p(t) 1s a constant, the function f(y) turns 
out to vanish identically. This can be shown by evaluating 
the integral (2.69) by the method of ateepest descent (the 
main part cf the integration path lies in the neighborhood 


of the point t=- ly - x°)/ox }?, 1, e.for large negative 
values of t). We shall] not perform these calculations since 
similar ones are made in I. 


Hence expression (2.69) satisfies all conditions inelud- 
ing (2.49). 


We shall not attempt to give here a rigorous proof of 
the uniqueness of the solution, but it is clear that by adding 
expressions of the form (2.61) to the solution obtained con- 
dition (2.49) 1a violated. ; 


Going back, according to (2.46), to the function V, 
we get the following expression for this function: 


(29) 
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af ixt 
V (x, y, alee if | Srey tet at . (2.71) 
c 


Using (2.43) and sudstituting in the denominator of (2.07) ; 
a@ for R, we come to the final expression for the Hertz function | 


1 
@ikaé 


Us Vv (x, y, Q) . (2.72) 
This expression coincides exactly with that obtained in [I by 
the method of summation of series. 


A detailed discussion of the expression obtained was given 
in I and shall not be repeated here, 


Compering the two methods of derivation of formula (2.71) 
we arrive at the following conclusions. The method of the 
summation of series is more cumbersome but it is at the same 
time more rigorous. This 1s connected with the fact that all 
approximatione are made in the ready solution, which makes the. 
estimation of the order of disregarded terms easier. The method 
permita also to use condition (2.06) directly without resorting 
to the "reflection formila" which requires a foundation itself, 
On the other hand, for the method of parabolic equation it is 
characteristic that all neglections are made in the initial 
equations. This requires delicate reasoning which is difficult 
to perform with @ complete rigour. The lack of rigour is com 
pensated by the comparative simplicity of the second method. 
This simplicity ie the ohlef advantage of the method since it 
gives the possibility to find approximate solutions of other 
more diffioult problems of the same kind where the exact solu- 
tion 1s unknown. 


(30) 


1. 


b, 
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v. THE PIELD OF A PLANE WAVE NEAR THE SURFACE 
OF A CONDUCTING BODY 


V, Fock. 


For the field induced by an incident plane wave 
on and near the surfac: of a convex body of finite 
conductivity approximate formulas are derived. Since 
theae formulas give also the ourrent distribution in 
the ekin-layer on the surface, they may be used for 
the calculation (by means of definite integrals) of 
the field at arbitrary distances from the body, yield- 
ing thue an approximate solution of the general 
diffraction problem, 


INTRODUCTION 


In our paper "Distribution of Currents Induced by a Plane 
Wave on the Surface of a Condue tor"? the following fundamental 
result haa been obtained. The values of the tangential com- 
ponents of the total magnetic field on the surface of a perfect 
conductor are equal to the surface values of the corresponding 
components of the field of the incident wave multiplied by a 
certain universal function G(€), depending on the argument 
€=4/d, where £ is the diatance from the geometrical boundary 
of the shadow, measured in the plane of incidence and d ia the 
width of the penumbra region. The quantity d is equal to 


| 
a= ae re » wnere A 1s the wave length and Ry ie the curva- 


ture radius of the normal section of the surface by the plane 
of incidence. The surface current density being proportional 
and directed at right angles to the magnetic field. This 
result immediately givee the current distribution on the sur- 
face, the knowledge of which enables the calculation of the 
amplitude of the scatter wave, 


(3) [~~ & 
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In this paper we intend to generalize this result in two 
respects. 


Firstly, we shall find the field distribution not only on 
the surface of the body, but aleo in its neighborhood (at dia. 
tances that are emall as compared with the curvature radii of 
the surface). Secondly, we shall not consider the body to be 
a perfect conductor but shall regard it instead as a good con- 
ductor only in the sense that on its surface the Leontovich 
conditions for the tangential field componente are valid. 


The method we shall use will aiso differ from that used 
in the previous paper. In the previous paper we have obtained 
our result by making use of the local character of the field 
in the penumbra region. We started from the exact solution 
Oi us problem for a particular case and then performed the 
approximate summation of the series. By the principle of the 
lecas fleld the result could be applied to the general case 
also. Now we shall find the solution directly for the general 
case of an arbitrary surface, using the method of parabolic 
equation proposed by Leontovich and developed in our common 
paper” for the case of a point source (dipole), located on a 
plane or on a epherical surface. 


1. THE GEOMETRICAL ASPECT OF THE PROBLEM 


Consider a convex body and @ plane wave incident in the 
direction of the x axis. [If the equation of the surface of the 
body ise 


f (x,y,z) = 0, (1.01) 
then the equation of the curve, representing the boundary of 


the geometrical shadow on the surface, will be obtained from 
the equation of the surface and the relation 


or 
Ox 
(2) 


=O. (2.02) 


99 


Let us take on the surface a point lying on the boundary 
of the geometrical shadow and consider it to be the origin of 
our coordinate system. The £ axis we direct along the normal 
to the surface (towarda the air). Since on the shadow boundary 
the normal is perpendicular to the direction of the wave, the 
z axis so chosen will be perpendicular to our x axis. The 
@irection of the y axis we choose in such a way as to obtain 
a right-handed coordinate system. 


In the vicinity of any given point the equation of the 
surface will be of the form 


z+4 (ax* + 2bxy + ey*) ~70, (1.03) 


ince the surface 18 convex and the z axis is directed to the 
convex side we have 


20, (1.04) 


a@>oO; ¢c>Q0 3; ac-b 
The equation of the cylindrical surface which separates 
the region of the geometrical shadow is obtained by eliminating 
x from (1,01) and (1.02). In our case this equation will be 
of the form 


2 
24 8c=d yF og, (1.05) 
28 


The curvature radius of the normal section of the surface by 
the plane of incidence is equal to 


R 2i F (2.06) 


Our problem is to find the electromagnetic field near the 
surface, at distances (from the surface and from the origin) 
that are emall as compared to the curvature radius Ry 


(3) 
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2, SIMPLIFIED MAXWELL'S EQUATIONS 


We suppose the time dependence of the field components to 
be of the form e~/t ana omit thie factor in the following. By 
k we denote the absolute value of the wave vector 


ke 2,2 : (2.01) 


Each of the field components satisfies Helmholtz's equation 


Ay+k*P mo, (2.02) 


where A ies the Laplace operator, Since we deal with a field, 
due to 4 plane wave traveling in the direction of the x axis, 
we, shall separate out the factor elk in ¥ and put 


‘= elkx 9°... (2.03) 
Then ¥° will satisfy the equation 

a*ve aye ates ore 

+i +S + atk SS 0. 2.08 
axe dy oz Ox : ; 

The field components satisfy the Maxwell equations 

m, 
at ae ik HL , etc., (2.05 
dy oz Fe 7 
r): 
cB, oly = - 1k B , ete. (2.06) 
oy Oz 


Let us now separate out in each of the field components the 
factor eikx and put 


BE, w Ee ce , ote; Hue ec , ete, (2.07) 


(4) 
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In this way we obtain for the quantities marked by an asterisk 
the equations: 


ere On 
— -~% Sik He, 
oy dz 
2E¢ OES 
st tk EE atk iy, b (2.08) 
3E° = OE® 
= ca ik EY = ik HP ; 
. Z 
out —soGH 
a -—Y = - ix Ee, 
Zz 
OHS | (OHE, 
pape — ik hf = - ik EY, (2.09) 
2 
cE* = Oi® 
af =X 4 tk Hae ak EF. 
ox ay y & 


We shall now introduce an assumption which will be of 
primary importance for the following; namely, we suppose ti:at 
the quantities with asterisks are slowly varying functions of 
coordinates in the sense that their relative variation along 
the distance of one wave length is small. 


Besides, we suppose that the varlation of these quantities 
in the 2 direction (normal to the surface) takes place more 
rapidly than in the x and y directions (parallel to the surface). 


Tnese assumptions can be stated in the form 


(5) 
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ee via a Cae a" 2 o(& ) (2.10) 
nm' oy ' 


m and m' being dimensionless parameters and 


m'>>m> 1, (2.11) 


The truth of these assumptions follows from the fact that the 
final solution (which 1s unique) actually satisfies them, 


It follows from these assumptions that the second deriva- 
tives with respect to x and y in equation (2,04) are emall as 
compared to the second derivative with reapect to z. Hence 
this equation takes the form 


ove ave 
2ik—~—— a0, 2.12 
af as ee) 


It follows from (2.12) that mt is of the order of m* and we can 


put 
mom. (2.13) 


The relations (2.20) | ean now be written in the form 


ae ey in oa 0o(% pies cif a0(# r). (2.14) 


From relations (2.14) (that are valid for all the field 
components) 1t follows that in equation (2.12) the terma omitted 
are of the order 1/m? as compared with those written down, 
Terma of this order of magnitude shall always be neglected in 
the following. 


(6) 
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Let us estimate on the basis of (2.14) the order of magni- 
tude of the different terms in equations (2.08) and (2.09). In 
doing this, we consider iv and H? as the principal quantities 
to which el1 the other quantities ere to be compared. As to 
the relative order of magnitude of H® and HY. we shall suppoge 
tne order of one of these quantities to differ from that of 
the order, at the most, by the factor m. 


From the first equation (2.09) we get 


By =0( a) + 0(% 5) ; (2.15) 


Inserting this ecatimation into the second equation (2.08) we 


ale 


gee that the term dEe/dz is very small {of the order of 1/m*) 
as compared to the term 1k ay: On the other hand, it 1s seen 
directly from (2.14) that the term OES /dx is of the order 1/m* 


as compared with ik ES. The term of this order of magnitude 
mist be disregarded. Then the second equation (2.08) gives 


simply E_*2 Hy. Similarly the third equation (2.08) gives 
Ey = ay. and the first equation (2.08) shows that RY will be 


of the order 
we old ne) + o(2 ne) . (2.16) 
x m° y mn 2 


Ttese values are also in agreement with equations (2.09). 


Hence all the field components may be expressed, with 
neglect of small quantities, in terms of H* and 1%. Since 
these expressions do not involve derivatives with reapect to 
xX, they have the same form for the field components without 
an asterisk, namely: 


(7) 


(2.17) 
EB, - Ry ’ 
1 oH, oH, 
Hy Ff ay ae . 


The last equation can be obtained also directly from div H = 0, 
To these equations we must add the Helmholtz equation for each 
of the field components or the equation of the form (2,12) for 
the quantities with asterisks, 


3. SIMPLIPIED BOUNDARY CONDITIONS 


As shown by Leontovich, if the absolute value of the com- 
plex inductive capacity of the medium 


necei ote 


(3.02) 
is great as compared to unity, there is no need to consider 
the field within the medium, but one may take into account the 
influence of the medium on the field in the air by meane of 
the boundary conditions, connecting the tangential components 
of this field on the surface of the reflecting body, 


Leontovich's conditions (to be more correct, their genera- 
lization to the case when the magnetic permeability of the 
medium is different from unity) can be written in the form of 
three equations: 


(8) 
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B, - nF, = ie H naeK,) (3.02) 


only two of which are independent. 


In these equations ny» Ny, n, are components of the unit 
vector of the normal to the aurface and Eq, has the value 
a 
Bene + ny E, An, ED: (3.03) 
It can be shown that the conditione (3.02) are valid if 
the following inequalities are satisfied 


| w »>1, (3.04) 


KR, [hu 1, (3.05) 


where R, ie the smallest curvature radius of the normal section 
of the surface, 


In the case of a conductor, in which the displacement cur- 
rent is negligible, these inequalities have the following mean 
ing. According to the first inequality the square of the depth 
of the skin-effect layer must be email as compared to the square 
of the wave length in air. According to the second inequality 
this depth must be small as compared with the curvature radius 
of the normal section of the surface. 


In the following we put the magnetic permeability equal to 
unity and transform conditions (3.02) using the relations 
Le H, and B= - Hy obtained above, Prom (3.02) we get 


(9) 
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(:- re) e= ("2 * ®) (ry Hz - 92 Hy) » (3.06) 
¢ -*8) 4 = (x + TT) (r, ky +n, #,) . (3.07) 


Using for H, the estimate (2.16) and considering the quan- 


tity Jn to be large (of the order of m or larger), we infer that 
the left-hand side of (3.07) 18 small as compared with the sepa- 
rate terms of the right-hand side. Replacing this quantity by 
zero we obtain instead of (3.07) 


ny H,+n,H, #0. (3.08) 


Using this relation we get from (3.06) 


nF, = - (, *z) Hy : (3.09) 


We may insert in this relation the expression for E, from the 
first equation (2.17). Sinoe tne y axis has a tangential (or 
an almost tangential) direction, we can differentiate (3.08) 
with respect to y and put 


n +n — : (3.10) 


We have omitted in equation (3,10) small terms, depend- 
ing upon the surface curvature and similar to those which have 
been neglected when obtaining the condition (3.02). As a 
result we obtain from (3.09) 
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gris poundary conditior contains orly one component Hy: Having 


gn mind the dependence of Hy upon x, we can write with the same 


accuracy ‘ 


Hy k 
m-i-—— HH, (3.12) 
an tf 


where in the left-hane side the derivative is taken along the 
normal. Now, estimating the order of megnitude of the first 
term in the left-hand side of (321) and considering n, and ny 


to be small of the order of 1/m, we infer that this first 
term is small as compared with the second one. We shall write, 


therefore, 


3 1 
= a cay (>, ep Hy. (3.23) 


In addition to the cifferentiel equation and the boundary 
condition on the surface of the becy, the quantity Hy must 
satisfy the following requirement (condition at infinity). 

In the illuminated region at large cistances from the shadow 
boundary the part of Hye which has the phase of the incident 
weve, must have & prescribed amplituce. (Under large distarces 
We meer, the distances whioh are still small in comparison with 
the surface curv4ture radii although they involve many wave 
lengths.) 


Thus, the field component Hy (and, therefore, E) has been 
oompletely separated from the other field components: 1% 
satisfies a separate differential equation, a separate bcundary 
cordition on the surface cf the body and a separate conditior 
at infinity. These conditions determine Hy in a unique way. 


After having determined H,, we can find Hy from the 
differential equation, condition (3.08) on the surface of the 


(11) 
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body and from the condition at infinity. The latter condition 
consists in the requirement that the part of Hy» which corres- 
ponds to the incident wave, must have a given amplitude. Finally, 
hmowing Hy and H,, we can determine all the other field com- 
ponents from equations (2.17). 


“4, DETERMINATION OF THE FIELD COMPONENT Hy 


Let us put 


Hy = etx ye | (4.01) 


where H° is the amplitude of the incident wavesat infinity. 
According to (2.12) and (3.13) the function yGnust satisfy 
the equation 


370 ore 
ss 2ik —— #0 (4.02 
dz : ox 


and the boundary condition 


O°, aK («x + by “7 20 (4.03) 
ez 7 


on tne surface 


z +4 ax? + ebxy + ov?) mo, (4.0%) 


We have replaced n, in (4.03) by its approximate value 
obtained from the equation of the surface, 


Suppose that the function ve Gepende upon the coordinates 
xX, Y, 2 only by means of two variables 


@€ wm (ax + by) , (4.05) 
¢ = 2am” [= +3 (wr? + fry + or?) ], (4.06) 
(12) 


10> 


where mis o large paremeter wnius: vw... ba defines telow. The 
scales of the quantities € eng ¢ 72 c:csem in push & wsy that 
equation (1.05) (giving the sna%c. ccungeary in apese) takes 
tne fom 


Ne 


gate, (4.07) 
Tne values of the variable % can be culy non-negative arx 
these of the vuriatie & can be Beth positive and negative. 
In the illuminsted region cf the space we neve € < [ec 


and in the shaded ore @ > € , where the square ruct le taken 
with « positive sign. 


Celsulating the “erivatives we cbtair: 


Py 
oF° L (2° + ef ) ; (4.08) 
3 af ws 
gee 2. Nge 
we maT Te, {+.69) 
a rand 


We now choose the pzrauster m in puch 3 way ae te make 
the coefficient in this eqrvitizcn equzl te unity 


x [5 - -| >. (4.12) 


Since we consider the wave lengt to be very emsli £8 coir 
p2rec with the curvature radius of the surface, the veilue cf 
our perameter m will actually be large. The expressiozs for 
the cerivatives oar now be written in the following form: 


(13) 
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+ of aye > (4,12) 


ove tk oye. (4,13) 
dz n 


It 18 seen from these equations that the estimates (2.14) 
will be valid, provided the derivatives of ¥ * with respect to 
@ and to € are of the order of Y* itself. 


Equation (4.10) takes the form 


a2¢ Ge ar) 
a( SFo, og 22%) ao, Paer 
ae + 2 + 26 aC ( ) 


The boundary condition (4.03) becomes 


ave 
a 


where we have put for brevity: 


+i6Y¥*° +qg ¥Y%e 0, (8.15) 


; 
im, i. ES : (4.16) 


The quantity q will be, in general, finite, but can be 
also small (for a ery good conductor) or large (for an almost 
plane surface). 


, 


The condition at infinity for ¥ *.consists in the follow- 
ing. In the illuminated region that part of ¥ *, th2 phase of 
which vanishes, must have an amplitude equal to unity, 

To simplify the differential equation we put 


ABE + 1087 /3) 
Yesze Vv 


a (4.17) 
(14) 
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Then the equation and the doundary condition for V will 


pe 
av. , bv 
ix + =0, 4.18 
ar + aE. wv ( ) 
Vy gv wo, CaO. (4.19) 
ct4 


The condition at infinity (large negative values of &) becomes 
180 - 4(€7/3) 
e 7 


v= ve, (4.20) 
Wher: V*° corresponds to the reflected wave. We denote by 
@ the prase of the first term in (4.20) 


oe a , (4.21) 
3 
and by ¢* the phase of V ® . The phase ¢° can be determined 
by calvulating from geometrical considerations the phase differ- 
ence ¢ *- ¢@ between the reflected and the incident wave and by 
using the known value (4.21) of the phase ¢. 


It can be shown that the phase ¢* so determined is equal 
to the extremum value of the function 


oomte sh (g- t)¥2?-8( - 6)? , (4,22) 


d.e. equal te the value of t, for which d¢° /ot m0. Similarly 
the given phase (4.21) is equal to the extremum value of the 
function 


om te -§ {¢ a 1)3/2 : (4.23) 


We omit the derivation, since it is rather cumbersome and 
since the result can be obteined in a purely analytical way 
from the final form of the solution (see § 6). 

(25) 
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Equation (4.18) coincides with that which occure in the 
problem of diffraction of radio waves around the earth's sur. 
face. This equation (with different conditions at infinity) 
was investigated in our previous paper .* 


Equation (4.18) admits particular solutions of the form 


ve etbt w(t - 0), (4.24) 


where w(t) 18 an integral of the ordinary differential equa- 
tion of the second order 


w"(t) = tw(t) . (4.25) 


We shall need both integrals of equation (4.25). As one 
of these integrals we take the function 


1 zt - 3 z> 
wy) (t) = 7 e az, (&.26) 
Ey 
where the contour ry goes from infinity to the origin along the 
ray arc z= - $ m and then returns to infinity along the ray 


arc 2 = 0 (along the positive real axis). Another (linearly 
independent) integral is the function 


: zt - 3 z 
Wo (t) = yr e dz, (4.27) 
"% 
where the contour lr, is an image of the contour ry in the real 


axis of the z plane. ‘For r2a) values of t the functions wy (t) 


and Wo {t) are complex,conjugates. We shal] have 


w, (t) © u (t) + iv (t) ,d 


Wo (t) eu (t) - dv (t) a 
(16) 


(4.28) 
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gor real functions u(t) and v(t) end their derivatives exten- 
eive four-figure tatlesa (range from t * - 9.00 to t= + 9.00, 
ynterval 0.02) have been calculated by us. 


The asymptotic expression fér w(t), valid for large 


negative velues of t (end also in @ certain sector in the 
giane cf the complex variable t) has the form 


w, (*) a{- 1/3 exp (3 { - r)?/2 +4 +) - (4.29) 
Similarly 
Wo(t) =(- t)72/4 exp (- 18 { - +)3/2 -1 t) ‘ (4,30) 


Prom (%,23) and (4.30) we see thet the phase of the 
expreasion 
eft y(t - 6) (4.32) 


is just equal to ¢; and we know that the extremum of 6 gives 
the phsse of the incident wave, Therefore, we can expect that 
the integration of the function (4.32) along s contour which 
passes near the point of the extremum of the phase, gives an 
expression, the phase of which is equal to thet of the incident 
wave (4.21). In fact, making use of the relations: 


1 8 


Pe Se J <Vibepeke” cheep Os (4.32) 
Ia 3 
1 22 med 
Wy é *) ™ 2e By (rp) , (4.32) 


1 
the following equality may be proved 


3 

tee - a 
e ee 3s i f eité Wo (t - 0) at, (4.54) 
efx c 


(17) 
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where the contour C is described along the ray are 2 g T from 


infinity to the origin and along the ray arc zu - 4 n from the 
origin to infinity. 


On the other hand, if the function f(t) 18 such that its 
phase for large negative values of t is equal to - 3 { - +)3/2 


then the phase of the expression 
eft w(t - €) £(t) (4.35) 


4B equal to ¢¢ [an formula (4.22) ] . Hence, integrating exp- 
rassion (4,35) along a contour, which passes in the vicinity 
of the point of the extremum of the phase, we obtain an expres- 
6ion which has a phase equal to that of the incident wave, 


From these considerations it follows that we may seek the 
expression for V in the form 


ve Als J [Xt fyi(t - 6) - tt) w(t - gr} at . (4.36) 


This expression satisfies equation (4.18) and the condition 
at infinity (4.20). To satisfy also the boundary conditions 
(4.19) we have to determine the function f(t) from the relation 


walt) - awa(t) = t(t) Lm (t) - awy(t»} , (4,37) 
whence ' 
w(t) = a(t) 


f(t — OO - 
= w, (t) ae aw, (t) 


(4.38) 


It 148 not 4ifficult to see from (4.29) and (4.30) that 
the obtained function f(t) has the correct phase, 


(18) 
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We, finally, odtain 


eon aleeic ge w, (t-§) dt. 
oda . 


wy (t)-qw, (t) 
(4.39) 
with this value of V the expression 
H, HO et er #80 + 16/3) y (4.40) 
gives the y component of the magnetic field. 
Using the relation 
1 1 
w(t) wo(t) - w(t) w(t) m™ - 21 (4.41) 


it 16 eesy to verify that at €#0 (on the surface of the body) 
the expression (4,39) for V becomes 


Yel itt at : 
fa w(t) - aw, (t) 


(4,42) 


Inserting this in (4,40), we arrive at the following 
conclusion. The tangential components Hee of the magnetic 


field on the surfece of the body are equal to their values 
ite for the external field, multiplied by a certain universal 


function of the reduced distance € from the shadow boundary 
and of the parameter q (the latter depends upon the wave 
length and the properties of the body). We have 


Hye * HEX O(€,a) (4,43) 


(19) 
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where 


eet? —2 i} 1gt cae » (8.48 
G(@,q) we ow ! e writ) - mle) ( ) 


This result is in agreement with that obtained in our pre- 
vious paper? by a wholly different method and represents its 
generalization to the case of a finite electrical conductivity 
of the body. 


For a perfect conductor Q m= 0 we have 


G(8@,0) = a(é) ? (4.45) 


where G(@) 1s a function tabulated in our previous paper? 


We note that the quantity V determined by (4.42) occurred 
also in our solution? of the problem of the propagation of radio 
waves around the-carth's surface [it was denoted there by 


v,(@,4)] . 


5. DETERMINATION OF THE COMPONENT H_ 
AND THE OTHER FIELD COMPONENTS 


We nave still to determine the component of the magnetic 
field H, with help of the conditions formulated at the end of 


$3. 


We begin with a particular case, when the magnetic vector 
is polarized parallel to the z axis. Then Hy =O and, according 
to the results of § 4, we have in our approximation H @ 0 in 
all the region considered. Then, according to the botindary 
condition (3.08), we shall have H, = 0 on the surface of the body. 


(20) 
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Tet us put 


Hoe He eX os, (5.01) 


where He 18 the amplitude of the incident wave at infinity. 


The function * must satisfy the equation 


“O° 5 ain 9%" 20 (5.02) 


3 
ro Ox 


and the boundary condition 


@*=0 on the surface of the body. (5.03) 


The condition at infinity wil} be the same as the condition 
for ¥*. 


We assume tnut ¢ ® iepends on the same variables €, € as 
¥ ® and make the substitution 


160 + 1(€7/3) 
@*re J. 


(5.04) 

Since %¢ satisfies the same equation as ¥® , the equation 
for J coincides with equation (4.18) for V. For the determins- 
tion of J we obtain, therefore, the cquation 


2. 
eig +t m0, (5.05) 


the boundary condition 


Usd fort =0, (5.06) 
and the condition at infinity 


het - 1(83/3) 


u= me, (5.07) 


where U® corresponds to the reflected wave, 
(21) 
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If we assume for U an expression of the form (4.36), the 
function f(t) therein will be determined from equation (5.06) 
and we obtain 


Bn Sg 4ét ie a Wo(t) . a 


Inserting (5.08) and (5.0%) into (5.01) we obtain the solution 
of our problem for the particular case Hy 20, 


Consider now the general case. The boundary condition on 
the surface has the form 


H, = ~ (bx + cy) Hy» (5.09) 


where Hy is known. Using the identity 


2 
bx + cy ee (ax + by) +82 =P y, (5.10) 
we cen write instead of (5.09) 
2 
b ac - b 
H,=- (ax + by) Hy - Sy. (5.12) 
But, in virtue of the boundary condition (3.13), for Hy we 
have on the surface 
(ax + by) Hote. 1g (5.12) 
y) By * k Bz 7 7 a 
Inserting this value into (5.11) we get 
OH 2 
n= -2 (4 onW, 2 ee Be yy : (5.13) 
a \k 0z fy a y 


(22) 
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This equality is certainly vaiié on the surface or the 
poty. But owing to the fact that the derivetives with respect 
ro y Bre not involved in equation (4,02), the right-nard side 
of (5.23) [unitke that of (5.11) } satisfies also tha approxi~ 
pace wave equation in space, Therefore, the value of hk, in 
space can differ from the velue of the right-harc side (5.13) 
only by @ quantity which ie a solution of the approximate wave 
equation and which vanisnes on the surfece. But a quantity 
having 4:1 these properties is either the functicn eikx i) 
or any function proportioral to it (where tne proportionality 
fartor can Gepend on y). 


The aocve considerations permit us to Getermine the’ ccm- 
plete expression for H, in a simple way. We rewrite equevion 


z : 
(5.13) inserting for Hy the expression (4.01). We get 
: 1 yo ~1kx b | are te ac - be 
ie oa ye ee ae a eee vee a 
Pe 
(5.15) 


If we ade to the right-hand side cf (5.14) terms propert- 


ional to ei kx © * ena vanishing on the surface, we cer also 
write 
I ve 
RL = - — He etl re [Soeur en 
w a of 
i (5.15) 
, 2 my (¥*- 99% = Ho ghia oe 
a 


We shall row show that tris expressicn is valid not only 
on the surface but also in spece (within the wnole region con- 
sicerec). It 1s obvious that it satisfies the approximate wave 
equation and the boundery conditions. It remeins only to show 
trat 1t satisfies also the condition et infinity, Thies becomec 


(23) Copy available t2 DTIC does not 


pemnit folly legible reproduction 
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evident if we note that in the derivative d¥°/3¢ and also in 


the difference ¥*.- ©®the amplitude of the term corresponding 
to the incident wave vanishes. Hence at infinity only the 
term proportional to HP will correspond to the incident wave, 


and this term has a correct amplitude, 


We have obtained the components H, and H,- The remaining 


components can be determined from the simplified Maxwell equa- 
tions (2.17). Omitting small terms we obtain 


ad ue ete ar, (5.16) 
ee as ae (5.17) 


The determination of the field components is now complete, 


6. THE FIELD IN THE ILLUMINATED REGION 


In order to investigate the field in the illuminated region 
we have to deduce for the functions U and V given by (5.08) and 
(4.39) asymptotic expressions, valid for large negative values 
of €, 


We put according to (4.21) 


omer-ge. (6.01) 
Then we have 

ume? _ ye, (6.02) 

vae?ye, (6.03) 


(24) 
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wnere 
ue pay. MgK*) ( )a (6.04 
= —_ t - t, : 
ie ee 
: Let w(t) - av, (t) 
yte e wy (t - 0) at. (6.05) 
2 jm 


wy(t) - aw, (t) 


The phase of the integrands in U® and V*is equal to the 
expression 


ovmte sd (e- 0)/2-3(- +)? , (6,06) 


ahich was considered above [rormuia (4.22) | ’ 


In the point of the extremum of the phase we have 
. =3o-$¢, (6.07) 


ie 
J-e-go-de, (6.08) 


where we put for brevity 


om ee ax, (6.09) 


the root being taken positive. 


The extremum value of the phase is equal to 
go = dy (s0? - 307¢ - 267) (6.10) 


In the following we shall always use the symbol ¢* to 


denote this extremum valve, Applying the method of sta‘tonary 


phase we deduce for U® the asymptotic expression 


(25) 


wo 
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yea eit” E -3 4 ; (6.11) 


The integrand in V® differs from that in U® by a slowly 
varying factor, which is for large negative values of t approxi. 
mately equal to 


' 
Wo / wo) -@ ae Gk! -t 


—_—= . (6.12) 
(1 / 4) -@q g+ijs-t 

Therefore the asymptotic value of V® will differ from that 
of U* by the factor (6.12) taken in the extremum point. Hence 
we have 


i -~ 
ve weld? [3 - 3 See, 4635) 


a +3 (6 - 26) 


Let us elucidate the geometrical meaning of the formulas 
obtained. 


We consider the ray, which goes after reflection through 
the point -;y.z; Determining the coordinates X2¥_ Of the point 
of the surface, where the reflection took place, we obtain the 
following approximate formulas, valid for gliding incidence 


REex-65 Youey, (6.24) 


o 
8 = 58 ‘ (6.25) 


Geometrically e is the length of the path, traversed by 
the ray after reflection. The cosine of the incidence angle 
is equal to 


where 


(26) 


123 


1 
cos 0 = - (ax, + by,) a + (6 - 28}. (6.16) 
qne exact value of the difference x, - x +8 18 
’ é [e] 


X= X +8 = 28 cose , (6.17) 


° 


ne phase difference of the reflected and the incident wave 
is proportional to this quantity. We have 


ov - @ wk(X, ~ x +8) = 2 ks 008-6 . (6.18) 


Inserting in (6.18) the values of s and of cos 6 from 
(6.15) and (6.16) and using (4.11) we obtain 


c*- be Sy (5 + 8) (6 - 26)* (6.19) 


It is easy to verify that (6.19) is equal to the differ- 
ence of the quantities (6.10) and (6.01). 


Hence the phase difference of the two terms in (6.02) and 
(6.03) 1e in agreement with the resulta obtained from geometri- 
cal optics, 


Consider now the amplitude of the reflected wave. 


Inserting (6.11) in (€.02) we shall have 


1i¢ 1¢¢ 1 2 
use? 4-3. (6.20) 


Using the expression (4.16) for q ané the value (6,16) for 
cos @ anc inserting (6.13) in (6.03) we obtain 


Ve et? = aise $ 2 % 1 - cos 6 are . (6.21) 
1 1 +cos @ icy 
(27) 
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The function U corresponds to the case when the polariza. 
tion of the incident wave is such that the electrical vector ig 
perpendicular to the plane of incidence. The function V cor- 
responds to the case of an electrical vector parallel to the 
plane of incidence. It is easy to see that in both cases our 
formulas give the correct values of the Fresnel coefficients. 


7. CONCLUSION 


The formulas obtained above give immediately the field 
in the vioinity of any point situated on the surface of a con- 
ducting body on the boundary of the geometrical shadow. Since 
this point may be chosen in an arbitrary way, our formulas give 
also the field in a certain ring-shaped region, adjacent to 
the closed line, which represents the boundary of the geo- 
metrical shadow on the surface (penumbra region), Consider 
now the field outside this region, but still near the surface 
(at distances from the surface, that are smal] as compared with 
ite curvature radius). In the shaded part of this spatial 
region we may put ihe field amplitude equal to zero. Indeed 
the obtained solution decreases exponentially as the distance 
from the shadow boundary increases, and if the quantity 


t+ Se is positive and large, this solution can be considered 
practically to be zero. We thus obtain a continuous transition 
to complete shadow. Let us now consider the illuminated region. 
In § 6 we have seen that in the remote part of the illuminated 
region our formulas give a field which coincides with that 
obtained from the Pregnel formulas. Hence it follows that if 
we use our formulas in the penumbra region and calculate the 
field with the help of Fresnel's formulas in the illuminated 
one, we shall obtain a continuous transition from penumbra to 
light. 


(28) 


Ir this way our formulas permit us to determine the field 
on and near the whole surface of the body (within e certain 
eyer)« Particularly, they give the current distributior, 
induced by an incident plane wave on the surface of the body. 
put if the current cistribution 1s known, the field of the 
geattered wave can be determined in the whole space (also at 
Jarge Gistances from the body) by applying well-known formulas 
for the vector-potential due to given currenta. 


As a final result cur fcraulas give thus a complete 
(thougn approximate) solution of the problem of diffraction 
of a plane wave by a conducting convex body of arbitrary ahape, 
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VI. PROPAGATION OF THE DYRECT WAVE AROUND THE 
BARTH WITH DUE ACCOUNT FOR DIFFRACTION AND REFRACTION 


V. A. Fock 


Introduction 


Having assumed the homogeneity of the earth's surface, 
the propagation of the radio waves around the earth jis con- 
ditioned basically by the following three considerations: 
aiffraction around the convex surface of the earth, refrac- 
tion in the lower layers of the atmosphere, and reflection 
from the ionosphere. At short distances, of the order of a 
hundred or several hundred kilometers, the reflection from 
sonosphere plays no role. But at distances of the order of 
a thou. ind or several thousand kilometers the reflection from 
the ionosphere begins to play a substantial role, because the 
direct wave begins to have added to it the reflected waves 
which have substantially greater intensity than the direct 
Wave. 

However, even at these great distances it is possible, 
under certain conditions, to separate the direct wave and to 
observe it independently. Its study is of important prac*icai 
Interest for the interference methods of determining distances. 
For this reason the development of a theory which would give 
the amplitude and phase of the direct wave up to the uitimate 

istances, presents a very important problem for practical 
Purposes. 


P:/26 
” 
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The theory of direct wave must take account of both the 
diffraction and the refraction. Nevertheless, in view of the 
complexity of the task, in the majority of the theoretical 
investigations the atmospheric refraction either is not taken 
into the account at all or is treated very crudely, using 
methods of geometrical optios. The extremely important concept 
of the equivalent radius of the earth has not received adequate 
theoretical foundation in this case. The concept has been 
introduced on the basis of considerations of bent rays, and 
yet, in the region of the penumbra and particularly in the 
region of the umbra, the concept of ray as euch loses its 
significance. In connection with this, those conditions 
under which the replacement of the earth's radius by the 
equivalent radius is permiseible have not been made clear. 


In this paper we shall give an approximate solution 
of the Maxwell's equations for the Hertzian vector which will 
take account of both the diffraction and the refraction. This 
solution 1s valid for very general assumptions regarding the 
variations of the index of refraction with height. 


In certain practically important cases this solution 
may be expressed by functions introduced by us in our solution 
of the problem of propagation of radio waves in homogeneous 
atmosphere. These functions are partially tabulated; in 
those cases where there are tables the computation of the 
field with due account for refraction preseents little work. 
Incidentally, we shall give the basis for the concept of the 
equivalent radius of the earth and shall show that this con- 
cept ie applicable in the region of the umbra and penumbra 
(where the geometrical optics are not applicable) and shall 
make clear the conditions when the employment of the concept 
of an equivalent radius of the earth is permissible. 


(2) 
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1. Differential Equations end Tre Boundary 
Conditions ef The Probler 


Tet us designate by r, 6, ‘and > tne exherica: coordinates 
witn che origin et the center of the ear.’ spnere and with 
poiaz axis passing through the transmitting dtsole. We 
-s1} assume the dipole to be located on the surface of the 
earte and we shal? study the field in the atx, ne radius of 
she earth we shall designate by a. The dielectric constant oF 
the air we shall assume to be a function of height n*r-a 
above the surface of the earth. 


rhe 
Le 
far 


° 


eze(h), ner-a (1.02) 


As in the case of the homogeneous etmosphere, the can- 
penent fields in the air may be expresses by Hertzian function 
4. We have: 


E, = —-- cs cin eZ), (2,09) 
rain @ 3¢e 38 
Ey * -2 2 («2 Hw), (2.033 
er Or 3e 
Se te au 
a, > ik, ¢ =: 3.04} 
$ Ko * ae : 


whereas the remaining component fieids are equai to zero. 
Te time derendence of the field we express by e “tut. “where 


mie (2.06) 
Here Xo ia the wave length in free spese (in our probier 

it 1s nesessazy to disting:ish it from that in the air). The 
Value of the dielectric constant of the air at the surface of 
the earth we shail denote by €5 = €(C), and we snali denote by 


(3) ogy available to DTIC does not 
pemmit fully tegible rcproductian 
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2 
ke Sek, io (1.06) 


the wave number evaluated at the surface of the earth. 


Tne field, expressed by the formulas (1.02) and (1.04) 
will satisfy Maxwell's equations if the function VU satisfies 
the equation 


2 (22 (aw) ~— 2 (sin 0B +k? erp = 0. 
Or \e ar Pr ein 6 36 36 ° 


(1.07) 
Let us introduce a new function 


U, = er (sin @ ou (1.08) 


This function must satisfy the equation: 


2. 
a PI Ka + i ba + i + —,— U. + Ke U, = 0 
ar \e Or ere 3e & & Bin® 6 1 as 


(1.09) 


The field at the surface of the earth must satisfy 
Leontovich's conditions 


{1.10) 


where 
DE ey +1 (anfo) 6, (1.11) 
is the complex dieleotric constant of the soil. Leontovich's 


condition will be satisfied if the function Uy satisfies the 
condition 


ik 
pes aes oto U; (at r=a). (1.12) 


(4) 
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In the function U let us separate out a rapidly varying 


factor by assuming 


vu, z eikad v; Pa etks 


Up » (1.23) 


reve K has the significance (1.06) and 8 = a@ is the length 
of the arc along the earth's surface from the point where the 
dtpole 1s located to the point where the field is being computed. 


For function Us, we obtain the ejuation 


"8u 37u 
€' 2 1 2 1 . 
See, es + Uz ]> (2.14) 

€ or r 30° G+ r eine @ ss) 


where €' denotes the derivative of €(h)=€(r-a) with respect to r. 


The equation (1.24) 1s so written that the left-hand 
portion contains the most important terms wiiie the right 
hand side contains corrective terms, whicn, as we shail show, 
may be replaced by zero. 


Upon evaluating the order of magnitude of the resultan: 
we may take advantage of the results obtained for the case of 
homogeneous atmosphere. If we introduce the large paraneter 


me I> (1.25) 


co(ts) Beo(s) ons 


where the symbol 0 stands for "of the order of". 


Then 


(5) 


On the other hand, 1f we exclude from our considerstiong 
the toncsphere (where « may >ecome zero) ther tne gradient 
of the logarithm of € will be of the order cf the curvature 
of the eartn's surface so tha= 


=: o(2) (1.27) 
From this it is seen thet separate terme of the left side of 
(1.14) will be of the order not less than 5 U, » while on 
the right side the terms containing the derivatives, will be 
of the order x Up: As regards the terms containing sin* 6 
in the deneainater then under condition 


ks >> m (1.18) 


these terms likewise will be amall. in this way, by dropping 
the wagnitude of the order +, as compared with unity, we shall 
™| 


be able to substitute zero for the right side of equation (1.14) 
after which we shall obtain 


ary, au « a? 

2 a4 K 2 2 - 

‘ > ae om — - yo2 0; (1.19) 
are a oe (= 2) . 


This 18 a parabolic equation of our problem which resembles 
in form the Sehroedinger equation of the quantum mechanics. 


We can meke further simplification in this equation by 
making use of the approximate equality 


1-S,222, (1.20) 


Introducing, in addition to that, in place of the angle @ the 
length of the arc 8 2 a@ and regarding s ard h ae independent 
variables, we arrive at 


au 
on 


w e-¢ 2h 
2+ a 2+? ( S+—)U,=0. (1.21) 


€ 
° a 
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a-g comdary condition for Jo at the surface of the earth will 
¢ the same as for JU), namely 


a5, € 
—£=-1¢ | U, (ath =o). (1.22) 
ah a) 


The condition at infinity® (ha) maybe obtained from 
consigeration of the phase of the Hertzian function. If we 


yet 


velofe®  u,= [5 [ kesh; (1.23) 


Then, since we are considering the wave coming from the source, 
the phase of ¢ must increase with increase in height h. -From 
this we obtain the condition 


Bro, (2.24) 
oh 


*®yootnote: 

We are taking an opportunity to correct an inaccuracy 
sermitted in the discussion of the conditions at infinity 
ty the article by M. A. Leontovich and V. A. Fock.* In this 
article during the solution of the protlem for spherical earth 
there was set a requirement that not only the Hertzian function 
but also al! separate items of the series representing it 
(independent vartial solutions) remained finite with unlimited 
increase of the variable (proportional to the height h). 
Actually this requirement is not met. Nevertheless, the 
Partial solutions were selected correctly and all! of the 
remaining resuits of above article are also correct, Tae 
reasons given for the selection cf the pertial solutions 
Must be replaced by the condition for the phese, analogous 


to our condition 9¢ > 0. Instead of that it was also per- 
«'.athble to require exponential attenuation of the wave in 
the presence of wnlimited increase of the variable x, pro- 
portional to the horizontal distance s. 


(7) 
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which must be fulfilled, at least for sufficiently large value, 
of h. 


In addition to the above requirements, the Eertzian func. 
tion U, and also function Us must remain finite and continuous 
throughout the entire space with the exception of the regio: 
immediately adjacent to the source. 


For a singular solution to the equation (1.21) it remains 
for us tu formulate a condition which must be satisfied by 
function Ug in the region immediate to the source. First, it 
18 apparent that in the immediate neighborhood of the source 
equation (1.18) is invalid, and equation (1.21) itseJf 1s no 
longer correct. For this reason the region must, nevertheless, 
remain in the “wave gone". For example, we may take a region 
where a "reflection formula" applies, and obtain the desired 
condition by demanding that the sought solution in this region 
be in conformity with a refiection formula. 


The reflectior. formula has the form 
tkh 
ust (1 +f), (1.25) 
R 


where f 18 the Fresnel coefficient. Because we are making use 
uf the boundary conditions of Leontovich (1.10) we thereby 
assume that |n|>> 1. If we, in addition, will assume that 

h << 8, 1.€., consider low anglea of ray above the earth's 
surface, then we can assume 


pe eRe pe hdn-s (1.26) 


rt) . h Aa+ 8 


Substituting these expressions in (1.25), we come to the con- 
clusion that 1n the region where the "reflection formula" is 
applicable the function 


v,= eK er deine v (1.27) 


(8) 
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rust be trarsformed into the form 


2 
kh 
afoff mfr ti 
Up : e (1.28) 
fs h fn + s 
o 
automaticaliy, this condition is equivalent to the requiremert 
that when s—p0 ind h > O the function U, has a property 
characterized by the condition 


kh 
2 1 1.29 
lin Up - Soft 2) =O. : 


More detailed basis for the condition (1.29) may be 
found in the referenced work by M. Leontovich and V. Fock. 


Let us note that in place of conditions (1.29) and (1.28) 
we could have set up still a more stringent condition, requiring 
that in that region where the influence of the curvature of 
the earth's surface and of the nonhomogeneity of the atmsophere 
already ceases and where the formula of Weyl-van der Pol is 
applicable *®, our solution should pass into the solution by 
Weyl van der Pol. 


2. Transfer to Dimensionless Quantities 


The differential equation for function Up, derived by 
us, takes the form: 


3°u au £-€ 2h 
Set atk 52 +k? 2 +e) uio. (2.01) 
° 


let us consider the coefficient of Us in this equation. Having 


G@enoted by €3 the value of the gradient of the dielectric 


* Footnote: 


The range of application of the formula Weyl-van der Pol 
was investigated in detail in our work. 


(9) 
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eonstan*® near the surface ot’ the earth, we can separate out 
of the expression for € the linear term and express the co- 
efficient of Us in the form 


e-€ €-¢€ -€ h € 
2 o, 2h \ - ,2 ° ° 2 fe) 
2 (4 +a )rk esa! ak ee eh? 


Now let ' 
1 ° 
= + 3e- . (2.03) 


The quantity (2.03) 18 the @ifference between the curvature 
of the earth's surface and the curvature of the ray, while 
the quantity a® is commonly designated as the equivalent 
radius of the earth. Adopting the nomenclature of (2.03) 
we can write the formula (2.02) in the form 


€ 
° a 


a® (*£ ~ fo ' 
6 > a aS ‘3) . (2.05) 
° 


As can be seen from (2.05) the quentity g 1a expressed 
in dimensionless unita and depends upon the average gradient 
{averaged along the height) of the dielectric constant of the 
air” * ang the value of the gradient at the earth's surface. 
In the case of normal atmosphere the magnitude g 1s positive 
but in case of temperature inversion it may, become negative 
and then only starting with a certain height will again 
become positive. The absolute magnitude of g is usually not 
greater than 0.2 or 9.3. With h=pw the theoretical 


€.-€ 2 
re (2-2 2 (ee), — (2.08) 


where: 


#8 Footnote: 


Caleulated from the surface of the earth to the given 


height. 
(10) 


137 


* 
significance of g becomes 2 2 and with h = 0 will be g 3 0. 


In the case of normal atmosphere the quantity g changes very 
slowly, but in case of tnrereion its change tekes place con- 
siderably faster. 


Substituting expression (2.04) in the differential equa- 
tion (2.01) we obtain 


a 21k we ax h (1 +g) U,= 0 (2.06) 
ah + as + a +g 2 e ‘si 


For investigation of equation (2.06) it is convenient 
to change from h and 6 to dimensionless quantities. For this 
purpose we shall introduce vertical and horizontal scales. 


3] .#* 3} 5,8 
= iS ’ 5. Bu (2.07) 


and we denote 


Rey, &=x (2.08 
nd ay a 


In order to simplify the condition (1.29), we will also change 
to a new dimensionless function Wy, assuming 


eau 


Uy = Wy (2.09) 


In addition to that let 


3 = € 
a= ikh, |-2 Se eae (2.10) 
[=> q | n 


Using the new notation, the differential equation, the 
boundary condition, and the condition determining singularity 
are written 


(11) 


aw 3w 
SF +1 = +y (1 +2) Wzo, (2.11) 
se ' W, 20 (with 0) (2.12) 
—— +8, 5 wi y= . 
ay 1 
2 
1 
in (% ‘FE e *) =0 (y > 0) (2.13) 
— 


In addition to that, there remains in force the condition for 
phase of ¢ = ka + arg wy » namely 


9 , 6 (witn y >> 1) (2.14) 
oy ‘ 

The quantity g entering in the equation (2.11) was 
determined above [formula (2.05)] as a function of height h. 
Denote by h, some height characterizing the rate of change 
of the gradient of the dielectric constant of the air, e.g., 
that height interval within which the gradient changes by 
e = 2.718 times. (For normal atmosphere h, = 7400M; in other 
cases it is possible only to denote the order of magnitude of 
h, which 1s all that we need.) The quantity g we may regard 
as a function of the ratio h/h,. 


= e(h/r.), g(0)=0, (2.15) 


considering that the derivative of this function relative 

to ite "argument" will be of the order of unity. With the 
transfer to the dimensionless quantities (2.08), we must regard 
& as a function of y. Since h = hy, we shall have 


6 * g{By? (2.16) 


(12) 
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where 
bli 4. (2.17) 
6 = = ; 
ne eR 


In the future we ehall regard the parameter 6 as a small 
quantity. In order to evaluate its order of magnitude assume 
ho = 7300M (normal atmosphere) and replace the equivalent 
radius a® by the geometrical radius a. Then for A = 1M, 

x» *= 100 M, and 4 = 1000 M there shall be obtained correspond- 
ingly 6 = 0.006, 6 = 0.097, B * 0.13, B = 0.58. In case of 
inversion, the magnitude of hy will be significantly less and 
the parameter 6 will become small only for proportionately 
shorter wavelengths. 


3. Solution of Equations 


If in the equation 
3°w ow 
i 1 es 
+1—~+ 1 + g(6y)] W, = 0 (3.01 
a a y ( & j 1 ) 


we assume —& = 0, because g(0) = 0, the functio:: g w1]1 like- 
wise become equal to zero, and the equation wiil wuccume the 
Same as that which was discussed and solved (together with 

the boundary conditions (2.12) and (2.13) in our previous 
work devoted to the investigation of the case of homogeneous 
atmosphere. However, it is important to note that the condi- 
tion 6 = 0 corresponds not to the assumption of the homogeneity 
of the atmosphere, but to the more general assumption of con- 
&tancy of gradient of the dielectric constant. The formulas 
Obtained are the same aa in the case of homogeneous atmosphere 
with the exceptions that in the expressions for x, y, and q 
in place of the radius of the earth 4, there is involved the 
equivalent radius a®, In this way, the smallness of the 
Magnitude 6 determines the degree of exactness with which it 


(13) 


1s possible tc employ (for finite vaiues of y) the concept og 
the equivalent zadius. 


The solution for B = 0 was obtained by us in the form of 
an integral containing the complex Airy function. The latter 
is that solution of the differential equation 


w"(t) = tw(t) . (3.02) 


which has, for large negative values of t, the asyr” “otic 
expression i 3/2 
1 

ig - 1% (- t) 
w(t)se *(-t) 7 e 3 ; (3.03) 


The soiution for g(By) * O has the form 


Pe ae 
FS yo. | ixt ow'(t - 
WwW, =e i e wi = qw(t at , (3.04) 


where the contour ranges from t = 1 a@to t = O and from t = 0 
to t = coet® (O<a< =) enclosing £11 of the roots of the 
denominator of the function under the integral. (This contour 
can, of course, be replaced by some other equivalent contour.) 
This solutior. coincides with that which was obtained earlier 
in our first paper,} 


Usingsanalogous method we shall attempt to find a solu- 
tion for our equations for the general case of 8B 7 0. At 
the same time we shall not make the assumption that A 18 erall 
and only later, with the aim of simplifying the obtained general 
solution, will we make use of a restriction “egarding the small- 
ness of 6. 


The equation (3,01) permits separation of the variables. 
Partial solutions of the equation (3.10) having the form of 
a function of x multiplying a function of y containing an 
arbitrary parameter t, will be written as 


(14) 
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w, set fly, t) , (3.05) 


1 


ynere f(y, ¢) satisfies the equation 
‘ 

a*f ; 

rg [y-++yetey)]e=o. (3.06) 
From the theory of differential equations it 1s known that 
if the initial value (i.e. ita value with y © 0) of the 
function f and its derivative with respect to y are entire 
functions of the parameter t, then the integral of the equa- 
tion (3.06) will be an entire transcendental function of t. 
We shall designate by f(y, t) that integral of the equation 
(3.06) which 4a an entire transcendental function of t and 
permits, for large values of the difference y - t (or its 
real part), the asymptotic representation 


12 y, 
Ce i 
Sy, t) = p=——————— exp] i fu-t + ug(Bu) dul. 
Sy - t + ye(8y) 
7 


(3.07) 


The lower limit of + in the integrai which appears in 


the exponential may be taken arbitrarily. The coefficient c¢ 
ras 
may be a function of parameter t. The phase factor e t 1a 
added in order that, with g = 0 and + = t, the expression 
(3.07) will transform into the asymptotic expression for the 


funetion 


f(y, t) = Cw{t - y) . (3.08) 


The expression (3.07) was taken in accordance with the 
requirement # > O, imposed on the phase. 


Designating by f(y, t} the integral of equation (3.06) 
Just determined, we shall consider the expression 


(15) 


wo: rs Pe i} ext f(y, t) at, (3.09) 


Where the contour [ has the form analogous to contour C in 
the integral (3.04). 


First, let us note that the function under the integral 
is uniquely determined by the conditions laid down previously, 
because the factor C which remained unevaluated in (3.07) has 
been eliminated. 


x 
Further, the function under the integral in (3.09) zepr.- 

sents a meromorphic function of the compiex variable t; the 

only singular points in it are the roots of the denominator. 


investigation of the roots of the denominator in (3.09) 
is difficult to carry out with full rigor. For such investiga- 
tion it ig necessary to know the behavior of the function g(By) 
with complex values of y in the vicinity of arg y * 3 . However, 
on the basis of certain not fully rigorous considerations which 
we shall not cite here, it can be expected that if the function 
g(By} will remain small in the indicated complex region (e.g., 
lel < 4), then the roots will be located in the same way as in 
the case g = G, 1.e., in the first quadrant of the plane t in 
the vicinity of arg t = 3 » In any case it will be so for 
small values of parameter 6. 


It 18 also necessary for us to know the behavior of the 
function f(y, t} for positive values of t - y (and also in the 
certain sector of the t-plane including the positive real axis). 
The desired asymptotic expression will be obtained by the : 
analytical continuation of expression (3.07) through the third i 
and fourth quadrants of the plane t, becauce in the first are 
located the roots of f(y, t). It will have the form 


(26) 
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ety, #) F E = f fe - u - us (6u) | . 


tey- ye (By) 
(3.10) 


If we assume here that @ = 0 and take z = t, then this 
expreseion will lead, as did (3.07), to the asymptotic expres- 
gion for the function (3,08). 


Knowing the location of the roote and the behavior of the 
function under the integral on both sides of the region where 
the roots are located, it is then possible to take in the 
integral (3.09) the contour [ in such a way that it includes 
all the roots of the denominator and goes away with branches 
to infinity. For the initial branch of the contour (disappear- 
ing into infinity) will hold correctly the asymptotic relation 
(3.07) and for the terminal branch (disappearing into infinity}- 
the expression (3.10). At the same time the integral taken 
along this contour will be converging. 


The preceding discussion had the purpose to show that the 
expression (3.09) for the function LAT has a definite mathematical 
Significance. 


Let us show now that it satisfies all conditions which 
have been laid down. First, it is clear that it satisfies 
the differential equation (3.01) because 1t 18 natisfied by 
the function under the integral. Further, it satiafies the 
boundary condition (2.12). 


ia (3.11) 
— + qv, 20 with y = 0 3.11 
by 2 


In fact, by differentiating in (3.09) under the sign of 
the integral and then ass.ming y © 0, we shall see that the 
numerator of the fraction will cancel with the denominator 
and the function under the integral will be holomorphic, for 


(17) 
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', 


so. 


which reason the integral will become equal to zero. Then the 
integral will become converging and, therefore, finite for 
all positive values of x and y. It is not difficult to Verity 


that it will satisfy the condition for the phase 3 >O}. 


i 
' 
It remains for us to check whether the expression (3.09) | 
has the singularity near x » 0, which is required by the | 
condition (2.13), or, what is equivalent, to verify whether : 
at short distances from the source it gives the Weyl van der Po} 
formula or the reflection formula. 


With the aid of the asymptotic expression (3.07) and (3.10) , 
for f(y, t}, 1t 18 possible to show that if x and y are small, 
and the relation z 1s large, then the principal portion of the 
integration will lie ir the region of large negative values of 
t. (The earlier contour can be deformed so that it passes 
through this region.) Making use of the expression (3.07), 
we obtain for large negative values of t: 


¥ 


ty. 2). “| ——_t oo [sf rere » |. 
‘ 0 


y-t + yg (By) 


(3.12) 
From this 
ARE a a [y-t + ye (By) (3.13) 
1 of 4 4 
Toy +a = -t+q. (3.14) 


y= 0 


But when y is small the term yg(Sy) 1s small compared with y 
and we can write in place of (3.12) 


y, 
3 
a ae exp es du }. (3.15) 


y-t 


(28) 
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pet U8 note now that the same asymptotic expressions will be 
pevained for the same region if in place of f(y, t) we 


gupstitute 
f(y, t) = w(t -y). (3.16) 
put after such substitution the integral (3.09) will transform 
into (3.04) and the latter gives, for small values of x, y 
the Weyl-van der Pol formula, the reflection formula, and the 
poundary condition (2.23). 

We can also verify this more directly. Introducing the 
variable of integration p © [- t and neglecting the quantities 
y and y* as compared with p we find that : 


fly, =p") of 
——z =e? (3.17) 
f(0, ~ p*) 
and 
2 of 8 
TB ta rip+a (3.18) 
y*0 


Subatitution of these quantities in the integral (3.09) gives 


see 2 
eee ee = ‘i e7t (xp - yP) EC , (3.19) 
t 


where the contour Mp intersects the positive real axis in the 
Plane of p from below upwards (in the vicinity of point p = x) 
If we should compute the integral (3.19) without neglecting 
anything, we ehall arrive at the Weyl-van der Pol formula. if 
we compute it by the method of stationary phcse we arrive at 
the reflection formula. If we neglect the qua.tity | q] in 
Comparison with & » we obtain an expression which will reduce 
to zero the left side of (2.13) even before taking the limit. 


By this it 1s proved that the expression (3.19) for wy 
represents the desired solution of our problem. 


(19) 
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4, Investigation of The Solution for The Region of Direct 
Visibility 


Instead of function Wyy it 4s more convenient to consider 
another function distinguished from Ww by a factor Ix. We 
shall let 


1 
v(x, y, 9) = SFE . int f(y, t) gt , (4.01) 


($ + or) + af). 


Remembering the connections between the functions U, Ys 
Uz, and Wy, given by the formulas (1.08), (1.13), and (2.09), 
and neglecting the distinction between r and a and between 
€ and €, when these quantities enter in the role of factors 
for U we can write 


eiks 
a ————————— V(x, y>» a) , (4.02) 


where s, as before is the horizontal distance, measured along 
the arc of the earth's surface, and x, y, and q, are connected 
with s, h, 7 by the relations 


: ’ 
meh yes aes [ee 2. (4.033 
where 
‘ a2 2 
= |, h, = a (4.04) 


If s is small compared with the racius of the earth, then 
instead of sin 2 it 1s permissible to write simply 2 (as it 

1s usually written). However, since the formulas remain 
correct up to very great distances where the difference between 
the sine and the arc become significant, we retain sin $ 

under the radical in (4.02). 


(20) 
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tne function V(x, y, q) may be called the attenuation 
actors in those cases where it 1s permissible to consider 
2 0 and to maxe use of the concept of the equivalent radius, 
equation (4.01) for V transforms into 


it 
ve yaze © iF fe wit =y) at, (4,05) 


w'(t) - qw(t) 


The function (4.05) was investigated in detail in our 
paper? and partially tabulated (for q = 0). 

The investigat‘on which follows will in many respects 
parallel the similar investigation in our paper. i 

In the present section we shall regard the line-of-sight 
region which corresponds to section VI of our paper. 


Geometrical optics is valid in the line-of-sight region 
remote from the horizon. If we make use of the expression 
(3.12) and introduce the variable of integration p ® {-t. 
we shall obtain for V an integral of the form 


= 
- ge [e (orm i) p- iq’ 


(4.06) 
Where for brevity we denote 
y 
2 2 2 
@ = - xp +f u¢p© + ug (By) du. (4.07) 
[) 


(Translator's Note: Do not confuse this use -f w for phase 


eae the use of w for angular frequency 1:: the time dependence 
-lot 
e ). 


Computing the integral by the method of stationary phase, 
we find the extremal of the phase 


(21) 


[ transtator's Note: Condition that x » 0 in (4.07) }. 


2 epee sg 


du 


1 
® (4.08 
7 i ea ) 


and after several operations we arrive at the expression 


1 2 b) 
Ve e® pot ax gb (4.09) 


In this formula p represents a function of x and y 
determined from equation (4.08). For g = 0 and also for 
small values of x and y. 

2 
pei, (4.10) 
ox 
and the expression under the sign of the radical in (4.09) 
becomes equal to unity. 


Formuia (4.09) is valid also in the case where the 
magnitude of p is large and positive. 


Our formulas permit a simple discussion from the point 
of view of geometricas optics. Actually the complete phase 
$2ks +w (4.11) 
of the function J represents a solution of the eikonal equation 
2 4 2 2 
h ee h € 
(+2) €3) , (3) = (-2) ie 
(4.12) 


which, after neglecting small quantities leads to the follow- 
ing equation for w: 


ow 2 80 2 2k 
(2 + ar a 2 h(1 + 8) s (4.13) 
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re to the right 1s the quantity (2.04). After transfer to 
ables x and y we obtain from (4.13) 


(ey + de = y + yg (By) . (4.14) 


Relationship (4.08) is an equation of the trajectory of 
the ray passing through the origin of the coordinates, and the 
quantity p is the parameter of this trajectory. The geometrical 
pignificance of the parameter p is: 
a 


ps Ke cosa, (4.15) 


ene vari 


where a is the angle between the ray and the vertical line 

in the vicinity of the source. The complete phase ¢ is the 
optical length of the path of the ray, reckoned from the source 
. 2 

to the point x, y. The quantity pom is equal to 


2 = 
poemiitt, (4.16) 


where f is Fresnel coefficient. 


Thus, in those cases where geometrical optics 1s applicable, 
our formulas transform into the formulas of the geometrical 
optics. 

Formula (4.09) 16 applicable for the ultimate values of 


x and y in that case where parameter p is positive and large. 
If x and y are small the following condition becomes necessary 


2 2 
BrF 2 ; (4.17) 


If the condition (4,17) 18 not fulfilled, in the case of 
small values of x and y and large values of p, the expression 
(4.06) remains in force, but the integral must be calculated 
differently, namely wo must be replaced by - xp* + yp and the 


(23) 
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fourth root must be replaced by unity, after which the inte 
is reduced to form (3.19) (with a factor J®) and will give the 
Weylevan der Pol formula. 


let us note that if x and Sy are large, and the parametey ' 
p emall compared with these quantities, then the equation of — 
the trajectory (4.08) may be solved approximately for p. We 
shall have an approximation 


du 


zi - 4.18 


Under the same conditions 


wr aly) +3P, (4.19) 


where 
y 
aly) = | fu + ug (Bu) du, (4.20) 


and the symbol p must be interpreted as an abbreviated designa- 
tion for quantity (4.18). 


~ 


vic eQuation p = 0 gives the geometrical boundary of the 
shadow, if ‘> right part (4.18) becomes negative, then the 
equation «+.08) «i111 not have a real answer for p; however, 
function £4.10) [ana also (4.10)} retains significance also 
in this case. This apparent discrepancy js explained by the 
fact that the right-hand part of (4.08) 1s not an analytical 
function of p near the region p « 0. 


The expressions (4.18) and (5.19) will be encountered by 
ue in the region of the penumbra where geometrical optics is 
no longer applicable. 


(2) 
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‘ eypvesi gation of The Solution for The Region of The Penumbra 
. (Finite X and Y) 


qne r2gion of the penumbra 1s characterized by the fact 
grat within it the parameter p, determined by the formula 
(».10) 4a either a positive or a negative quantity of the 


order of unity. 


If x and y are finite we may construct a series for V, ‘ 
arranged according to poles of the function within the integral 


eign. 
We shall have 


4 v ixt, fly t ) 
7 im) e eet . 
Vix, ys a) ve 2 Am . D(t,) (0, t,) (5.02) 
ne 


where 


1 oer of 
D(t) = - ——— _ (——+q=— , (5.02 
fio, t) Oye at ) 5 
and t represents a root of the equation 
Qt ) 
—r+afr e®=0.,. (5.03) 
¢ 


yo 
If 6 1s not small then the computations using these 
formulas 1s extremely complicated. For this reason in the 
future we shall limit ourselves to the case of very small 
Values of 6. At the same time, however, we shall not con- 
Sider as being small the product By, but shall also consider 
large values of y (of the order 1/8 and larger). 


If 6 is small, then in computing the first roots of the 
function (5.03) we can replace @(fy) by a linear function 


e(By) = [es'(o) } y "By - (5.04) 
(25) 


The physical significance of the coefficient 6, is 


er 
hia € 
da 1 ° 
B, s hy (# ) = oe ’ (5.05) 
° ° 


n 
where hy is the scale of height and € is the value of the 
second derivative of € with respect ts height at the surface 
of the earth. 


For small values of By and finite values of y and t in 
the role of the solution of the equation (3.06) we can take 
the function 


.) 
f(y, t) = w(t - y) -— [ (y + 2t) w(t - y) + 
15 


+ (By? + byt + 8t?) w(t - y) | ‘ (5.06) 


Substituting this expression in (5.03) we find for the 
desired root the approximate expression 


B, 2 3+ 4toq 
ts te +2 te) - 7 ; 5.07 
: = [® CR) Tear | (5.07) 
where ee is the root of the equation 
w'(t2) - qw(t®) = 0. (5.08) 


which was investigated in detail in reference [1]. For function 
D(t) there is obtained the expression 


D(t) = (t- 9°) (1-38, t) +984 - (5.09) 

The height coefficients encountered in the formula (5.01) 
f(y, t,) 

tay) = ———* (5.10) 
£(0, t,) 
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pay be obtained by numerical integration of the differential 
equation 
a’ 


oe = [» - t, +68 (ev) | f,=0 (5.11) 
for the initial conditions 
f.(0) <1 and £(0)=-q. (5.12) 


As long as y is finite (even though x may be very lerge) 
the values of V(x, y, g) obtained in this way will, for small 
values of @, differ but little from values for p » 0. More 


or less significant difference may appear only in the co- 
ixt 
efficient e nm giving the attenuation and added phase. 


Por this reason it is sufficient to apply the correction to 
these coefficients. 


If no special accuracy is required, it is possible to 
neglect this correction and simply accept that in the case 
under consideration the expression for V(x, y, q) coincides 
with the one derived for the case of homogeneous atmosphere 
(under the condition that the radius of the earth is replaced 
by the equivalent radius). It 1s then possible to make use 
of all the formulas and tables obtained for that case. 


VI. Investigation of The Solution for The Region of Penumbra 
(Large Values of X and Y) 


The case presenting the greatest, from the practical 
etandpoint, interest is the one where x and y are very large 


while the quantity 
¥, 


=i du . ; 
prs A Team eu x (6.01) 


je finite. We already pointed out that the significance of 
Pp = O corresponds to the limit of direct visibility, where 


{27) 


154 


positive values of p correspond to the region of line of sight 
an the negative values of p to the region beyond the horizon, 


In this case, in computing the integral (4.01) for 
v(x, y, 4) it is necessary to keep in mind that the principa) 
sector of integration will correspond to the finite values of 
t where y is large. For this reason it is necessary to find 
such analytical expression for f(y, t) which would be valid 
both for very large and for finite values of y - t. This 4a 
found to be possible for the condition of small value of #. 


Let us introduce the quantity X, defined by the equation 


y, 
§(- 0/? . J Su ste ug (pu) du (6.62) 


or 
7 
3 
we". [ few du , (6.03) 
y 


where t is the root of the equation 
tT - t+1@ (Bt) =0. (6.04) 
For. gmall values of 6, and for finite values of y and t. 
Xtt-y- “s (sy + 4ty + 8t?) . (5.05) 
Then the function 


f(y, t) = |: s% 0(x) (6.06) 


will present the solution of the equation (3.06) with an error 
of the order of p* for finite values of x and y of the order of 


(28) 


3/2 | for le-ge values of y and finite vaiues t. With the aid 
of the expression (6.05) it 1s not difficult to prove that in 
expanding (6.06) according to the powers of B, , the terms of 
the series up to B, inclusive are identical with (5.06). low- 
ever, the expression (6.06) is valid in those cases when (for 
jarge vaiues of y) the exparsion of (5.06) 1s not applicable. 
if the quantity X is very large and negative (which takes place 
ror large values of y) then the expansion (6.06) is transformed 


into the following: 
12 
% 


f(y, t) * = — 
if - t + yg (py) 


y 
exp | 1 { fu - t + ug (Bu) os : 
T 
(6.07) 


The latter coinc2den with (3.07) if, in that equation, 
one makes C = 1 and takes for + the root of the equation (6.04). 
In this way, through the use of the formula (6.06) we have 
verified that the same solution of the equation (3.06) will 
have, for finite values of y, the expression (5.06) and for 
large values of y, the expression (6.07). 


We can now in evaiuating the integral 


V(x, y, q) = 2 FF le ant Ges) at ($.08) 
(3 +r 


ro) 
make use of both expressicns (5.06) and (6.07) at the same 
time, namely, substitute the expression (6.07) in the numerator 
and expressior. (5.06) 1n the denominator. At the same tim: we 
can to some extent simplify both expressions. Neglecting minor 
correctiona, we snall, in place of (5.06), write simply 


f(y, t) w(t -y). (6.09) 


(29) 


and in tne formula (6.07) in the cocfficient before the 
exponential function we shall neglect the quantity t as 
compared with y, and replace the exponent by the approximate 
expression 


y J 
i fut + ug (Bu) — [u + ug (Bu) du-Z$t 


Tt 


y, 
du 


fu + ug (Bu) 


Using the notation of (4.18) and (4.20) we can write 


F 4 -1 
f(y, t) = [22 re ne lea 


As a result we are replacing the function f(y, t) in the 
denominator by the Airy function, and in the numerator by the 
exponential function. 


: (6.10) 


Substituting (6.09) and (6.11) in the integral (6.08) we 
will obtain 


1a (y) 
ee a 1 -ipt __at ; 
ees EE #{: w(t) = quit) 


(6.12) 


The remaining integral can be evaluated by & known function. 
Tn our work QJ it 4s denoted by 


- -ipt dt 
Vi(- p,q) =k J e Se PO (6.13) 
1 di w(t) - qw(t) 
and investigated in detail. For the cases q = 0 and q * 1 


there are tables. 


FPootnc“e: 
The tables for q * 0 are published in [2]. 
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formula (6.12) gives the coefficient of attenuation for 
the region close to the horizon. .It is intereating to compare 
this formula with the formula (4.09) valid in the region where 
geometrical optics are applicable. Making use of (4.19) we 
gnall write the expression (4.09) in the form 


i 3 
ve a | ex e sg e? : ‘ (6.14) 


put in our work [1] it was shown that the function (6.13) has, 
for iarge positive values of p, the asymptotic expression 


1 p? 
V,(- p, @) = og e 3 . (6.15) 


In this way our formula (6.12) is transformed in the line-of- 
sight region into the formula of the geometric cptizs. 


For negative values of p the expression fcr vy (- P, q) 
may oe written in the forn 
-ipt, 
V,(- p, a) = 120 —_3—— . (6.16) 
(t, - a°) w(t.) 
nel 
Where | P| is large (p < 0) this series is reduced to the 
first term which gives the attenuation of the wave in the 
region of umbré 2¢.cording to the exponential law. 


Function Vv, (- P, q) was first introduced in our works 
devoted to the diffraction by a body of arbitrary form. In 
these works there was established a principle of the local 
field in the region of the penwabra and 1t was shown that 
in that region the field is expressed by the function 
V4 (- P, 4) having a universal character. 


The comparison of the formulas (412) and (6.14) allows 
us to say in a certain sense, that the wave reaches the horizon 
with amplitude and phase corresponding to the laws of 
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geometrical optics for unlimited mediums and at the horizon 
suffers diffraction according to the law of local field in the 
region of the penumbra. 


This picture is foune to be in complete agreement with 
the ideas of L. I. Mandelstam in that in the propagation of 
electromagnetic waves along the surface of the earth the 
properties of the ground are significant not along the 
entire trajectory of the ray, but only in that region 
where there is located on the ground the tranemitter and 
the receiver ("line of departure” and "line of arrival" 
area). 


If we accept this picture then the s>lution obtained 
in this section may be applied to that case where the 
properties of the earth's surface in different areas are 
not equal, under the condition that in the function 
Vv, (- p, 4) the complex parameter q corresponds to the 
properties of the ground in that area where the ray touches 
the earth. 
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THEORY OF RADIOWAVE PROPAGATION IN AN INHOMOGENEOUS ATMSOPHERE 
FOR A RAISED SOURCE : 


Vv. A. Fock 


Introduction 


We have developed the theory of radiowave propagation in 
an atmosphere with dielectric constant dependent on height [2] 
for the case when the source is a vertical electric dipoie 
situated on the earth's surface. On the other hand, we have 
considered [2] the case of a raised source (horizontal and 
vertical electric and magnetic dipoles) assuming 2a homogeneous 
atmosphere. 


The formuies derived in [1] for the general case of 
arbitrary behavior of the refraction index, were developed 
there in more detail assuming normal refraction when the 
radiowave propagation has the same qualitative character as 
in a homogeneous atmosphere, The case of super refraction, 
when the lower layer of the atmosphere acquires the character 
of a wave guide, is of independent interest and werits spe-ial 
consideration. In the present work, we consider this case in 
detail. For its qualitative characteristics, the analogy 
with the unsteady problem in quantum mechanics of the disper- 
sion of a wave packet in a given force fieid appears to be 
useful: apparently, this analogy has not been observed urtil 
now. 


The question of radiowave propagation under the conditions 
when the atmsophere acts as 4 wave guide was also etudied by 


(1) 
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P. E Kresnushkin by applying the normai mode method to planar- 
lavered and spherical-layered media [3]. However, the interestirg 
study of P, E. Krasnushkin has e predominantly qualitative 
character and a number of eesentiz? mathematical problems remain 
unexplained; in particuler, the question of the spectrum of the 
complex eigenvalues of the "normal waves" and the boundary 
conditions for the corresponding "normal functions". 


In Sec. 1 of the present work the fundamental equatione 
and the boundary conditions of the problem are set down. In 
Sec. 2 the approximate form of the equations is considered 
(Leontovich's parabolic equations) with the corresponding 
boundary conditions and the conditions determining the singu- 
lerity. In Sec. 3 an analogy is carried out between the 
formulated problem and the unsteady problem of quantum mechanics. 
After transformation to nondimensional quantities (Sec. 4), 

a study is made of the properties of the perticular solutions 
of the differentia? equations (Sec. 5), from which there is 
then constructed a general sclution in the form of a contour 
integral and a series (Sec. 6). The general theory is applied 
then to the case of super refraction (Sec. 7) where an example 
in considered in which the curve of the reduced refraction 
index is assumed to be composed of two rectilinear segments. 
In the last section (Sec. 8) there are derived approximate 
formulas, analogous to the semi-classical quantum mechanics 
formulas, for the determination of the attenuation coefficients 
and the height factora, Questions on numerical computation 
methods are not touched upon in this work. 


Section 1. Fundamental Equations and Limiting Conditions 


Let us denote by r, 9, ¢, the spherical coordinates with 
origin at the center of the earth and with the polar exis passing 
through the radiating dipole. Let us derote the earth's radius 


(2) 


by a. We assume the dipole to be found at a height h' = b-a 
above the earth's surface so that its coordinates will be 

r= b, @2@ 0. We will consider the dielectric constant of 

the air, €, to be a function of the height h © r - a, above 
the earth's surface, 


The field in air can be expressed according to the well- 
known formulas through the Debye potentials u, v. 


We have 
-~1 »& 
E. ==Mu 
ae | 3? (eru) 1a dv ; 
Eg * - =r Or + [sin 6 BF (1.01) 


H+ - 2 My 

tw € du, 13 (rv \ 
He "= sind 06+ FOr (1.02) 
H 2. ae 9u| FS 3° (rv 


The same expressions are applicable for the field within the 
earth it we understand by € the complex dielectric constant 
of the earth, The dependence on time 18 assumed here in the 
orm of the factor gt Tre symbol B® denotes the Laplace 
operator on a sphere: 


# 1 23 ff du 1 du 
au Bin 0 30 (en 0° &) T ainte see (1.03) 


(3) 
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Maxwell 8 «qGasticns will be satisfied if the functions u and y 
satisfy: 


2:2 fi Seal €u=0 (1.04) 
Pr or € 

and 
i trv) + ofr + we ev 20 (1.05) 
r ar “y ee : 


The continuity of the tangential components of the field 
wili be guaranteed if the quantities 


eru , 2 S(eru) | py , Sir) (1.06) 
€ er or 


are continuous. 


By means of well-known reasoning, there is obtained the 
approximate form of the boundary conditions (Leontovich con- 
ditions). If we put k = £ » denote the complex dielectric 
cons‘ant. of the earth by n and keep € for the diciectric 
constant of air, ‘then we will have 


’ 


Ser) 2 2 yy (ern) (for r =a) (1.07) 
icy 


and 


Rize) =. 4k Ir (rv) ifor r = a) (1,08) 


Later we eh. c4.: = fteld for which u x 0, v = 0 
“vertically poiortza' and the field for which u = 0, v # 0 
"horizontally polarized” In this sense, the field of a 
vertical eiectric dipole remains vertically polarized in all 


espace. The field of a vertical megnetic dipole (horizontal 
frame) has horizontal polarization everywhere. A horizontal 


(4) 


electric dipoie excites fields of both forms: both horizontally 
ene vertically polarized. In the case of 2 homogeneous atmos- 
phere; the vertically polarized fleld decrecses with increasing 
gistence more slowly than a horizontally polerized. Consequently, 
the field from c horizontai electric dipole at smali distances 
from the sourec will ve predominantly horizontally polarized, 

but et lerge distences (in the region far beyond the horizon) 

the polarization will de preduminently vertical. 


The vartically polarized field can de expressed through 
the function U (the Hertz function of a vertical electric 
@ipole) rhicS ls the following properties: U satisfies-the 
game Giff{<3-nviel equetion (1.04) end the same boundary condi- 
tions (1.C7) as u end has, near the source, a singulezity of 


the form 
1kR 
vsf£—-+u* (1 0s) 
R 


where U* romcins finite, and 


Re [r¥ + vb? ~ arp cos @ pk-8 (1,10) 


Similarly, the horizontelly polerized field can be expressed 
through the function W(the Hertz function of a vertical megnetic 
dipole) which satisfies the same differential equation (1.05) 
and the same boundary conditions (1.08) as v and hes ncar the 
source a eingularity of the form 


(1.11) 


where W* remains finite. 


The fields of the verticel and horizontal electric and 
Magnetic dipoles with moment M ase expressed through the func- 
tions U and W defined cbove. 


(5) 
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For *he vertical electric dipole we put 


astu; veo (1,12) 
For the verticai magnetic dipole (horizontal loop) we have 


uso; vefw £1.13) 
For the herizonta: electric dipole directed along the x axis 
which enters into (2.01) and (1.02), the functions u and v are 
determined from: 


Mue ne B42) con 6 
de \dp = ib 


(1.14) 
# 


Ove - akmS sing 
oe 
where A* is the Laplace operator on a sphere (l] 03) 


Finsily, for the horizontai magnetic dipole directed along 
the x axis we have: 


atu s ~ 1am @ ain 9 
3e 


ary . no (= + #)cos ¢@ 
de \a »b 


Therefore, in all four cases the study of the field reduces to 
the etudy of the functions U and W. 


(1.15) 


Section 2. Approximate Form of the Equations 


Turning to the approximate form of the equations, let us 
denote by €} the value of the dielectric constant of air near 
the source (in practice we can put €) # 1 ) and let us put 


(6) 
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a3 ad (2.01) 


such that 6 1s the horizontal distance between the source and 


the point of observation, measured along the arc. 


Instead of U and W let us introduce the slowly varying 
functions Uy and Wo by putting 


aor 
uv > ——._ VU (2.02) 
er fein @ 2 
and . 
eike 
ws ——— WV. (2.03) 


r [sin 6 2 


As shown in [1], after neglecting small quantities the 
equation in Us becomes 


27, 


ou 
a ge eh = 
se tak seek (-1+2 Un = 0 (2.04) 


Instead of r and @, the quantities h (height) and s (horizontal 
distance) are taken as independent variables, In our approxima- 


tion, the equation for Wo will have the same form; viz., 


ow ow 
2.42 2h - 
3 tks vie (e-2 +B) uso (2.05) 


We call (2.04) and (2.05) the Leontovich parabolic equations. 


In constructing the boundary conditions on the earth's 
surface (h = 0) we can neglect the difference between the di- 


electric constant in air and unity. 


(7) 
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On the other hand, we can improve these conditions some. 
what by using our results which were obtained hy the series 
summation method (see [2] and (4)). This improvement reduces 
to replacing q by 7 + 1 in (1.07), and replacing 7 by 1 - 1 
in (1.08). As @ result we obtain 


du 
—2:.—ik_ y (for h 


= 2.06 
and 
ow, 7 
—2=:- tk fn -1 (for h = 0) (2.07) 


Moreover, we should formulate the requirement that, in the 
region near the source where the curvature of the earth's 
surface and of the rays can be neglected, there should be a 
reflecting formula for the earth plane. If the height of 
the source above the earth is ht = b - @ then this require- 
ment means that in the aforementioned region there should be: 


2 2 s 
k(h-h'} k(hth' ) heh -=—S— 
U. = [ = 2s iy er es p ty +1 
2 EY 
hah! 42 
fn +1 
(2.08) 
and 
1 kfheh')? (nent)? 
wi: [3 a 28 ee 23 ~nheh' - 58 - 1 
2 8 h+h! + efa-1 
(2.09) 


The factors multiplying the second exponentials are the approxi- 
mate values of the Fresnel coefficients for vertical and horizonte! 
polarization. These last two formulas are generalizations of our 
formula (1.28) of [2]. 


(8) 
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Let us note that the expressions (2.08) and (2.09) satisfy 
approximately the boundary conditions (2.06) and (2.07). 


In the case of a field above a perfectly conducting sur- 
face (7) = 00) the boundary conditions (2.06) and (2.07) become 


du, 
—_:0 (for h # 0) (2.10) 
oh 
and 
Wy = 0 (for h = 0) (2.11) 


and the reflection formulas are written as 


t* iE {os [sx tron)? | + exp [ae Lagn'3? (2.12) 


and 
Wy = 2 exp [1 foen')* - exp [ Sogn}? ] (2.13) 


Section 3, Analogy With the Unsteady Problem 
of Quantum Mechanics 


The problem, formulated in the preceding paragraph, of 
wave propagation in a spherical layer with variable vefrac- 
tion index is analogous to the quantum-mechanical problem of 
the motion of & wave packet in a given force field. 


let us write Schroedinger's equation for the motion of 
a particle of mass m, in a force field with the potential 
energy %. Denoting the particle coordinate by x, the time 
by t, Planck's constant (divided by 21g by i we will have: 


2. m an, 
EY + at a? GE - a? Ove 0 (3.01) 


(9) 


368 


Comparing Schroedinger's equation (3.01) with the Leontovich 
equation (2.04) or (2,05) for U, and W, we see that these 
equations have identics1] form with the coordinate x proportiona) 
to the height h and the time t proportional to the horizontal 
distance s and the potential energy ® proportional to the 


negative of € - 1 + zB which differs from the so-called 


reduced (or modified) refraction index 


M = 10° (<¢2+2) = 10° (> o4 +3) (3.02) 


only by a conetant factor. 


Therefore, the Leontovich parabolic equation for the 
amplitude of the steady process coincides with the unsteady 
form of the Schroedinger equation. 


The resemblance between the two problems is not limited 
to the agreement of the different‘al equations but extends to 
the boundary and "initial" conditions, 


There corresponds to the case, considered in quantum 
mechanics, of the self-conjugate differential equations and 
boundary conditions, the problem in electromagnetics, of the 
absence of absorption in air and on the earth, i.e., the case 
when the refraction index of air is real and the earth is @ 
perfect conductor. This case is most interesting for the 
superrefraction problem, Besides, the quantum-mechanical 
methods can be generalized to the case when absorption is 
present. 


If the earth is a perfect conductor, then the boundary 
conditions for U, and W, become (2,10) and (2.11) and the 
conditions of the quantum-mechanical problem corresponding 
to them are: 


4 2 (for x = 0) (3.03) 
(10) 
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cr 
ve 0 (for x = 0) (3.04) 


, 
As regards the initial conditions, their general form consists 
in assigning the initia] value of the wave function 


ws (x) (fort 2=0,0¢x<¢ om) (3.05) 


The function wy which satisfies the differential equation, 
the initial and boundary conditions can be sought in the form 
0° 


¥(x,t) = J F(x,x',t) ¥,(x") ax’ (3.06) 


For all x' the function F should satisfy the differential 
equation 


2 moos y 
o“F ao 2 SP as : (3.07) 


and boundary conditions of the form of (3.03) or (3.04) 
(the same as y). In order that (3.06) should reduce to 
¥(x) at t * 0, F must, as t—+0 have a singularity, the 
character of which is related to the boundary conditions. 
In the case of the condition 


ae (for x = 0) (3.08) 


the singularity of F must have the form 


. Lm por ‘ae 
P(x,x',t) se 2 [se (exp [ae x \. ais fe (x+x') }) 


(3.09) 
(12) 


Copy availabie to DTIC does not 
pennit fully legible reproduction 
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In the case of the condition 
P= 0 (for x * 0) (3.10) 


the singularity of F should have the form 


. it saya a 
F(x,x',t) © e “F BS (ex [= x') bps [Paw ) |) 
amt ont ont — 


(3.11) 
Comparing these formulas with (2.12) and (2.13) we see that for 
corresponding boundary conditions, the singularity of F agrees 
exactly with the singularity of Up and Wo: Actually, equating 
the height h to the coordinate x we should put 
hexgs ht ext; (3,12) 


Expressing F through the variables h, h' and 6 we will have for 
the boundary condition (3.08) 


F = F(h,h',s) (3.13) 


where Fo satisfies the same equation as Ups the boundary cond1l- 
tion 


—=e!0 (for h = 0} (3,24) 
end has the singularity 


ein 
Pa (h,h',8) = € a3 ls (cx [agent + om [200047] ) 


(3.15) 
For the boundary condition (3.10) we put 


PF: @,(h,h' »8) (3.26) 


(12) 
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where G, satisfies the same differential equation as Wo, the 
poundary condition 


a, * 0 é (for h = 0) (3.17) 


and has the singularity 


a,(nsh',8) © € gee (ox [meenn? ‘Sk(n-nt)® | -° 2 (agent]) 


(3.18) 


We see that Fy differa from Vs only by a constant factor, as 
does Qo fron Wo, and we saa exactly 


Up = * oo Py (3.19) 
and ag 
Wete |e a, (3.20) 


If we denote by f(h,s) the function which satisfies the 
eame equation and the same boundary conditions as Uy and takes, 
for s = 0, the value 


f(h,s) = f,(h) (for a = 9) (3.21) 


then we can write, on the basis of (3.19) 


-in o 
t(hs) se * ls f Uj(h,h',8) £,(h*) dh! (3.22) 
° 


Similarly, if f(h,s) satisfies the same boundary conditions 
as Wo then 


(13) 


he 
=] 
to 


eit ©. 
t(h,a) se * (s i W,(h,h',s) £,(h") ah! (3.23) 
te) 


The last two formulas are correct not only for boundary condi- 

tions corresponding to a perfectly conducting earth (when there | 
is an analogy with quantum mechanics) but even for the more : 
general boundary conditions (2.06) and (2.07) where the singu- 
lerities of Up and Wy are then given by (2.08) and (2.09), : 


If the function f,{h) 18 not zero only in the neighborhood 
of the point h => h', where the integral of ft) over this region 
1s finite, then f{h,2) will be proportional to Up or Wo, 
respectively, for not toc small s. Therefore, Uy and Wy 
correspond to a point source at the height h', as it should be. 


In quantum-mechanical language, it can be said that the 
function ¥, proportional to Us or Wy; 1s the solution of the 
problem of the dispersion of a wave packet originally concentrated 
in the neighborhood of one point. 


From quantum-mechanics, it 18 known that the speed of dis- 
persion depends, essentially, on the form of the potential energy. 
let us imagine thet the particle motion is bounded on one side 
by an impermeable wall. If the potential energy is such that 
the force 18 always directed out of the wall, then dispersion 
tekes place rapidly. If the force holds the particles in some 
regicn where the potential energy has a minimum, or near the 
wall, then dispersion takes place slowly or not at all. In this 
case the Schroedinger equation admits a solution corresponding 
to the steady or almost-steady state. 


At the initial instant, the wave function of the almost- 
steady state is not zere only in the region of minimum potential 
energy. In the course of time, the amplitude of the wave function 
in thie region deoreases, and disintegration of the initial 


(14) 


eee 


373 


simost-steady etate takes place, The decrease ir the amplitude 
occurs exponentially and the rapidity of disintegration is 
characterlzed by the coefficient in the exponent, which 1s 
cailed the disintegration conetant. 


If the initial wave function itself 18 not a wave function 
of the zlmost-steady state, the term corresponding to the almost#* 
steady state can be sepirated out in its expansion and for large 
yalues of time this will be the principal term. 


In our electromegnetic problem, the horizontal distance 
s ects the part of the time t of the quantum mechanics problem. 
The decrease in the amplitude of the field with increasing 
norizontal distance corresponds to the dispersion of the wave 
packet, and the earth's surface (h = 0) acts like the wall. 
The wall will be impermeable if the earth is an absolute 
conductor; for finite conductivity, the wall will be absorbent 
and a decrease of the amplitude will take place not only at 
the expense of waves escaping into the upper layers of the 
atmosphere but at the expense of the earth absorbing it. As 
we eaw, the part of the potential energy is played by the 
reduced refraction index, M, taken with the opposite sign. 
Tne behavior of the reduced refraction index depending on 
height is shown in Fig. 1. 


Fi, 1. Dependence of the 
eduoed Refraction Index 
on Height 


(15) 
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The solid curve is the behavior of M with superrefraction, 
The dotted continuation of the rectilinear part of the curve 
oorresponds to the case when there is no superrefraction and 
the "equivalent radius” of the earth can be introduced, which 
ie proportional to the angular coefficient of the line relative 
to the M axis. 


If the curve in Fig. 1 i168 considered as the potential 
energy curve, then it will be clear that the presence of the 
maximun for (-M) (minimum for M) which is characteristic for 
Bpuperrefraction, 18 @ necessary condition for the existence a 
an almost-steady state. Actually, if we denote by h, the 
height corresponding to maximum potential energy, then the 
force in the region h < hy will be as though squeezing the 
wave packet to the wall and not letting it go into the 
h> ha region, 


But in our electromagnetic problem, the presence of an 
almost-steady state denotes such wave propagation in which 
ita amplitude decreases with increasing distance abnormally 
slowly, so that its attenuation coefficient (corresponding 
to constant disintegration) is abnormally small. Hence it 
follows that the existence condition of the almost-steady 
atate is a condition of the poseibility of extra-far propaga- 
tion of radio waves. 


The analogy with quantum mechanics, which was carried out 
here, permite formation of a qualitative picture of the phenomena 
of extra-far radio wave propagation. This fnalogy is useful, 
so thet, certain mathematical methods applicable in quantum 
mechanics can be transferred into the radiophysics domain, 

On the other hand, the methods, developed by us, of solving 
the radiowave propagation prodlems can be applied in quantum 
mechanics. However, this queétion is beyond the scope of this 
paper. 


(26) 
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Section 4. Transformation to Nondimensional Quantities 


Let us return to the solution of the problem formulated 
in Sec. 2. It 4s necessary to determine U, and W, which 
satisfy the differential equations (2.04) and (2.05), the 
poundary conditions (2,06) and (2.07) and the conditions 
(2.08) and (2,09) characterizing the singularity, This 
problem was solved, earlier, for two cases: a) inhomogeneous 
atmosphere, source on the earth, and b) homogeneous atmosphere, 
raised source. Now we show that this problem can be solved 
for the general case of the inhomogeneous atmosphere and the 
raised source, is 


Let us transform, in our equations, to the nondimensional 
quantities used in our previous work. To do this, let us 
consider the coefficient of Up in (2.04). This coefficient 
ie proportiona: to the quantity 


+ =i +2 = 1076 m(n) (4.02) 


where M(h) is the "modified" refraction index. We assume that, 
starting with some height h = H, this quantity can be approxi- 
mated by a linear function of h and we put 

Setybraih (4.02) 
where e” 18 the sc-called equivalent radius of the earth and 
@ is some emall constant (for example, a < 0.0005). In the 
Bimplest case, it 1s possible to consider that € = 1 for 
hou; then it 4e necessary to put a = 0 and a” « a, 


In that region where (4.02) 148 correct, the equation for 
Us Decomes: 


370 ov 
sti tek sto? (20+) 0, +0 (4.03) 


(17) 


In order to get rid of the a in the last term, let ue make the 


substitution 
Up =Ce Y (4.04) 


where C is a constant which we dispose of later, Then (4.03) 
is reduced to 


My + au Bee B= 0 (4.05) 
Let us introduce the abbreviation 
er (3)? (4.06) 
and let us put 
ks © om’x 3 kh = my 3 kh! = my! (4.07) 


Then (4.05) can be written 
as +2 ar, y¥ro (4.08) 
oy ox 


The same substitutions reduce the more exact equation (2.04) 
to the form: 


ay +41 ay + [y + r(iy)] ¥= 0 (4.09) 
x 


where 
r(y) © m (« -1+2- 2- 2) (4.10) 


The quantity r(y) characterizes the anomalous behavior of the 
refraction index near the earth's surface. Starting with some 
value y, r(y) can be set equal to zero. If we consider that 
a* 0 and o = 2, then simply, 


(18) 
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r(y) = m(e - 1) (4.12) 


qnere remains to express the boundary conditions and the con-~ 
aitions characterizing the sifigularity in the new variables. 


Setting 


q2 ot (4,12) 
Jn +1 
we will have 
2 +qa¥20 (for y = 0) (4.13) 


We chose the constant C in (4.04) so that the equation analogous 
to (3.22) can be written in the form 


@ 


f(x,y) = ¥(x,y,y') £o(y') ay’ (4.14) 


Then the equation defining the singularity of ¥, becomes 


-l7 
= a exp [stars] + exp [saerr?] y+y' + 2igx 


4x Ax yt+y' - 2iqx 
(4.15) 


From the comparison of (2.08) with (4.15) we obtain 
ce AMG yyy (2) (4.26) 


The function Wy aiffers from UZ only in that the quantity 


ices in the boundary conditions and in the equation 
Hei 


defining the singularity is replaced by [n- 1. This 
(19) 
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corresponds to replacing q by 


q, ° im fn -1 (4.37) 


In practice, it is possible to put qy = @ in all cases. 
Along with ¥ we will consider the function 


V(x,y,y'q) © 2 Jax exp [+] ¥ (4.18) 


which we will call the attenuation factor. The quantities 


Up and U are expressed through V as follows: 
u, = ete 18 y (4.19) 
and 
1(1+a)ks 
v= S—— V(x,y,y',9) (4.20) 
ea ain $ 


The function W 1s obtained from (4.20) by replacing q by Q: 


Section 5. Properties of Particular Solutions 
of the Differential Equations 


In order to construct the function ¥ satisfying the formu- 
lated conditions, it is necessary to investigate the properties 
of particular solutions of (4.09) which are obtained by separa- 
tion of variables. Putting 


ve eiX ery t) (5.0) 
we obtain for f{y,t) 
2 
SitPere)-t] reo (5.02) 


(20) 
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pet us denote the solutions of (5.02) through £°(y,t) and 
t*(y,t), which satiafy the initial conditions: 


1°(0,t) 213 ee) = 0 (5.03) 
dy 'y20 
and 
Miot\= as 2c) 2 (5.04) 
ay Apap 


Tne general solution of (5.02) will have the form 


fly,t) = a'r cyt) + a®e*y,t) (5.05) 


On the other hand, if r(y) decreases sufficiently rapidly 
ze y increases, then for real t (5.02) will have one integrel 
(determined to the accuracy of a constant factor independently 
of y) which will act as w(t - y) for large y, and another 
integral which will behave as w(t - y) where w, and w, are 
complex Airy functions which represent the solutions of the 
equation 


aw 

“3a + (y - t)ws0 (5.06) 
dy 

obtained from (5.02) by replacing r(y) by zero. The functions 


¥) and Wy have the asymptotic expressions 


in | . +)3/2 
90-8) 


m(t-y)ee® (y=) (5.07) 
and 
~in ae ae a’ 3/2 
w(t -y) © e* (y-t) %e ees) (5.08) 


(21) 
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Consequently, the behavior of the general integral of (5.02) 
as y—po for real t can be characterized by the constants 
Cc) and Cy in the expression: 


f(y,t) = Cy, (t -y) + Cow, (t - y) (5.09) 


Let us establish the relation between the constants a’, a’, 
Cy» Cy (which can be functions of the parameter t). 


By virtue of (5.02) and (5.06), we have: 


5 (« & -f  ) = - r(y)-f-w(t - y) (5.10) 


In this equality, we can put successively w = Wy then w = Mo 
and then integrate between 0 and oo. As &@ consequence of the 
relation 


-—2 w, = at (5.11) 


we will have 


5 
nt 
as 
ae 
NY 


7 21c) (5.12) 
y-900 
and 
aw 
ar 1). 
BBN ag et = - 21¢ (5.23) 
ym N21 AY BY 2 
and, after integration, (5,10} yields: 
r) 
2ic, = Aw, (t) + Mu,(t) - fr f(y,t) wo(t - y) dy 
: (5.24) 
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and 
@ 


- 22C, = aw, (t) + at, (t) a) r(y) f(y,t) w(t - y) ay 


‘ 


(5.15) 


If, here, we substitute (5,05) in place of f(y,t) we obtain 
the desired relation between the constants a’, A: Cy, °9 
in the form: 


aic) = A°qwo(t) - f rly) £°(y,t) walt - ¥) +} 


@ 
+ 4° w(t) =f r(y) £¥(y,t) wo(t - y) of 
( 


oO 


-21Cy = Ao 4 wi (t) Al r(y) £°(y,t) wy(t - y) ay 


5,16) 


and 


oar w(t) - | rly) ry) wi{t - y) dy 
(5.17) 


Let us observe that the coefficients of the A° and a® 
in these equations are integral, transcendental functions 
of t, Actually, f°, £¥, wy, w, are integral functions of t; 
the integration can be carried out, in practice, between 
finite limits since r(y) can be set equal to zero starting 
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with some y. (The same conclusion will be correct and without 
this limitation on r(y) if only r{y) decreases sufficiently 
rapidly at infinity.) 


Menee it follows that if the constante A° and A” will be 
integral transcendental functions of t, then the constants C, 
and C, will have the same character. This allows us to apply 
(5.16) and (5.17), derived for real t, in the omee of arbitrary 
complex values of ¢ also, 


If we put 
APs aQ(t) Ewy(t) - f rly) e%y,t) w(t - x) dy (5.28) 
and 
@ 
A= A(t) = - w(t) + fo r°(y,t) w(t -y) dy (5.29) 
then 
fy(y,t) = Ap(t) f(y,t) + ag(t) £°%ly,t) (5.20) 


will be that solution of (5.02) which behaves as w,(t - y) as 
y— poo and which is at the same time an integral transcendental 
function of t. 


Similarly, if we put 
AP @ Ad(t) = w(t) - | rly) f¥(y,t) walt - y) dy (5.21) 
and 
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@o 


a? = Ag(t) © = w(t) - [rw £°(y,t) wolt - y) ay (5.22) 


then 
folyst) = S(t) £°(y,t) + a(t) £%y,t) (5.23) 


will behave as Wo(t - y) 86 y—yoo and will be an integral 
function of t. 


The integral f,(y,t) will have the asymptotic expression 
in y 
ote * 
fi{y.t) = gee exp] 1 u-t+r(u) du 
y-t +rfy) 
(5.24) 


and the integral Toly,t) will have the asymptotic expression 


-in y 
rae 
foly,t) » ———= of f fu-t + r{u) | 


(5.25) 


where c', c” and + are constants. If we put r(y) = 0, 2 = t, 
c' 2 ¢" = ] then (5.24) and (5,25) will transform into the 
asymptotic expressions (5.07) and (5,08) for wW, and w,. 


We already used the integral f,(y,t) in {1} where, how- 


ever, 1t was assumed without proof that such an integral exists, 


which has the asymptotic expression (5.24) and is, meanwhile, 
an integral transcendental function of t. The proof of this 
statement, which 1s reproduced here, oan be used elso for 
practical (numerical) construction of this integral. 
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For oomplex t the function fi (y,t) will increase as y 
increases and the integral of the square of fy (yt), taken 
over y from 0 to m will diverge. However, for certain assump- 
tions on the behavior of r(y) in the complex plane, f,(y,t) 
will behave as wy (t-y) for complex y and will converge to zero 
on the ray y = re‘? (where a = 3 )» 80 that the integral 

io eit 


r* a r2(y,t) ay (5.26) 


will converge. Let us evaluate this integral. Differentiating 
(5.02) with respect to t, we obtain 


a (2 ay es 
fe (B)+ [vera -t] B22 6.27 


Hence, from (5.02) we obtain the relation 


¥ 


y 

2 

tf? ay = eof = a) | (5.28) 
dydt dy at ! 


Putting, here, f 2 fy (y,t) and considering the upper limit of 


integration to be equal to wet we will have: 
wet ‘ 
o*r. or, of 
fiy,t) ay=-{r,—2 - 1-4 5.29 
f i1(¥ ) ay 1 dyat x ay : ( ) 


Section 6. Construction of the Solution 
as a Contour Integral or Series 


In the previous paragraph we established the existence of 
two integrals of the ordinary differential equation 
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oS. [y+riy)-t] r20 (6.01) 


which are integral transcendental functions of the parameter t 
and have the asymptotic expansions (5.24) and (5.25). These 
integrals, which we denoted by fy (y,t) and fo(y.t), are deter- 
mined by (5.20) and (5.23). 


We show now that with the aid of tf) and fs we can construct 
contour integrale for V and ¥ which are the solutions of our 
problem. Our reasoning will be similar to the reasoning 
explained in Sec. 3 of (1J , and the final formulas will. be 
analogs of (2.24) and (3.10) of (2). 


Let us denote tne Wronskian by D, 2(t): 


MF 


D,(t) et a — (6.02) 
12 Loy 22.35 


and let us put 


1 
f,(0,t) + qf,(0,t) 
Ei Sesame MESSE 
f,(0,t) + af, (0,t) 


F(t,y,y',q) = Date f)(y',t) fo(y,t) - 


(yt) (6.03) 


where the primes of the ty and fy denote derivatives with 
respect to y. Let us consider y' > y, and let us form the 
integral 


Ye oh J’ P(t,y,y'sq) at (6.04) 


taken around a contour which envelops all the poles of the 
integrand in a positive «.  ‘%1on. 
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Prom the definition of F it follows that FP is meromorphic 
in t (1.e. for finite t has no singularities except poles). — 
The function FP is completely determined even if the functions 
f) and fo» which are part of it, are determined only to the 
accuracy of a factor independent of y. Since, for all values 
of t the integrale f, and f, are independent (this 1s seen 
from their asymptotic expressions), then the Wronskian Dy ot) 
has no roots and the unique poles of F are the roots of the 
equation 


£,(0,t) + af,(0,t) 20 (6.05) 


If r(y) = 0 in (6.01) then we can put 
fi (y,t) 2 wy (t -y) 5 foly.t) < we(t - y) (6.06) 


Then 
Dya(t) = - 24 (6.07) 


and the expression (6.03) for F reduces to the formula 
(2.21) considered in our work [2]. 


Let us show that ¥, defined by the contour integral 
(6.04), satisfies all the conditions, 


First of all, it 1s evident that ¥ satisfies the 
differential equation (4.09) because the integrand satisfies 
it. Purthermore, ¥ satisfies the boundary condition (4.13) 
since we have for all t and y' 


Beareo (for y = 0) (6.08) 


There remains to show that ¥ has the necessary singularity. 


With the aid of the asymptotic expressions (5.24) and 
(5.25) we oan show that if x,y are small and the ratio y/x 
ia large then the principal part of the integration in (6.04) 
will lie at large negative values of t. But if t is large 
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and negative, then the term -t will play the main part in the 

coefficient of f in the differential equation (6.01). Con- 

sequently, for large negative t we will have, approximately: 
e 


fyly.t)v t,(0,t) abv IF (6.09) 
and 
fp(y,t) M4 fp(0,t) e*¥ q-t (6.10) 


Substituting these ererensions in (6.03) for P, we oprata 


ies ex [1(y'-y) [| - 2 oy [sored] 


(6.11) 


ea 


Substitution of this value of F in the integral (6.04) yields 
the Weyl-van der Pol formula for Y¥, which after neglecting 
gmall quantities (in the second term) reduces to (4.15) 
characterizing the singularity of ¥. 


Therefore, the correctness of (6.04) for ¥ is established. 


It is not difficult to transform from the contour integrel 
(6.04) into a series, around the residues, referred to the 
roots of (6.05). Let us write this equation in some detail. 


Using (5. 20) for f,(y,t) and the initial values (5.03) 
and (5.04) of f° and f®, we obtain 


£,(0,t) © a(t) s £;(0,t) = af (t) (6.12) 


and (6,05) becomes 


AT(t) + @ Ag(t) = 0 (6.23) 
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Substituting here the values (5.18) and (5.19) of Ay and ae 
we will have: 


fos) 


w(t) = amy(t) =f r(y) [e%Qy,e) - at*(y.e)] wy (t-y) ay = 0 


(6,15) 


We will call this the characteristic equation. 


It {6 essentiel, for us, that the left side of the charac- 
teristic equation be an integral transcendental function of t 
and that it contain only the functions £°(y,t) and r*y,t), 
which can be obtained for all values of t by means of numerical 
integration of the differentiel equation (5.02) with the 
initial conditions (5.03) and (5.04). In that case when r(y), 
atarting with some y © y,, is zero, (6.14) can be integrated 
and the characteristic equation reduces to 


wy (t-y} [s°0y.)-a0",2)] + my(t-y) & [1%(v,0) - at" (y,0)] = 0 


(for y = y)) (6.15) 


The characteristic equation for the case of a homogeneous 
atmosphere is 


wy (t) = qw,(t) = 0 (6.16) 


This equation is obtained from the previous formula by putting 
r(y) = 0 in (6.14) or by putting y = ¥, 7 0 in (6.15). 


We denote the roots of the characteristic equation by 


tolaln teladsr-ans (6.17) 


These roots will be functions of the parameter q. 
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Let us compute the residues (6.04) numerically. From 
(6.02) and (6.05) for y = 0 and t = t, results 


f(0,t) + af,(0,t) 3 


—_—>_->— (6.18) 
Dj a(t) f,(0,t) 


Moreover, the derivative with respect to t of the denominator 
in (6.18) is 


ar ar ar 
1 Veecg 0s ft Sek dg 
—liqg—+-r, ft — Js - £5 (0,t (6.19) 
dydt aes 1 ot (4 ay 3 (0.8) dt ; 
Consequently, the residue of F at t = t. will be 


at, fy(y'.t,) 2£,(y,t,) 


(6.20) 
dq £5 (0,t,) £,(0,t,) 


ixt, 


Taking the sum of expressions (6.20), multiplying by e ? 
we obtain the desired expansion of ¥ in the series 


@ 


' ies had | fy (y',t,) ft, (y,t,) (6.21) 


: dq f,(0,t,) f,(0,t,) 
6: 


The quantities 

f,(y,t,) # 

ins: £°(y,t,) - af (y,t,) (6.22) 
T(0,t,) 
can be called the height factors. Let us note that the heignt 
factors are expressed, according to (6.22), through the fune- 
tions f° and f* whien are evaluated directly by means of 
numerical integration of (5.02). 
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In that case when q is very large or equal to infinity 
(horizontal polarization, perfect conductor) (6.21) should 
be transformed by means of termwise multiplication into 

2 72 
a f;(0,t,) 

ae Ae, | (6.23) 
£17(0,t,) 


The result can be written 


@ 1 f ‘ 
eo (GH) QUAD AH oy 
ge 


oe £1(0,t,)  £)(0,t,) 
The quantity 
at f, (0,t) 
gg —2i17 2 (3 (6.25) 
aq at \£,(0,t) 


will be finite for q—pam. Let us note that from (6,19) and 


(5.29) result 


weit 


£2(0,t) 8 = £2(y,t) dy (a 25 ) (6,26) 


Consequently, the series (6.21) oan be written 


ixt t ‘tt f. at 
we tthe | falrtety) ty) eas 
oo e 


t2(y,t, ay | 


In such a form, it recalls expansions in terms of eigenfunc- 
tions. In (6.27) the “eigenvalues” are, however, complex and 
the “normalized integrals" in the denominator converge only 
for complex paths af integratiun. 
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In order to transform from ¥f to the attenuation factor V, 
4t 18 sufficient to recall (4.18) 


V(x,y,¥',@) = 2 [mx exp Es Y 


In the case of a homogeneous atmosphere, when it is possible 
to put r(y) = 0 and fj {y,t) = w,(t-y) which results from our 
formula, the expressions for V reduce to just what was derived 
in our earlier work [2] by another method, 


Section 7. Application of the General Theory to the Super- 
refraction Case (Sohematic Example) 


The analog, considered in Sec. 3, with the unsteady prob- 
lems of quantum mechanics permits the formaticn of a qualita- 
tive picture of the superrefraction phenomenon and those 


conditions for which this phenomenon may occur. On the other 
hand, the general expression, obtained in Sec. 6, for the 


attenuation factor is suitable for quantitative computations 
which, by right, require sufficiently complex calculations, 


Let us write the expression for ¥ which is related to the 
attenuation factor. For brevity, putting 


t(y,t) = £°%(y,t) - at*(y,t) (7.01) 


we will have, on the basis of (6.21) 


= ixt, dt, 
y e — f(y',t,) tly,t,) (7.02) 
s=1 = 


where the t, are the roots of the transcendental equation 
(6.14). If r(y) = 0 for y > y,, this equation can be written 
Bocording to (6,15) ast 
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wi(t-y) f(y,,.t) + wy(teyy) f'(y,,t) = 0 (7.03) 


where wy Genotes the derivative with respect to the argument 
(t-y) but not the derivative with respect to y. The parameter 
q enters into this equation by means of (7.01). 


The determination of the conditions for which extra-far 
propagation is possible reduces to the study of the roots of 
the characteristio equations (6.14) or (7.03). In the absence 
of superrefraction, the imaginary part of the roote of thie 
equation, which acoording to (7.02) yields the attenuation of 
the waves with increasing distance, will be of the same order 
as the real part. When there is superrefraction, there exists 
One or more roots with abnormally small imaginary part. 


In order to formulate the representation of the conditions 


under whioh extra-far propagation can occur, let us consider 
the following schematic example. 


Let the function r({y) be the following 


r(y) = (1 +H) (y+ ¥) (for o<y < y,) 


7.04 
rly) = 0 (for y, < y) om 


This corresponds to the assumption that the graph of the 
refraction index 18 a broken line as shown in Fig. 2. 


uN 
Figure 2. Dependence of the 
Reduced Re pedo gY Index 


“22 
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If the dfelectrio constant ¢ ie co:ridered to vary thus: 


e221 - g(h - h,) (ter h <h,) 


(7.05) 
an (for h > hy) 


then the parameter u? end yy) will equal 


3/2 
wre S14 y, fh a (7.06) 


Therefore the parameter p depends on the wave length, dut 
the parameter y, (the reduced height of the break point) - 
will be proportional to 172/9, 


We write the equations for f as 


2 
act 3 3. 
oo+lQew) x - -tileso 
' ay [¢ a) 2 wy 3] 


(for y < ¥,) 
(7.07) 
a*e 
aoe t) f= 0 (for y > y,) 
Let us introduce instead of t the new parameter 
t-(l4+w)y 
¢, > —_——+ (7.08) 
He 
and instead of y, the new variable 
C2 ow (7.09) 
The value @ 8 ty will correspond to y = ¥y> where 
wee ty (7.10) 
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Bquation (7.05) becomes 
er 
ae? = éf {8 ces &,) (7.11) 


The Airy functions u(@} and v(#) will be 1 dependent solutions 
of the latter. The functions f° and f will equal 


£°{y) = u(@,) v(8) - vib.) ule) 


(7.12) 
£%(y) = 2 [vce,) ule) - w(t, vie)] 
By virtue of the relation 
u'(&) v(@) - vi(@) u(é) © 2 (7,13) 


the functions f° and c* will satisfy the initial conditions 


(5.03) and (5,04). Introducing according to (7.01) the 
function 


f(y) » -4 [ avie,) + uv'(€,) J (8) +2 [ auce,) + wu (€) | v(6) 
(7.14) 


we obtain the characteristic equation if we substitute the 
values of f(y) and f'(y) for y © y, in (7.03), This charac- 
teristic equation oan be written as 


wv (Ey) + av(@g) wv! (Oy) (uEq) + ¥ (8), (uP Ry) 


EE eel oT Ci*=WAS) 
wu'(€.) + qu(e,) wu'(@, wy (e8)) + u(8,) my (uk) 


Let us assume that the magnitudes of % and the parameter yw 
are aufficiently large. This means that the “potential well" 
on Fig. 2 is auffisiently wide and deep. In such a case, the 
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quantities & and ue, [tne arguments of the functions in the 
wight aide of (7.15)) will be large. By virtue of the asymp- 
totic expansions 


2 : 3 
u(t) #0 * exp [ge]; vit) #36 * exp [-3 0] 
(7.16) 


the right side of (7.15) will be very small and the charac- 
teristic equation reduces, approximately, to: 


uv'(@,) + av(&,) = 0 (7.17) 


Thia case will occur when the gradient of the dielectric 
constant of air, at a sufficiently high region, will be 
negative and larger than 2 » where a is the earth's radius; 
then the curvature of the ray will be larger than the earth's 
curvature and formal computations of the "equivalent radius” 
are negative. 


The wave attenuation with increasing horizontal distance 
is related to the imaginary part of t and, thus, with the 
imaginary part of €,3 af et, were real there would be no attenua- 
tion. Attenuation may occur for two reasons: absorption dy 
the earth and escape through the upper layer of the atmosphere. 
Absorption in the earth is characterized by the complex para- 
meter q. Equation (7.17) correaponds to that case when the 
attenuation occurs at the expense of absorption by the earth. 
If the earth be considered an absolute conductor, it is 
necessary to put q = O for horizontal polarization and q = © 
for vertical polarization. For qe 0, (7.17) reduces to 


vi(g) #0 (fora #0) (7.18) 


The roots will be real negative numbers 
@, = -1.019 5 -3.248 ; -b.820; ... (7.19) 
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Por q #® w, (7.17) becomes 
v(@,) 20 (for q« @) (7.20) 
and nas the roots 


& > -2.338 3 -5.088 3 -5.521 : (7.21) 


Because bo ie real in these cases, there is no attenuation. 


Equation (7.17) will represent a better approximation to 
(7.15) 41f e) (or its real part) be positive and sufficiently 
large. Since 


&° & + Wy 


this condition will be fulfilled starting with some root ¢,. 
Consequently, the number of roots with small imaginary part 
will be finite. 


It 1s possible to derive an approximate formula for the 
eorrection to to obtainable by computing the right side of 
(7.15). Let us denote by 6, that root of (7.17) which we will 
consider as the inaccurate value of & and by 4f, - the increment. 
This correction is obtained 1f we substitute the value of €)> 
in the right side of (7.15), which equals 


4, 7 Ot Wy 


The approximate value of the correction is obtained from the 
equation 


3 
oe = ool a wta (-+ ve | 4 .-28 
opis [2 Bak <2 erie 
(7.22) 
(38) 
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where 
s= 3 (Ww 41) 69/7 (7.23) 
Let us note that the imaginary part of the correction is posi- 


tive, This corresponds to the fact that leakage in the upper 
layer increases attenuation. 


oe 


The applicability condition of these formulas is a suf- 
ficiently large value of Wy)° Let us recall that we have, 
according to (7.06): , 


3 
wy, #h, ~{x?(g - 2) (7.24) 


where g is the gradient of the dielectric constant with opposite 
sign, a is the earth's radius, and hy is the height of the break 
point on Fig. 2. 


The larger the value of HY, the larger the number of the 
almost-steady states with small attenuation. It can be said, 
roughly, that the number of such states equals the number of 
roots, &, not exceeding the parameter py) (in absolute magnitude) . 


The concept of the ray reflected from the upper boundary 
layer and from the earth's surface becomes applicable only when 
the number of almoat-ateady states (the number of terms in the 
series (7.02) with low attenuation) becomes large. Qenerally, 
the necessary condition for the applicability of the concepts 
of geometric optics is the slow convergence of (7.02), when 
a@ lar je number of terms will play a part. If there are one or 
two terms in it (which can correspond to both almost-steady 
and attenuation states) then the ray concept 18 not applicable 
at all. 
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Section 8. Approximate Formulas for Terms 
With Low Attenuation 


Using @ method similar to that which is applied in quantum 
mechanics, approximate expressions can be derived for the height 
factors corresponding to terms with low attenuation, and also 
estimates can be given for that part of the damping coefficient 
which corresponds to leakage through the upper layer. 


In (6.01) let us put 


y + r(y) = ply) (8.01) 
and let us write this equation thus 


a@r 
- fe 8, 
set [po)-t] reo (8.02) 


In the superrefraction case, the function p(y), proportional 

to the reduced refraction index, will have a minimum and will 
increase on both sides of it; to the left of the minimum the 
largest value will be p(0} and to the right p(y) will increase 
as y. If t lies between the least value of p(y) and p(0), 

then the coefficient of f in (8.02) becomes zero for two values 
of y which we will denote by y) and Yo: In the interval 

¥y SYS the quantity [ pty) - t] will be negative, and 
outside this interval, positive. 


The solution of (8.02) in the interval ¥, <¥ < ¥p can 
be expressed approximately, through Airy functions. Let us 
put 


x 
sec ~ py) ay = $e, (8.03) 
9} 


and 
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Ye 
ft py) ay 2 $3,977 (8.04) 
y 


’ 


and let us denote by S the sum of these quantities which is 
independent of y 


Ye 
S* f ft - ply) ay (8.05) 
1 


We can consider the magnitude of S to be large. With such 
notation we have approximately: 


4 
| Ly 
oe rea Ph [ayuce)) +B, v(é,)] (8.06) 
: € 
as a= ory [ Apu(ta) + Byv(t,) | (8.07) 


567? + $0.7? = (8.08) 


and also 


where 


and the constants Ay By, Ags B, @re related through 


-1 -S , = 8 
Ay = zB Bye ; By = 2A,e 


(8.09) 
which result from comparison of the asymptotic expressions 
for (8,06) and (8.07) at large values of €, and bo: 

For y > Yo we can determine > by means of the equality 
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y 
i {oy -t ay = 3 (-,)?7 (8.20) 
Ye 


and using the previous expression (8.07) for f. 
Similarly, for y < y, we oan put, in place of (8.03) 


“i 
fo fparwe a = 3 (4)? (8.12) 
y 


and apply (8.06) for f. 


Let us chose the constants A, B such that the function f 
will be proportional to f,{y,t). We must put 


Ay = Cy Fy By = iC) (8.12) 
and therefore 


A =$C,e ; By = 2,e (8.13) 


Then (8.06) and (8.07) become 


k 
| $ -28 
fy (y,t) s 2c,e° ener fry +4 e 2 vey} (8.14) 
and 
4 é / 
2 
fi (y,t) *C, — #; (€5) (8.15) 


Similarly, the following approximate expressions are obtained 
for fo(y,t)t 


(42) 


201 


' a as 

s a 1 .-2S 

? a pan. Tee = 8.16 
fly t) acne eG) v(6,) ye u(é,) (8.16) 


and . 


4 
foly,t) * C, 


8, 
t= ply) wo (eo) (8.17) 


In this approximation, the Wronskian D,,(t) appears to equal 


Di a(t) = - 210)C, (8.18) 
Por y < y, the functions u(@,) and v(&,) will be of one order. 
Ap @ consequence of the smallness of the factor exp {-2s} the 
second terms in (8,14) and (8.16) will represent small corree- 
tions [generally speaking, less than the error of the whole of 
expression (8.14) or (8.16) }. Consequently, the functions 
f and fs in the y < ¥y region will be almost proportional to 
each other. 


Disearding the small increments, the equation defining t 
can be written: 


(2) we.) + arte.) = 0 (8.19) 


a a6) 
Here €, “nd on denote the values of g, and yay at 
° 


y = 0. This equation is analogous to (7.17). 


It vields just thet part of the attenuation coefficient 
of the wave which occurs for absorption by the earth. Since 
the complex parameter q which characterizes the properties 
of the ground, is known only very roughly, it is aufficient 


to take the coefficient (at) in a rough approximation and 
° 
to put, according to (7.06), 


(43) 
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(#) Sis fee (8.20) 


where @ is the radius of the earth and g is the gradient of 
the dielectric constant taken with opposite sign. Then (8.19) 
will reduce to (7.17) which was studied in the preceding 
paragraph. The roots €, of {8.19) will be related to the 
corresponding values of the parameter t through 


h 
1 
{ ere an = $ (-€,)°/? (8,21) 


sued nf is the lesser of the two values of the height h, nt 
and hp» otek which the radical becomes zero. 


Ir & is real, then hy and t are real; if e, is complex, 
then evaluation of the integral (8.21) requires analytic 
continuation of the interpolation formula for ¢€ into the 
complex domain. 


A necessary condition of the applicability of the previous 
formulas is the smellnesa of the quantity e* , where S has the 
value (8.05). In the customary units, the integral which 
expresses S, is written 


id 
e- (e-168 ah (8.22) 
" m 


Determining t from (8.21), 1t 18 necessary to verify that the 
integral S$ 16 sufficiently large for this t. 


In the case of an absolute conductor (q * 0 3; q © oo ) 
the approximate values of & and t obtained from (8.19) and 


(44) 
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(8.21) are real. In this case, it can be said that the approxi- 
mate value of the imaginary part ia the correction to &: 


Putting 
& 2 e, 4 1, (8.23) 
we will have a 
2 & a + e728 (8.24) 


We will not dwell on the derivation of thia formula. 


n 
Since & is a emal)] quantity, then the increment. 


Ag, * 46, will correspond to the increment dt © it * ot Ag. 
° 
But the quantity (8.24) multiplied by 1 1s the increment to 


the integral (8.21). Consequently, we can determine t 
(the imaginary part of t) from 


n 
eg eee ee 
° 


e 
Since the derivative of the integral 18 negative, then t is 
positive, which corresponds to attenuation. 


The formulas which were obtained permit the derivation, 
also, of approximate expressions for 3 . According to (6.19) 
we have 

2 

da . © log f) 

ae 6 (8.26) 
dy Ot 


Substituting, here, the value of f, from (8.14) and neglecting 
amall quantities, we obtain 


(45) 
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de\ de, f v'F(e5) — v"(€,) 
hed Wee) é (8.27) 
( (8) v(8,) 


Here we can put, in @ rough approximation, 


($) ees gee (8.28) 


[see formulas (7.08) and (7.09)]. UVeing the differential equa- 
tion and the limiting conditions for v, we obtain; 


$4 = a, . “2 (8.29) 


The firet terms of the seriee (6.21) which poesess low attenua- 
tion, will be equal, in our approximation, to 


pict _ VCE) medline eg gint _bv(Ey) v6) 
‘ wk) = eee) 
($-*) #0, “ 2)y v2(€,) viF(8.) = &5 v" (EQ) 


(8.30) 


where os refers to the reduced height y'. 


If &, is so much larger in absolute value, that asymptotic 
expressions can be used for v(@,) and v! (8,) then the denominator 
in this formula will equal approximately 


vi7(e,) = & ve.) © [- 8, (8.32) 


In conclusion, 1t is necessary to emphasize that the formulas 
derived in thle paragraph are based on rough approximations and 
are intended for rough computations. More exact computations 
should be based on the rigorous theory explained in the previous 
paragraphs. 


(46) 
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VIL. THE FIELD PROM A VERTICAL AND A HORIZONTAL DIPOLE, 
RAISED SLIGHTLY THE EARTH'S SURFACE 


Vv. A. Fock 


In the book "Diffraction of Radio Waves Around the Earth's 
Surface we developed a general method for the summation of the 
series representing the field from a dipole on the earth's sur- 
face. The shape of the earth is assumed spherical. [Ip that 
work our method was applied to the case of a vertical dipole, 
located on the surface. The case of a slightly raised vertical 
dipole is of no less interest. ‘We propose to analyze this case 
in the present paper. 


1. Vertical Raised Dipole. Solution i: Series Form. 


We will employ the notation used in ref. 1. Let k be 
the wave vector in air, y the complex dielectric constant of 
the earth, and Ky = ky ie the complex wave vector for the 
earth, For simplicity we will not consider the atmospheric 
refraction, and remember only* that calculation of the re- 
fraction effect can be accomplished approximately, if we 
replace the earth's geometric radius a by an equivalent 
radius a*, 


We introduce spherical] coordinates r,9,¢ referred to the 
origin at the center of the earth and with the dipole along 
the polar axis, The field components in air are expressed in 
terns of the Hertz function U by the equations: 


R-ssine @ (300 F (2.2) 
E+ -i¢ (- 3) (1.2) 


np - ax # (1.3) 


<_ ‘20g 


208 


Let the elevation of the dipole above the earth's surface be 
denoted by h=b-a (so that b is the distance of the dipole from 
the center of the earth). We introduce the functions 6, (x) and 
6,(")> Telated to the Bessel and Hankel functions as follows: 


- |% 1.4 
¥,, (*) [= ee } (x) (1.4) 

.~ |x (1) : 
6, (x) | > at } (x) (1.5) 


and we denote by X,(*) the logarithmic derivative 


XnlX) = ¥y (x) / q(x) (1.6) 


and by P, (cos 6), the Legendre polynomial. 


The expansion of the Hertz function U in the range 
a¢r <b will then have the form: 


U « WE : (2nt1) 6,,(kb) [ ¥,(r) - A, cnt) | P,, (cos 8) 
ue : (1.7) 
where 
Kv, (ka) - ky, (ke) x, (K28) 


> 1.8) 
k6 (ka) = eke) Xp (ko®) 


These equations are listed on p. 5 of ref. 1. Further 
calculation there, however, i8 carried out only for the case 
vr =a. We shall now free ourselves from this limitation. 


(2) 
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-. Approximate Series Summation for the Hertz Function 


For the approximate summation of the series we can apply 
unchanged the method outlined in ref. 1. We write the series 
(1.7) 4n the form: 


U > {n + 5) o(n + 5) P (cos 6) (2.1) 
ned 


where 


gin + 2) = Be talk) [o, Cer) - A, Str). (2.2) 

We put n + 5 vy and consider v as a complex variable. 

The function ¢(v) 4e an analytic function of v with poles 

only in the first quadrant. As shown in sec. 2, ref. 1, for 

the condition ka >> 1 the sum (2.1) can be replaced to a good 

approximation by the integral 
“4 z 


u = 
Jen sin @ 
c 


where the contour C goes from infinity in the second quadrant, 
includes all poles of ¢(v) and extends to infinity in the first 
quadrant with the complex variable v. 


eve o(v) Jv dv (2.3) 


The principal portion of the contour will be that in 
which 


1/3 
vy = ka + (k a/2) t (2.4) 
while |=| 48 bounded (since ka 18 assumed very large). The 
quantity 
1/3 
as (x a/2) (2.5) 


represents the "large parameter” of our problem (we will 
discard terms of the order of 1/a® 4n comparison with unity). 


(3) 
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This quantity will frequertiy be encountered in further 
ealculations. 


Over most of the integration range we van replace the 
functions ¥n, and qn by their asymptotic expansions in Airy 
functions, investigated in detail in ref. 1. We shall consider 
four Airy functions: u(t), v(t), w, (+) and w(t) + These 
functions represent solutions of the differential equat ‘on 


w"(t) = ¢ w(t) (2.6) 
connected by the relations 


w, (1) = u(t) + iv(t) w(t) =u(t) - iv(t) (2.7) 


For real + the functions u(t) and v(t) are real. The function 
w, (t) 18 expressed in terms of the Hankel function of let kind 
and of 1/3 order by the equation 


igre 1/2 (_,y1/2 2 ¢_~)3/2 : 
w(t) 2 e (x/3)°7" (-t) eT [3 (-r) | (2.8) 


Sometimes we will write w(t) instead of w(t). 


The asymptotic expansions for the functions oe and their 
derivatives have the form: 


M2 wile) eatka) © am /? wil) (2.9) 


(ka) = - im 
Taking the real parts, we obtain 


ya(ka) © ml/? y(n) yi (ka) @ -m 2 y'(r) (2,20) 


The quantity x, (ka) may, according to equation (5.21) in 
ref. 1, be replaced by the expression 


Xp (kya) = = 4 | ie cs Sad a (2.11) 
Ky nT 
(4) 
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putting also 


q= in 


7 ~ Pet (2.12) 


? 


ard substituting in (1.8) we obtain 


t 
wd Vv (t) - av{t) (2.13) 
MG) = a4) 
In the equation (2.2) for ¢(v) the functions (kr), 6, (er) 
and & (xb) enter. Their asymptotic expansions may be readily 
obtained from the foregoing. We set 


. 


kh. 
yy" k {r-a) = ~zh (2.14) 


yy = E (bea) = <2 (2.15) 


where ho is the source height, hy is the height of the point 
of observation, and Yo and yy, are the corresponding 'reduced 
elevation:'. We then have 


1/2 
£,, (kb) = -in Wy (t-¥p) (2.16) 
v2 
G(r) = - am wy (t-¥y) (2-17) 
1/2 
¥,(er) =m v{t-¥)) (2.10) 


and the function ¢(v) ie written in the form 


¢(v) = zt F(T 594 20) (2.19) 
where 


Ps wytrerg) ote -yy) - vite) = avin) y ny} (2.20) 


we(r) = aw, (z) 2 
(5) 
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Expressing v in terms of Wy and Wo. we can also write 


w(t) = @¥_(t) 


wir) = am, (e) ary} (2.21) 


We must now substitute the expression for ¢(v) into (2.3). 

Introducing the horizontal distance s « a6, measured along 

the circumference of the earth, and the ‘reduced horizontal 
distance! 


F « By (t-99) { mp(o-¥4) - 


1/3 
k ns 
xs —s @s— (2.22 
é ) . 
1/2 1/2 
and replacing v in (2.3) by the constant (ka)"/“, we obtain 
eiks 
Ue COS «sO, 9 9) (2.23) 
fsa sin (s/a) 


where 


in 
- 1/2 
Veo ve (3) ett P(t ,Y4 s¥p04) at 
(2.24) 


This equation is velid for ¥1 < ¥93 if on the other hand 
¥,> Yoo it 18 necessary to interchange yy and Yo in the equa- 
ticn for F. The function V may be called the attenuation 
factor. 


3. The Attenuation Factor 


Turning mow to a study of the attenuation factor, we examine 
first several limiting ceses. We put y, = 0, corresponding to 
the case when one of the points (source of point of observation} 
is located on the earth's surface. We then obtain 


wy (t = Yo) 


R(t 295¥n09) = w(t) = amy (1) 


(3.1) 


(6) 
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and equation (2.24) for the attenuation factor is reduced to 
equation (6.02) in ref. 1. 


We now consider a second case, We take x and Yo very 
large, but the difference 


x- fy (3.2) 


as finite. Replacing in (2.22) the function w,(t-¥Q) by its 


asymptotic expansion (equation 8.04 in ref, 1), we have 
2 


3/e 
V(X, s¥p09) (3 i Py ae ; 3 Per 
, Qa) = _~- e 
veo Ce af 


w(t) = QWo(t) 
{rete - ar oetl - ee w, (t-y,) pat 
(3.3) 


The integral coincides with the expression obtained in 
our work "The Field of a Plane Wave Near the Surface of 4 
Conducting Body"? (equation 4,39). This agreement is entirely 
understandable. Indeed, for large x and Yoo the source is 
remote from the point of observation and from the earth's 
surface, so that a wave, proceeding from the source, may be 
regarded as plane. 


In the general case the integral (2.24) for V may be 
evaluated as a sum of differences, The function F, defined 
by (2.20) and (2.21), may be written in the form 


P = w,(t-y,) ese pee = (3.4) 
re yeT W(t) = aM (7) 
where 
f{y,,1) = [a - av, (+) v(t-y,) - [rn - avi} | Wy (t-¥4) 


(3.5) 
(7) 
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We note that for yy," O the function f and its derivative take 
on the values 


fal a4 (3.6) 


Hence it 148 not difficult to conclude that if + is a root of 
the equation 


wy (t) - av, () =O TE ToT vo (3.7) 


then the value of the function f coincides with the value of 
the expression 
w(t, - y,) 
1 
f(y,,t,) = £,(¥)) = cae (3.8) 
which may be called the "height factor". 


Evaluating the integral (2.24) as the sum of differences 
at. the points 1 «= Ta» we obtain the following expression for 


the attenuation factor V: V(Xs¥4 0¥p09) = 
in ixt 
s w(t -y,) w(t -y,) 
ato im Ss oF Malte Ya) Milte¥et (3.9) 
sel ‘ea Wy (t,) W(t) 


which differs from our previous expression for V, corresponding 
to the case ¥y," O (see eq'tn. 7.06 in ref. 1) only in that now 
two height factors enter instead of one. The elevations Y} and 
Yp enter symmetrically in (3.9). Using (3.7) we can write 
(3.9) 4n the form: 


it ed Axt 
cate 2 > e W(t e-¥1)  y (ty-¥9) 
a 1- 1/0 wy (t,) W(t.) 


(3.10) 


This form is convenient for q large. In particular, for q = @ 
we have 


(8) 
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ir 2 t) t) ° 
7 oe ixt, w(t 3-¥,) W, (t,-Yo) 
carte? Sa den 
8a 


where the quantities To are roots of the equation 
wi (1°) =O (3.12) 
15 : 


The series thus obtained are convenient for calculations in 
the region of shadow. In the illu.inated region they converge 
very slowly, but there one may use a reflection formila, which 
will be developed in the next section. In the penumbra region 
one must resort to quadrature for the calculation of V.. 


&. Reflection Formia 


We now consider the field in the illuminated region. We 
may expect that in this case a reflection formula will be 
obtained which applies to the reflection of spherical waves 
from a spherical surface. In the integral (2.24) we may take 
the expression (2.21) for F. This expression contains two 
terms. The integrals from each of these terms separately may 
not converge (only their difference converging) but, applying 
the method of stationary phase, we can confine ourselves to 
the coneideration of that portion of the integration lying near 
an extrenum of the phase, and may then examine each integral 
separetely. 


We put 
z 
y° =7e a etkt w(t - Yo) Wy (1 - ¥,) at (4.1) 
in ' 
Wo(t) = QWo{t) 
v” = de® 3 oft 2 z wy (t-¥4) wy (t-¥9) at 


w(t) = aw, (t) (4.2) 
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Tren the attenuation factor V will be equal to the difference 


Vav? -ve (4.3) 


Assuming that the most of the range of integration lies in the 
Tegion of large negative t and crosses the negative real axis 
of t from left above to right below, we can replace Wy and Wo 
by their asymptotic expansions, appropriate to this region. 
According to equation (8.03) in ref. 1, we may put 

1 2 ty —n\3/2 
wiegiae Gate (4.4) 


ny 


1% ai 2 ( 
Wp(tT-y) =e ¥ (yery Vg 57 (4.5) 


Substituting (4.4) and (4.5) in (4.1) we obtain 


12 
y? = 1 ¥ iE iw(t) dt (4.6) 
a . [- (¥\-t) (¥g-t) 


where 


w(t) = xt + 5 (¥5 - 22/2 - 3 (y,-7)?/? (4.7) 


Evaluating t from the condition w' (1) = 0, we have 


2 
¥n-¥ 7% Yo-¥ t% 
| 2°21 Ea 271 
y,-T «= oe ¥Y5-t = ——— (4.8) 
1 2x , 2 2x 


We note that for (4.4) and (4.5) to apply, both quantities 
(4.8) must be much greater than unity. The value a(t) at a givel 
t we denote by w. This quantity is equal to 

(¥y-¥Q)* 


boo casi $x (¥y+¥g) - 4 x (4.9) 


Application of ‘he method of stationery phase to the integral 


(4.6) gives 
Vv? = ei (4.20) 


(10) i 
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The quantity @ has a simple geometrical meaning, namely 
@ = k(R-s) (4.12) 


where R is the distance between source and obeervation point, 
considered as a straight line, ard s is the corresponding 
horizontal distance, measured along the earth's circumference. 
From thie it is clear that the quantity v° corresponds to an 
incident wave. 


We now examine the integral V®. Substituting in (4.2) 
the asymptotic expansions (4.3) and (4.5), we obtain 


in 
yeate® {xX 1¢(t) got for ot 4.12 
ze [ e “ar Tame] (4.12) 


where 
g(t) exe + By, = 1)? 4 § (ygeey/? - 5 (9/7? (433) 


We denote by t = - pe the root of the equation ¢ (1) = 0; 
where p > 0. The quantity p is the root of the equation 


[y+ + [yp+p* = 2p + Xx (4.14) 


which is reduced to a cubic equation. We denote by ¢ the value 
of the phase ¢(7) at = = -p*. Using (4.14) we can eliminate 
all the radicals except p and write ¢ in the form: 


o=- 3p? x+ 2p(¥,+¥y-R°) + x(y,4¥5) - 5% (4.15) 


Evaluation of the integral V* by the method of stationary 
phase gives 


v= a2 a olf (4.16) 
As —_—_—_ (4.17) 


where 
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The equation obtained has a simple geometrical interpreta. 
tion, The quantity p 1s expressed as 


Pp =n cos y= (By? cos ¥ (4.18) 


where y is the angle of incidence of the beam (Fig. 1). 


Pig. 1 


The factor (q - ip)/(q + 1p) ie the Fresne] coefficient 
with reversed sign. Am 40 the product of R/T} times the cor- 
rection for epreading of the bundle of rays after reflection. 
The phase ¢ 18 approximately given by 


@=k(r, + Tp - 8) (4.19) 


where ry ie the path traversed by the beam after reflection, 
The expreseion for the integral V thus obtained by the method 
of stationary phase 


io g-4 19 
Vee - a Ae (4.20) 


agrees exactly with the reflection formula, It must be emphas‘zed 
that this expression (and consequently aleo the reflection forma) 
is valid only under the condition that p be sufficiently large 
compared with unity (it is sufficient to require that p be greater 
than 2, or better, p > 3). 


(12) 
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If x, ¥}: and Yop are given, then p 1s determined from 
(4.14). This equation can be most simply solved in the 
following way. We introduce & new unknown, z, putting 


[y, +P - pag (x +z) (4.21) 
ly, + pe -Pp “% (x - z) (4.22) 


Solving (4.21) for p, we obtain 


- } (x + z) (4.23) 


Pex te 


while (4.22) gives 
YQ 
x-2z 


ps - + (x - 2) (4.24) 


Adding the two expressions for p, we obtain a cubic equation 
2? - 2(x? + ay, + 2y,) + 2xly, -y_) = 0 — (4.25) 
which is not difficult to solve. We set 


p? = 5 (x° + 2y, + 2¥0)5 (p> 0) (4.26) 


sin = ES72 (-Feac#) (4.27) 


Then the root of (4.25) in which we are interested is 
2 = 2p sin (0/3) (4.28) 


Using the cubic equation, one may write an expression for p 
in terms of z in the form 


epx = ¥, + Yo -$ (x? + 27) (4.29) 
(13) 


220 


The expression for V can be simplified if we introduce the 
quantity 
2 
2. 72 px +x -y, - y 
p, -2— - presi Cae (4.30) 
2x x 


We then have 


to -1 p 2ip,P* 
Vee 1-i7-3 P+ P) e (4.32) 


We note that x,zZ, and P, can be written approximately as 


x= +5)” (r, + Pp) eee? -(e 3 (r, - Py) 
er,r, 
If y," oO, 
ze-x, p= (y,- x°)/2x; Pp, = 0 (4.33) 
If ¥y "Vo 7, ¥2 have 
z=0, pey/x- t P, * $ (4.34) 


We now set x - [¥3 = € as in (3.2) and increase x and {y 
holding @ finite. This correaponds to the transition to an 
incident plane wave. Putting for brevity 


[.? +3y, = 0 (4.35) 
we have 


ze-x+§ leet, P= (o- 2), p= 3 (e+) (4.36) 
Qu) | 
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and equation (4.31) gives an expression for the integral of 
(3.3) which coinoides with thet obtained in § 6, ref. 3, for 
the case of a plane wave (Note; The factor 2/27 in equation 
6.19 of ref. 3 should be changed to 4/27). 


5. Horizontal Electrical Dipole. Primary Field. 
The field of an electrical dipole may be written in the 
form: 

E = grad div 0 - Au, He - ik curl 2 (5.1) 
where Il is the Hertz vector, directed along the exis of the 
dipole and proportional to the quantity 
a, = et (5.2) 


where 
2 


R= + r° - 2br cos 6 (5.3) 
Qur spherical coordinates are connected to cartesian coordi- 
nates by the relations 


xwerein@cos ¢, y=rsin@ sin ¢, z= Pr cos 6 (5.4) 


Taking the dipole, located at x #0, y=0, z= b, es 
directed along the x axis, and setting the coefficient of 
proportionality between qT, and q, as unity, we can write 


I,-0,, D209, a) (5.5) 

The field components are obtained after substituting 
the veotor (5.5) into equation (5.1). In the following we 
shall need only the radial components of the primary dipole 
field or the quantities rE, and rH,» proportional to them, 
which because of the conditions 


divE#0, divi «#0 (5.6) 
(15) 
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are solutions of the scalar wave equation. (5.1) and (5.5) 
give the following expression for rE: 


al sin 6 ol 
rE, = cos 6 35 (con 6 3-2 - = Pad oa 
al cos @ Of 
cos ¢ (sin @ 52 +—— 32) 


Sirce a is related to r,@, and d only through R, we have 


(5.7) 


cos 6 a - 7 we" - OE (5.8) 
a, cos @ OL 1 a, 
sin 6 = + r ww "BOD (5.9) 
Therefore we can write instead of (5.7) 
on I 
rE, = - cos 63 (+s (5.10) 


The quantity rH, is immediately obtained from (5.1) in the form 


on 
rH, = ik Bin ¢ 3g? (5.11) 


In the last two equations we used the superscript o to 
emphasize the fact that these equations refer to the primary 
field. 


On the other hand, the complete field can be expressed 
by means of two auxiliary functions u and v according to the 
equations 


B= > d¢u 
1 3*(ru) jo dv 
Eg = "FF +s ain ag (5.12) 
1 3? (ru ov 
Ey" - Fein Sim) - 1283, 
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H, = - % bry 
2 1 
4ick© du, 1 2 (rv 
Hg = sate 39 + 8 ore (5.13) 


2 2 
ik* du 1 o< (rv 
Wg? - ip wet resin’ oF og 


where 4* 16 the Laplace operator on the sphere 


2] 
tue stg hy Gin OB) ealey SE 5.00 


The functions u and v may be considered as electrical and 
magnetic Hertz functions; sometimes they are called Debye 
potentials. Both of these functions satisfy the scalar wave 
equation. 


The equations (5.12) give both the field in air and in 
the earth. For air one must put for the earth k = Ko = 
(w/c) i where is the frequency; in the following we 
will take k to mean the value of this quantity for air. 


The boundary conditions for the electrical and magnetic 
Hertz function arise from the continuity of the tangential 
components of the field at the earth's surface. Denoting by 
the superscript 2 those quantities which refer to the field 
in the earth, we can write the boundary conditions in the form: 


nu wid ul?) , Qed abu) | se (5.25) 
Pay ll'y atv) , bv) rea (5.16) 


We must find the form of tie functions u = u° and v = v°, 


corresponding to the primary field in air. Adding the 
expressions for rey, from (5.10) and (5.12), we obtain 


on pf 
4fy e - cos ¢ 4 (a2 + <>) (5.17) 
(17) 
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and analogously 


an 
b* vo « = 1k gin ¢ a (5.18) 


Out of these relations it is easy to determine u° and v° 


if we write q, in series form 


etkk i 
1 e -— (2n¢1) bn {kb) Vp, {lar) P,, (cos @) 


R kor 
nad (5.19) 


valid for r< b. The results are more conveniently written 
as 


te} 
ue = - cop 9 2 v> =~ sing {5.20) 


where P° and ’° are new auxiliary functions which also satisfy 
the scalar wave equation, but do not depend on the angle. 
We have 


@ 
Pee ) FETT Sn (kb) %, (er) PB, (cos 8) (5-21) 
wal 


@ 
Pee > Steet Sy (kb) ¥, (er) PB, (cos 6) © (5-22) 
nel 


6. Series for the Total Field 


We represent the functions u and v, in terms of which, 
according to (5.12) and (5.13), the total field 1s expressed, 
in the forn: 


us - cos 3 ; ve- sin ¢ 3 (6.1) 


(18) 
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where P and @ satisfy the scalar wave equation and the follow- 
4ng boundary conditions, arising from (5.15) and (5.16): 


x?p = 2 pl?) , aca)’ _ alee(?)) rea (6.2) 
a= al?) , 2ra. aha)... (6.3) 


and do not depend on the angle ¢. Keeping in mind the form 
of the primary excitation (5.21), we can write series for 
P in air and in the earth as follows: 


- 


@ 
P= - oF , atts Sn (eo) [ig (ier) = a, &,(ier)]) P,(co8 8) 


n=] (6.4) 
(a<r <b) 
@o 
p) .. wen &,, (kb) AL ¥, (Kar) P,(eos 8) 
La (6.5) 
Oo<crca 


The boundary corditions (6.2) give for the coefficients 
t 
A, and A, the equations 


x Ao, (ka) +k? AL #, (kya) =k? y, (ke) 


k A, ¢, (ka) + ky AL vy, (kaa) =k ¥, (ka) (6.6) 


fran which : 
BY Ko vn (ka) vn, (ka) -* %, (ka) Vn, (k,8) 


(6.7) 
Ky 6 (lea) ¥%, (ga) - & C, (ka) ¥, (Kea) 
2 
a! eae (6.8) 


My &,, (ea) ¥, (iega) -  &, (ka) ¥, (eQ8) 


(19) 
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We note that the coefficient A, here ies exactly the same as 
in the series /1.7) for the Hertz function U of a vertical 
dipole. Comparison of the series (1.7) and (6.4) for U and 
for P shows that these functions are connected by the relation 


ope Wye (6.9) 


This connection between P and U permits us in the following 
to use the results at hand for the summation of series and to 
express P in terms of the attenuation factor V which we have 
already studied. 


In analogous manner we can obtain series for the function 
Q in air and in the earth. Remembering (5.22), we can write 


Qs : ay 6, (kb) [v,(xr) - BL c, (er) | P,, (cos 6) 
nel 


(a<r <b) (6.10) 


g(?) a & atthy 6 (kb) B. ¥,,(kpr) Pi (cos 6) 
nel] 
(0<r< a) (6.11) 


The boundary conditions (6.3) give 


BL (ka) +B, ¥,(kp8) = ¥,,(ka) 
: , : (6.12) 
wB, 6, (ka) + kp By ¥,(k8) © ky, (ka) 


from which 


(20) 
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ky (ka) ¥,,(ke8) - k5¥,, (ka) ¥, (38) 


= pn 2 ee (6.13) 
76, (ka) ¥_ (8) - Kb, (ke), (kQ8) 
By = k/ ke (ka) vq (Keg@) ~ ky Syke) ¥4 (ka) (6.18) 


Thus we have determined series for the function Q. We 
note that Q is connected with the Hertz function for a 
vertical magnetic dipole (horizontal space antenna). The 
field from such a dipole can be represented by equations 
(5.12) and (5.13), where we must put 


red ae veatw (6.15) 


where the factor M is the magnetic moment, and the function 
Wis of the same nature as Ry and satisfies the same boundary 
conditions (5.16) as v. 


For the function Win air we obtain an expansion of the 
form 


@ 
Ws ae , (2n+1) &, (kb) [rn(er) - B, ¢,, (kr) | P, (cos 8) 
n=O 


(6.16) 
where B, is given by (6.13). Comparison of the series 
(6.10) and (6.16) for Q and for W yields the relatior 
OQ a ik W (6.17) 


The same relation (with the same value of k = w/c) 18 obtained 
for the value of these functions in the earth. 


(21) 
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7. Approximate Expressions for the Field 


Series for our functions P and Q are constructed analogously 
to the series for U which was summed approximately in the preced. 
ing sections. In addition, P is related to U through (6.9). 
Therefore, it is not necessary to repeat the arguments which 
led us to the summation of the series for U, and we can use 
the results already obtained. For the determination of P we 
use the relation 


ope Uo (7-1) 
and the value (2.22) for U: 


eike 


ae afea sin(s/a) V(X, »¥p29) {7.2) 


It can be readily seen that in those approximations in 
which (7.2) ia valid, the application of the operator 4* to 
functions of the type U or P is equivalent to multiplication 
by -k2a°. On the other hand, on the right side of (7.1) we 
can neglect the term U/b in comparison with the derivative 
au/d> and express this derivative according to (2.15) as the 


derivative with respect to Yo: (7.1) then gives 


oP Pe (7.3) 
from which 
1 wv 
P= - = (7.4 
kam yy : 


Analogously, one can express Q in terms of Won the basis of 
(6.17). We obtain 


Q=- (1/ka?) w (7.5) 


(22) 
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We have already derived an approximate expression (7.2) 
for U. An analogous expression can be derived for W. The 
series (6.16) for W differs from the series (1.7) for U only 
in that the coefficient A, determined by (1.8), 1s replaced 
in it by the coefficient B_, determined by (6.13). With the 
same degree of accuracy to which (2.12) is valid, we can 
write 


vi(t) - 4, v(t) 


Bo =i —]——————__ (7.6) 
wy(t) - ayy (7) 
where es 
a o=an= im(n-1) 2/2 (7.7) 


Trerefore W differs from U only by the substitution 
of q for Qy and we have 


eiks 


be 04 1¥ 8 
Ww Joa sin(s/a) V(x ¥y Yo q,) (7.8) 


In practice one can put 4°72 in all cases. Then the series 
ror V acquires the form (3.11). 


We must now substitute the expressions obtained into the 
equations for the field. To do this, we find first the 
electrical and magnetic Hertz functions u and v. On the 
basis of (6.1) we have 


i w 

ue cos ¢ (7-9) 
an oy, 

ve- iw sin ¢ (7.10) 


We substitute these expressions into (5.12) and (5.13), 
retaining only the important terms and neglecting quantities 
of order 1/m* compared with unity. We then obtain the follow- 
ing simple expressions: 

(23) 
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ik? ay 


E,«- Wau = - 7g cos ¢ 
Eg 20 (7.11) 


BE, = Kav = - k? Wain 6 


HH, = Kav =a- v2 Wsin ¢ 


r 
H ~ 1k@, ov 5a ow sin ¢ (7.12) 
8 B 1 m yy) : 
2 
Hy «= keau = 4 Fy o08 ¢ 


These expressions give the field in 'reduced' units (the 
moment of the electrical dipole is taken as unity). To obtain 
the field in conventional units, the expressions must be 
multiplied by the magnitude of the electrical moment. 


We now compare the relations (7.12) with those for a 
vertical magnetic dipole with unit moment. In accordance 
with (6.15) we put u=0; by = W, obtaining 


B= 0; Eg=0; B= Kew (7-13) 
2 
H, © kW; Hy = AC a H, = 0 (7.14) 


Thus in the plane perpendicular to the electric dipole, its 
field either coinoides with the field of a vertical magnetic 
dipole (¢ = 37/2), or differs from 1t in sign (¢ = 7/2). 


(24) 
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In conclusion we may make & remark about the character 
of the field at different distarces from the source. At 
finite values of reduced horizoz-al distance x, the functions 
U and Ware of the same order. Since (7.11) and (7.12) 
contain the large parameter m, tren at such distances the 
different field components will 7ot be of the same order; 
the electrical field will be almost horizontal and the 
magnetic field almost vertical (she ratic of "small" 
components to "large" will be of the order of 1/m). However, 
in the region of deep shadow W will decrease faster than U. 
Indeed, the decrease of these firctions 1s characterized by 


the factors 
° 


xT) ix, 
e (for W) anc e (for U) 


where ot and 1 are the roots of the following equation 
which have the smallest moduli: 


Wa (42) = ayWy(t9) = 0, y(t) - aWy(s,) = 0 


For soil with good conductivity we may set q = 0; 
q =o whence 


1) = 2.338 et"/3 1, = 1.019 ei t/3 


so that the imaginary part of 7S will be larger than the 
imaginary pert of T)- The same relation holds in the 
general case, because ]9, 48 always much larger than Ja}. 
Therefore the attenuation of W will occur more rapidly than 
the attenuation of U, and for sufficiently large x, the 
terms comprising U can, in spite of the small factor 1/n, 
predominate over the terms comprising W. This denotes for 
the electrical fleid a constant transition from horizontal 
to vertical polarization (with the reverse transition for 
the magnetic field). 


(25) 
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IX. FRESNEL DIFFRACTION FROM CONVEX BODIES 
Vv. A. Fock 


The method of approximation based on Huyghens’ principle 
for computation of the diffraction permits us, as is well krown, 
to determine the field of a wave which is diffracted by a thin 
opaque screen, This field is expressed by Fresnel's integrals. 


However, in the cage where the diffracting body has a 
finite curvature (radius of curvature large with respect to 
wavelength) the problem of an approximate determination of 
the field in the region of the geometrical shadow boundary 
at large distance from the dody has been unanswered up to now; 
in particular it could not be clarified whether in this case 
the same expressions for the field (the Fresnel integrals), 
with which one starts in analogy to the case of an infinitely 
thin screen, are applicable. In the following paper we show 
in the example of diffraction from a sphere, that also for a 
body with finite curvature the main term in the expression 
for the field behind this body is given by the Fresnel integrals. 
This term does not depend on the material of the body (in the 
same way ae in the usual Fresnel Diffraction). To the main 
term there is added here an additional term, which constitutes 
@ sort of background, above which the Fresnel zones lie. Ths 
additional term (and with it the background) depends, on the 
contrary, on the electrical properties of the body from which 
the wave ie diffracted. 


1. Forrulas for The Attenuation Factor 


We start out from our formulas for diffraction, which were 
developed in our paper [1] « We have to evmmarize here the main 
results of this paper. 

(1) 
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The field of a light point source (dipole), located at some 
adistance from the surface of the sphere, 1s given by two functions 
U and W, which represent solutions of the wave equation. 


au + k7U wep (1.01) 


and becomes singular at the source-point in-such a manner that 


4kR 
ua S + 0° : (1,02) 


Where R is the distance from the source and v° remaina finite 
for kR~90. 


The equations defining U, W differ in the form of the 
boundary conditions, which we are not going to discuse here. 


Let r, 6, @ be polar coordinates with origin at the center 
of the aphere, and axis in direction of the dipole. The quantity 
a @aéG, where a is the radius of the sphere, gives the distance 
from the source to the observation point, computed on a large 
eircle, The height of the source above the sphere is denoted 
by hy the height of the observation point - by hy: Further 
we introduce the parameter 


ne ars (1.03) 


which we assume large, and let 


3 
Xm k semi am ; (1.04) 
2a 
kh kh 
ye i ype (2.05) 
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The complex dielectric constant of the material of the sphere 
we designate by n, and assume jal >> 1. Finally we let 


big oe ie qecim fa-7. (1.06) 


In our paper we showed, that in the vicinity of the surface 
of the sphere (that 1s, at distances small compared to its 
radius), the functions U and W are to be expressed by an 
attenuation factor, in accordance with: 


eiks 


US ee OV (X,Y, 5¥509) “ (1.07) 


We . V (x,y 99429 ) . (1.08) 
fea ein = Pee 


The attenuation factor V may be represented for Yy < Yor by 
the contour integral: 


me gl 
V (x,y, s¥o04) He a [2 i eo F(t,ys¥5-94) dt, = (1.09) 


where the function F may be written in the form: 
v t t 
Faw(t -y_) dv(t -y,) - Mpitl-avlt) yy (e-y yb, 
1 2 { 1 a, (t) i. aw, (t) 1 1 
(1.10) 

or in the form: 

' 
w(t) 7 qn (t) 
——s 
wi(t) - aw, (t) 
(3) (1.11) 


Fes w(t -y,) Jw(t -y,) - w, (t >) 
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Here w, (t) and wo(t) are the complex Airy-functions, which 
represent solutions of the differential equation 


w(t) = tw(t) (1.22) 


and which tend for large negative t asymptotically to the 
following expressions: 


eee eet eee 
(1.13) 


at eo de ag 2 fe 
wine FG Pe 


In the formula (1.10} there appears also one of the functions 
u(t), v(t), which are defined by the equations 


w, (t) wu(t) + iv(t) ; wy(t) mu(t) - iv(t) (1.24) 


For t real both functions u(t), v(t) are real. For all values 
of t we have: 


2 Lf 4 n 
Wy (ce55 ‘) = Pa wy(t) 5 ¥, (53 ‘) = oe ® v(t). 


(1.15) 


The contour C of the integral (1.09) encloses in positive 
direction the first quadrant of the complex variable t (in this 
first quadrant all the poles of the integrand are located). 

We can choose for contour C a broken line, which goes from 


in 
awe to O and from 0 to wm. 


(4) 
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2. Reformulation of The Attenuation Factor 


In our previous pages hh, 2] we investigated the attenua- 
tion factor V, first in the illuminated region, where the 
formula of reflection, corresponding to geometrical optics 
holds, second in the shadow region, where the amplitudes of the 
field decay exponentially, and finally in the transition region 
(region of half-shadow). ‘The region of the shadow-cone was 
not investigated, and it is the purpose of the present work 
to derive approximations for this region. 


The shadow cone is that cone, tangent to the sphere, whose 
apex is the source point. The equation of the shadow cone may 
be written in the form 


Je? war [7 ms ae = fr? + b° - 2rb cos 6 » (2.01) 


or, after transition to the variables XY Vo and neglect of 
emall quantities: 


Jn: J¥2 =* ’ (2.02) 


Thus, we have the task of investiga‘:ng the attenuation factar 
Vv for the case, where the quantities XV are very large, 
but the differenc:. 


Gax- pi - Pe (2,03) 


Temains finite. We note that the shadow region corresponds to 
positive values of @, the illuminated region to negative values 
of 6, 


(5) 
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Under the integral (1.09) for V we may substitute for F 
one of the two expressions (1.10) or (1.11), which are identical, 
We decompose the contour C of the integral (1.09) into two 
segments: that from wot to O we denote Cy, that from 0 to 
@- Cy. On the first segment we use for F the expression (1.11), 
on the second segment the expression (1.10). Then we may write 


V=eo+T, (2.04) 


12 
oc [Fe q $ [ eixt w(t = Yo) welt re y,) dt + 
€ 
1 
(2.05) 


al eixt w,{t - Yo) v(t - y,) at Pr, 


-l¢ wo(t) - qwa(t) 
Tji ixt “2 2 
va - x = e Se Eee t - te- dt ¢ 
fe 2 w(t) = au, (t) w(t - y,) w(t - ¥9) 


t 
ixt v (t) - qv(t 
e wi(t - y,) w(t - y,) dtZ 
w(t) - q(t) 2 “PoP 


(2.06) 


The integrals which enter into @ do not depend on the parameter 
qa, Which appears only in ¥. Consequently, @ does not depend on 
the electrical properties of the diffracting body; they influence 
only the quantity ¥. We see that @ corresponds to the Presnel 


(6) 
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portion of the diffraction and ¥ to the background, on which 
the Fresnel Diffraction term is superimposed, 


‘ 
3. Computation of Ine Integral © 


In the expression (2.05) for ® we may replace the integra- os 
tion over Cc) by an integration from - mto 0. Using the 
relation Wom Ww) - @iv we obtain: 


o> +6,, (3.01) 
where 7 
H 15 
i ixt 
%=3 ze e* wy (e - Yo) w(t - y,) at , (3.02) 
a? +00 
Q = E e oa w(t - yy) v(t - y)) at. (3.03) 
-© 
F.rst we compute the integral ®- For this purpose we make 
use of the following integral-representation for wy (t - Yo)? 
{t-y,) 2 - 4 2? 
wi (t - ¥5) al e ? 3 a, (3.04) 
Sa 


Where the curve consists of the segments from -10@ to 0 
and from 0 to a. We note that on the curve f~ we have: 

Rez & 0. Substituting (3.04) and (3.03), we can carry thru 
the integration ove» t with help of the formula: 


(7) 
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ro) 
F f e (2 + ix)t v(t - ¥,) dt wexp {nee + ix) +3 (z + 4x)3 
ies (3.05) 


which hoijis for Rez }- 0. Thereby we find 


1m l1 3 
o= fre? e a* vi [at (x° + yo - yi)2 ae, 
(3.06) 
rm 


The latter integral is easily computed, and we obtain finally 


oe ac (3.07) 
with 
j 1 (¥p a y,)? 
w(x) = - Hex? + 5x (y, +¥,) +2 (3.08) 


As we showed in our paper (2) » the quantity m is the phase of 
the incident wave, and we have approximately: 


@ =2x(R = B) , (3.09) 


where R and s designate the same quantities as in Section }, 
Thus the integral e, corresponds to the incident wave, 


We now pass to the evaluation of the integral %. UVeing 
the integral-representation (3.04) for both factors wy (t - Yo) 
and wy (t - ¥,) we arrive, carrying out the integration over 
t, at a double contour intesrai, for which one integration may 
be carried thru after a change of variables. Thereby we get: 


(8) 


24} 
lw dz 
o,* £, eio(2) Fala ; (3.10) 


Where the contour C comes from positive imaginary infinity, 
intersects the real axis to the right of the point 2 mx, 


and then proceeds along the ray arc z © -5 : 


The value of the integral (3.10) at the point z=x is 
according to (3.07) equal to the quantity ®,, Therefore, we 
get, 1f we denote by Cy a contour, which ia similar to C, but 
cuts the real axis to the left of the point zmx,. 


d: 
Gee, Meee { ctals) (3.21) 
1 2° 2 
ro 


z2(z2-x)_ 


By means of this formula we can express the function > 
approximately by means of Fresnel's integrale. To this purpose 
we make use of the saddle-point method, where we note, however, 


that the ratio 


max is not a slowly-varying function. If we 


equate the derivative of the phase w(z) to zero, we arrive at 
the equation: 


2" = 22° (y, +¥5) + (y, > ¥)? m0, (3.12) 


which has roots 
z2=t ly + fy. - (3.13) 
Of these four roots only the largest positive one is interesting: 
we Yo» (3.14) 
(9) 
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Since it lies closest to the contour Cc. We call Cc, 
a contour which resembles C and c' » but cuts the real axin 
at a point z =z. Using the relation (2.03) we set 


x-2,ex- [i - [ip et. (3.15) 


If @€ < 0, the contour Cc, is equivalent to C and the integral 
over it ylelds ® 1° If e > 0, then the contour C, ie equivalent 
to ¢' and the integral over it ylelds ¢. 


Near z= z, we have 
w(z) so, - u(z - 2,)*, (3.16) 


with 


? 


2 2 
w, = o(2,) + 5 y/? + ; yp/? (3.17) 


we 12 ; (3.18) 
4% + ¥e 


for an approximate evaluation of the integral 


-=& f 4w(z) az 
I = e Falw (3.19) 


Cy 


We replace the quantity fz by the constant value (z, and 
the function w(x) by the expression (3,16). If we set 


z mz + pe ; (3.20) 
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Then we can integrate over p from - ooto + 00. Thereby we 
get 


+ @ 


‘ : 22 dp 
Iz x eto ° oe f et P emma ei. | ° (3.21) 
1 a. smite 


The latter integral ie expressible in terms of Fresnel's 
integrals, where for € > 0 and & < O it has dirferent analytic 
forms, namely: 


i "? 2p? dp f(ué) fir g>o, (3.22) 
Ont f e ——-— ; 7 = 
-“wo oxie o - f (- pe) fir € < 0 , (3.23) 
with 
2 bis co 2 
el -i 1 
f(a) me ? rl i da. (3.25) 
a 


One sees easily, that 
~ia? 
f(a) + f(- a) we . (3.25) 


If we introduce the usual Fresnel Integrale 


a 
2 
cris (2 ft da, (3.26) 
0 


we may write 


(21) 


24k 


-t4a°-4 2 
Haye chee o?-1 F 1@-9 * @-9} . (3.27) 


The asymptotic expression for f(a), which holds for large 
values of a, is 


f(a) = 


a 
1 48/1. 4 
=- tea’ , 28 
ofr e (3 a> + ) (3 ) 


If one expresses the integral I by f(a) and remembers that 

thie integral represents, for @ > 0 the function %, for &@< 0 ~— 
the function , = - 6, defined by (3.07), one obtains 

finally: 


‘ fx_ io, 
= 7—— e . uf(ne) (for &> 0), (3.29) 
“{y Ye 


4 5 i 
o= eto) - = e "o . wf (- ut) (for @< 0) . (3.30) 
‘fri Yo 


These expressions hold under the condition that [71 and [¥ 


are very large (the quantity u* is of the order of the smaller 
of these numbers). The quantity @ may be regarded as finite 

and small, the product g& may be an arbitrary (large, finite 

or small) number. If € 1s very small (and it may have arbitrary 
sign), then both expressions for © practically coincide. This 
follows from the equations of approximation: 


hee a, (3.32) 
¥\ YQ J + Typ 
(x) so, - u? ¢? (3.32) 
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in conjunction with the formula (3.25). For @€ © 0 the two 
expressions for 9 coineide exactly. 


’ 


&, Bvaluation of The Integral 


We turn now to the result of the approximation formulas 
for the integral ¥. We first inquire about the value of the 
integral for that case, for which we have computed the value 
of the integral ©, namely for the case where the quantities 


fy , Sy2 {and with these also uw?) are very large, while 


Emx- Ji - > Yemains finite. Under these conditions that 
portion of the contour of integration, on which the variable t 
is finite, yields the principal part. For finite t, and yy and 
Yo large, the product of the function *) and the exponential 
appearing under the integral in (2.06) equale: 


1 
exe w(t = ¥,) w(t 7 Yo) al Tce e 2 . e 
“fr Yo 


2 
: + a + 0 (3) ; (9.01) 


Where for the sake of brevity we used the relation (3.17). 


If we substitute this expression into the integral ¥, 
we obtain: 


ne a(t) - a e"(e) + (3) » (4,02) 


(13) 
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where 0 
az ‘(t) - 
y ett w(t) qu,(t) ae 
w(t) = aw, (t) 


Ni 


= ok 
hae e 


a 


+ et ft v(t) = qv(t) at s (4.03) 
w(t) ba qu, (t) 


Making use of the properties of the Airy function (1.15), 
we see immediately, that with 


4 2m 
feels o. (4,04) 
there follows 
2 
4 Walt) - amy(t) Le ae ee (4.05) 
+ j————_s—- = 
2 w,(t) - aw, (t) on 


Substitution of (4.04) converts the first integral in (4.03) 
into an integral over the positive-real axis. Omitting the 
prime ont, we get: 


‘FE : 
ie) 1 1 3 7 
Wo(t) - ae w(t) 
12 7 ' 
e i 2 fo Mit alt) ge, (4.06) 
" w, (t) - aw, (t) 


(14) 
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The function v(t) in the numerator decreases rapidly with 
increasing t, while the functions w, (t) and w,(t) in the 
denominator increase as rapidly. Therefore, both integrals 
converge very rapidly, and may be evaluated by quadratures, 
The function g(#) may be developed in a Taylor-series in @; 
the coefficients of this series may also be evaluated by 
quadrature. For large, positive & the function g(é) has 
asymptotic behavior: 

if : 

C) 

g(é) = ote ae (4.07) 

4.e, of an expression, which no longer depends on q. The 
remainder is of order eibty where t, is the first root of 
the equation 


va 


w, (t) - aw, (t) =0 (4.08) 


For large negative & the asymptotic expression for e(#) has 
the form: 


SF ade) ee: eae 
e bd ' 
g(é) zs P . t + - ors e . (4,00) 


If we substitute this expression in (4,02), we have to remember, 
that this formula for ¥ applies only when the correction term, 
which contains ue in the denominator, is small compared to the 
main term. Necessary for the applicability of like expressions 
{4,02) and (4.09) is the condition 


rece ccun (8 <0). (4,10) 
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5. The Attenuation Factor in The Region of The Shadow-Cone 


In the preceding paragraph we found approximate expressions 
for the integrals © and ¥, whose sum ylelds the attenuation 
factor V(X, +¥524)- Forming this sum, we obtain for @ 9 0. 


wy) 


4 
ve hee e ° Jur (ue) - a(e) oo g"(@) (5.01) 
¥y Yo vy 
and for é¢ (e) 
‘w,x) dw 
Vee eats ° J ut(- ue) + 6(6) - oy e"(6) : 
fy vy 
(5.02) 


These expressions are valid under condition, that the parameter 
u, which is determined from tne equation 


eae ee 
“ ic +f (5.03) 


1s very large, while the quantity 


gax- fy, - [ye (5.04) 


is smell or finite, 


Let us return to the geometrical meaning of these quantities. 
According to the formulas (1.03) to (1.05) we have: 


6 
uc = 2k? Fie (5 05) 
| a Fe 7 : 
h, + hy 
i k fear, - ean, 
a - 2ah, - é . 
e one (6 a 1 2ah,) (5 06) 


(16) 


These large values of » correspond to short wavelengths and 
are relatively large distances from the surface of the body 
(the latter should still be small compared to its radii of 
curvature), The quantity @ 1s proportional to the distance 
taken along (more exactly, parallel to) the surface of the 
pody, from the boundary of the geometrical shadow (the shadow 
cone). For @€ < O the magnitude ure? 46 approximately equal 
to the phase difference between the incident and reflected 
waves. The value & @ 0 corresponds to the boundary of the 
shadow, positive correspond to the shadow, negative @ to the 
illuminated region. 


Our formulas give the transition between light and shadow 
at relatively large distances from the surface of the body. 
Since the functions f and g and their derivatives with respect 
to their arguments are, for finite values of these arguz-ents, 
of order 1, the term uf(pé)}) ylelds the main term in (3.1) 
for large values of uw. This term ies propertional to the Fresnei 
4ntegral. It represents a rapidly-varying function of @, since 
the argument of the Fresnel integral is wé, where uw is a large 
number. Thus the main term in the expression for V ylelds the 
Fresnel dirfraction. On this diffraction pattern there is 
ouperposed an intensity which is represented by the function 
g{@) and 1s slowly varying in comparison with the main term. 
This "background" depends on the material of the diffracting 
body @ince g(t) depends on a), while the Fresnel term is 
independent thereof, 


Tne expression derived here for the attenuation factor 
should reduce, as going further away from the shadow cone in 
both directions, to the previously derived formulas for the 
shadow and the illuminated region. We check this: in the 
shadow zone we have to have an exponential amplitude decay, 
in the illuminated region — the reflection formla. 


(17) 
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Since we neglected in the formula (5.01) and in the asymptotic 
expression (4.07) for g(€), terms which decrease exponentially 
for large position €, we should get zero in our approximation 
in the shadow zone. Actually we get from the asymptotic 
expression (3.28) for the Fresnel-function f(a): 


1 Tt 
f a oe eee € nee | : .0 
pf (ue) ade e t PRY (5.07) 
On the other hand, the formula (4.07) yields: 
g(t) - 45 g"(¢) « ou ( - ; (5.08) 
auf aq BT ou? oF 


That is, the same expression. Thus for large positive € the 
expression (5.01) for V actually tends to zero in our approxima- 
tion. 

Now we consider large negative values €. In the formula 
(5.02) the first term of the asymptotic expression (4.09) 
for g(&) cancels against uf(- wé), the second terms (which 
contains the exponential function) yields: 


i 
ve etols) fe > LE tte BY 


Thy e aa ais e » (5.09) 


On the other nand, in the illuminated region the reflection 
formula 


Vee . 1-233 . P+, ° 15.10) 


holds, as shown in our previous paper (2) [the formula (4.31) 
of that paper | . There w* w(x), and the quantity p (which is 
proportional to the cosine of the angle of incidence) is 
defined by the equation: 


(28) 


and for p, we have . 
Pl = 2p +x -2 (¥; +Yp) - (5.12) 


To the approximation in which formula (5.09) holds, we have 


pa -$+ote-$ (5.23) 


+ 


2 
pa 2uese-2eb 22,2. (5.14) 


If we vse these approximate equations, we see easily that the 
formula (5.09) gives just the approximate form of the equation 
of reflection (5.10). 


Thus, the formulas (5.01) and (5.0%), which were derived for 
the region near the shadow cone, reduce to those formulas which 
hold in the regions adjoining this shadow cone on both sides, 
and which were derived in our previous pages. 


In conclusion, we make the following remarks about the 
formulas derived here. 


In the eame manner as the starting formulas for V, also 
the approximate formulas admit of transition to the case of 
@ plane wave at suitable change of the expressions for the phase 
of the incident wave. Thie transition coneists in letting x and 
J¥2 tend to infinity, while keeping ths‘r difference finite. 
As was shown in our papers (2) and [3) » our starting formulas 
are valid in the case of a plane wave not only for a sphere, 
but also for a body of arbitrary shape, Therefore, we may 
regard the approximation formulas derived here, which contain 
the Fresnel integrals as special cases, as proven also for a 
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body of arbitrary shape. It is also very probable that the 
diffraction pattern found here (a Fresnel diffraction, super- 
imposed on a background) is valid, at least qualitatively, 
also in large distances from the body. One may, therefore, 
expect that the intensity of the background decreases with 
increasing distance from the body. 
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X. FRESNEL REFLECTION LAWS AND DIFFRACTION LAWS 
Vv. A. Fock 


In 1821, the French scientist Fresnel established formulas 
determining the intensity and direction of oscillations in re 
flected and refracted rays of light incident cn the plane sur- 
face of a transparent body. 

Fresnel obtained his formulas on the basis of the elastic 
theory of light under the assumption of the transverse oseilla- 
tions of the elastic medium (ether) where he was obliged to 
introduce special hypotheses on the elasticity and density of 
the ether in media which differed from each other by the index 
of refraction. This derivation does not correspond with the 
modern view on the nature of light and has only historical 
interest av the present time. However, the formulas themselves 
were justified brilliantly by experiment and, later, as touch- 
stones for the verification of the whole new theory of light. 

In 1865, the electromagnetic theory of light, created by 
Maxwell, appeared, which would sustain this verification and, 
moreover, would give an explanation of an unusually wide circle 
of phenomena including those which were detected many years 
later such as: radiowaves (Hertz, Popov), light pressure 
(Lebedev) and many others. 

The Fresnel reflection laws emerge from the Maxwell equa- 
tions and the appropriate boundary conditions without any 
additional hypotheses, where it appears that the transverse 
oscillations analyzed by Fresnel must be understood as the 
oscillations of the electric vector. 

The Fresnel laws are applicable not only to light but to 
electromagnetic oscillation: of any frequency, including radio- 
waves, On the other hand, the Fresnel laws are generalized 


4 


ye 


254 


easily to the case when the waves fall on the plane surface of 
an absorbing body. The Fresnel formulas retain their form, 
with this sole difference, that the index of refraction n!' 

must be repléced by a complex quantity; namely, the square roct 
of the complex dieiectric constant of the medium, 

The Fresnel formulas permit the direct expression of the 
amplitude of the electromagnetic field of the reflected wave 
through the amplitude of the incident wave field, where their 
values on the reflecting surface are understood to be these 
amplitudes. If a plane wave falls on the surface,and if the 
reflecting surface itself ie a plane, then the reflected-wave 
field amplitudes at a certain distance from the surface will 
be the same as on the surface itself; only the phase will depend 
on the distance from the surface. If the reflecting surface 
is convex, then the incident, parallel beam of rays becomes 
divergent after reflection. In such a case, when calculating 
the reflected-wave amplitudes at a given distance from the 
point where the reflection would occur, it is necessary to 
introduce a correction factor into the amplitude which would 
take into account the beam spreading after reflection. This 
factor can be found from purely geometric considerations. 

The electromagnetic-wave reflection laws are very simple 
and convenient for the approximate formulation in Fresnel 
formulas. It is a much less satisfactory matter in the case 
of the approximate formulation of the diffraction laws; 1.e., 
the enveloping of an obstacle by the wave and its entrance 
into the geometric shade region. All the known unt1ll very 
recently approximate methods refer to the case of wave 
diffraction from an obstacele with sharp edges, for example, 
from an opaque screen with orifices. Basically, these methods 
are refinements of the Huygens principle. The principal step 
in this direction was made by Fresnel himself. According to 
the Huygens principle in the Fresnel formulation, part of the 
light wave covered by the scraen does not act at all, but the 
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uncovered regions act just as though there were no screen at 
all. A further improvement was made in 1882 by Kirchhoff 
who proposed a formula for the amplitude of light waves out- 
side a screen. The Kirchhoff -formula is a very flexible and 
convenient means of solving approximately the problem of 
diffraction from a screen with sharp edges but it does not 
take into account the influence of the screen material and, 
in general, does not take the limit conditions for the field 
which result from the Maxwell equations, into account. 

The next substantial step in the solution of the diffrac- 
tion problem from a screen with sharp edges is related to 
the finding of rigorous solutions to the Maxwell equations 
for certain particular cases (half-plane, wedge). Here t..- 
work of Sommerfeld should be mentioned and also the work of 
S. L. Sobolev and V. I. Smirnov, who approached the problem 
from a new point of view (nonstationary process). The 
extremely interesting proilems of the plane and cylindrical 
waveguides with open ends (where the diffracted wave can be 
sent backward) were solved recently by the young Soviet 
scientist L. A. Vainshtein. 

In contrast to the problem of diffraction from bodies 
with sharp edges (screens and diaphragms), no general 
approximate methods or approximate formulas (similar to 
the Kirchhoff formulas) have been proposed to solve the 
problem of diffraction from bodies. with continuously varying 
curvature, to the present time. In order to find the field 
obtainable because of the diffraction of the incident wave, 
it was proposed to solve the Maxwell equations with the 
limiting conditions for each separate case, which is a@ very 
complex mathematical problem. 

The Fresnel reflection formulas are integral laws in the 
sense that their use does not require the solution of the 
differential equations because these formulas give explicit 
expressions for the reflected wave amplitudes. Not only was 
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the form of the appropriate integral 1aw not known for the 
phenomenon of diffraction from bodies of arbitrary shape, 

but the fact of the existence of such @ law was not establishea, 
In other words, the posaibllity was not established of writing 
explicit expressions for the field amplitude of waves bending 
eround ea body under any general assumpt.ons of the electrical 
properties of the body material and on the shape of its surface, 

To a known degree, this gap was filled in our works on 
the diffraction of plane waves from the surface of a convex, 
conducting body of arbitrary shape. 

The assumption that the body material 1s a good conductor 
is essential because it effords the possibility of using the 
simplified, boundary conditions for a field which M. A. Leon- 
tovich established. 

Considering the field near the body surface (at distances 
which are small in couparison with the radius of curvature of 
the surface), we established that this field has local character 
in the penumbre region, This means that the field in the 
penumbra region for a given incident wavelength, amplitude 
and polarization, depends only on the shape and properties of 
the body near the given point, where it is expressed through 
certain universal functions which can be tablulated once and 
for a:l1. Hence, 1t appears to be possible to formulate certain 
general diffraction lawa thereby. 

Our formulas for the field can be considered as 4 generalisa- 
tion of the Fresnel formulas - @ generalization which insludes 
both the reflection and the diffraction laws. 

Let us move, mentally, along the surface of a@ body from 
its illuminated aide to the shade. The incident and reflected 
waves can be differentiated on the illuminated side, where the 
latter will be described well by the Fresnel formula, Wear 
the geometric boundary of the shade, in the region of oblique 
incident of the ray, both waves are already inseparable fron 
each other so that only consideration of the resultant fleld 
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has meaning. Here, our formulas become valid while the Fresnel 
formulas become inapplicable. We do not have waves of more or 
less constant amplitude beyond the geometric shade boundaries 
but we have a damping wave, l.e., @ wave with amplitude decreas- 
ing exponentially as the distance from the geometric shade 
boundaries increases. Here, the diffraction phenomenon occurs 
in ita proper sense, where the diffraction law is transformed 
by our formulas. 

From the above, it is clear that a region exists (namely, 
the region of oblique ray incidence) where both our diffraction 
formulas and the Fresnel formulas are correct simultaneously. 
Evidently, one formula must transform into the other in this 
region. 

Later, we will cite the Fresnel formulas for an electro- 
magnetic field and we will give their generalization which 
permits taking into account the broadening of the beam after 
it is reflected from a convex body. FPurthermore, we will 
write the diffraction formulas we obtained, we will analyze 
their limiting case and we will trace how they transform into 
the Fresnel formulas in the region of oblique ray incidence. 


1. Fresnel Reflection Laws 


Let us denote the amplitudes of the electric and magnetic 
vectors of an incident wave at a given point of the body sur- 
face through Be (By, By, E) and Re. Hy He). Let us denote the 
corresponding quantities for the reflected wave through 
#°(er,BY,Re) and RHEL HY He). Furthermore, let #(a,,a,,8,) 
be the unit vector in the incident ray direction and let 
a (aya), 2%) be the unit vector in the reflected ray direction 
and let R(ny My Nz) be the unit vector ncrmal to the body sur- 
face at the incident point. According to the reflection law, 
the z°, Z and fi are related thus: 


a°- a « enld-h) (1.01) 
(5) 
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where 


a 
Zon = -2R = cos 6, (1.02) 


where @ is the incident angle. The a and a® are proportional 
to the gradient of the phases of the incident and reflected 
waves. Considering the amplitude to be a quantity which varies 
slowly in comparison with the phase, we obtain from the Maxwell 
equations for a vacuum: 


[a x B°) = He; a-E°s 0, (1.03) 
from which 
fa xu] =- B%; a-Heeo, (1.04) 
and similarly for the reflected wave: 
[a’x BY =H"; af-B*= 0, (1.05) 


[ax #§ = -E", a®-H* 


“ 
Lo) 


(1.06) 


Let us denote the magnetic permeadility through p, the 
complex dielectric constant of the substance of the reflecting 
body through: 


4nd 


qt e+ l= (1.07) 


and let us introduce the Fresnel ccefficients: 


nN = 2¢08 6 - - sin*6 ; (1.08) 
ncos 8 + jun - sin’é 

Ms Hoos 6 - = 81nd | (1.09) 
wcos 8 + [un - sin é@ 


(6) 
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Then the Fresnel formulas establishing the 1:elation between 
the amplitudes of the incident and reflected waves can be written 
thus: 


N(neR*) (2.210) 


(n'B") 
(n-H*) = M(n-H?) (1.1) 


The amplitudee of the transmitted waves (penetrating the 
substance of the body) are not of interest and we will not 
write the corresponding formulas. 

Equations (1.05), (1.10) and (1.11) can be solved with 
respect to the E and H vectors. Introducing the notation: 


n-E° e ES 3 n-H® = Ho (1.12) 


and expressing a® through a according to (1.01), we will have: 
sin 6E° = - NE*(n cos 26 + a cos 6) + MHD [n x a] » (1.123) 


sin* 


6H” = - MHA (n cos 26 + a cos 8) - NED [n x a] . (2.14) 
Such are the amplitudes of the reflected waves on the 
body surface which result from the Fresnel formulas. 
Relations for the total field can also be derived from 
the preceding formulas. Denoting the total field on the body 
surface through £ and H and their normal components through 
E, and Hq, and assuming: 


xe ji- ore , 


2 
sin’é 
7m (1.15) 


we will have: 


in® O(E - nE,) = xe B, 4a - n(a-n)} +H, [n x al ; 
(1.16) 


(7) 
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sin? @ [nx H] = 8, {a - n(a-n)} + x [2 fh xa]. 


(1.17) 


1f [ym] >> 1, then x = 1 approximately and the right side 
of (1.16) and (1.17) are mutually proportional. In this case: 


E - nk, = fe [nxu]. (1.18) 


The last relation already does not contain the vector a, 
1.e., 18 independent of the incident wave direction. As shown 
by M. A. Leontovich, 1t holds not only in the illuminated regio 
where the Fresnel formulas are applicable but on the whole body 
surface. 

The following relations can also be derived from (1.16) 


and (1.17): 
(a-B) = e cos @ + x iE) ; (1.19) 
(a-H) ® € cosé + x iF )s : (1.20) 


If the incident wave is plane so that the vector a has a 
specific value, then the last relations can be used instead of 
the Leontovich conditions (1.18). This is convenient when 
obliaue ray incidence is considered where gin* 6 = 1 can be 
substituted for x in (1.15). 


2. Cross-Section of a Beam of Reflected Rays 


In order to find the amplitude of the reflected waves at 
a certain distance from the body surface, it 18 necessary to 
have formulas for the cross-section of a beam resting on the 
aS area of the body surface, having traversed the given path 
s after reflection. These formulas can be derived from well- 
known formulas of differential geometry. 
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Let the equations of the reflecting surface be: 
x* x5(uv)s y=yo(uv); 22 2,(u,v), (2.01) 


where u,v are the Gaussian coordinate parameters. The square 
of the element of arc on the surface can be written thus: 


as? = g due + 2¢ du dv + g, av z > &ydu av , (2.02) 
u,v 


where the sum > 4s a shorthand notation for the middle term 
U,V 


of this equality. 


We will use notations for the covariant and contravariant 
components of the vectors and tensors, by raising and lowering 
the signe using the 'metric' tensor which enters into (2.02). 
We will write the surface element thus: 


as = fg auav. (2.03) 


Let us write the formulas for the vector components normal 
to the surface and for their derivatives with respect to u,v. 
We will have: 


dy. 2 ay. 3 
Je See - Se etc. (2.04) 
en 3 
— “ > ov 52 etc, (2.05) 
v 


The last formula can be used to define GY - the mixed 
component of the second que ‘ratic fcrm of the surface. If 
R, and Ry are the principal radii of curvature of the normal 
cross-section of the surface, then we will have: 
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1g gt a¥ | gt av 
Kem fu a, a Gi» (2.06) 
1 1. u v 
oe ee (2.07) 


The quantity K ie the Gaussian curvature of the surface. We 
will require the formula for tiie R, radius of curvature of a 
normal cross-section of the surface by the plane of the 
ineident ray. It can be shown that if kw 1s the phase of the 
incident wave, where 


(grad y)? = 1, (2.08) 
then 
) 2 me He © sin’ é, (2.09) 


where @ 1s the incident angle and the derivatives are taken 
at the y 3 ¥ values of the phase of the body surface. The 
quantity Ry is then determined from the equality: 


atv av, We eats sin® e : (2.10) 
j | eu av R 
u,v < 


Let us use the formulas written here to calculate the 
normal cross-section of a beam of rays reflected from the dS 
surface element. 

Let us consider the equations: 


. 


x= X, + 8a 


Lae | 


yry, + 88 (2.11) 


Sa s©¢ 


i) 
' 
= 
+ 
) 


(10) 
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we oF oe 
in which 8 is a certain given quantity and 491 o9 2282818, 


are functions of u,v determined from the equation (2.01) of 
the surface and from the relation: 


a® = a - 2nla-n) , (2.12) 


where n is the normal vector at XQrVor% . 


Evidently, e 1s the path traversed by the beam after 
reflection. For constant s, (2.11) are the equations of a 
certain surface parallel, in a known sense, to the reflecting 
body surface. If we were to vary u,v between (u,u + du), 
(v,v + dv), we would obtain a certain section of the surface 
(2.11). This section can be considered as the cross-section 
of a beam of reflected rays resting on the element of the 
surface dS = Iz du dv . In order to obtain a normal beam 
cross-section, we must project this section onto a plane 
perpendicular to the reflected ray. Denoting the area of 
the normal section through D(s)dS, we will have 


af ay a’ 
3x dy daz 
Dis)aS = du dt du] dua, (2.13) 
dx dy daz 
wv wW av 
from which: 
ae sy a? 
ox dy dz 
D(e) = de du & bh] . (2.14) 
B a 
ax dy az 
Ww wv Ww 


264 


We calculate this determinant under the assumption that 
the incident wave is planar and that, therefore, the vector 
ais independent of u,v. 

After sufficiently complex computations, which we omit 
here, the following result is obtained: 


D(s) = cos 6 + 28 (-o+0 )” ste me - > 


u,v uv 


3 
auv = a )s 4Ks* cos @ . (2.15) 


Using (2.06) - (2.10) cited above, we can write: 


2 2 
1 1 2 sin® 6 Lr 
D(s) = cos 9 + 28 + cos” @ +=———— | + cos @ 
(% i) Ry | RAR, , 


(2.16) 


where the values of RyRy Ry are taken at the point where 
reflection occurred. 


Evidently, Dis yields the beam broadening, 1.e., the 


ratio of this cross-section at the distance s from the surface 
(we measure along the ray) to the cross-section at the surfrce 
itself. 


3. Blectromagnetic Field of the Reflected Wave 
Lect the field of the incident plane wave equal: 
B°e!¥ | nett , (3.01) 
where E° and R° are constant amplitudes and 


g-kye k(xa, + ya, + za.) (3.02) 
is the phase of the wave at this space point. 
(12) 
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Introducing the value 


o, = ky, * k(x,8, + 8 


” y * 25%) (3.03) 


of the phase ¢ on the body surface, we will have for the 
incident wave field on the body surface: 
iky iky, 

B°e °, Hee °. (3.08) 


’ 


The reflected wave field on the body surface will equal: 


iky, iky, 
*, 2 ’ He c 


E , (3.05) 


where BE” and H® are related to B° and H° through the Fresnel 
formulas (1.13) and (1.14). [tet us note, apropos of the 
notation, that in (1.13) and (1.14), we considered the phase 
factor e °° to be included in E°, H° and in E* x*, but 
since this factor is identical in boti sides of (1.13) and 
(1.14) then it dces not matter whether we understana the 
total expressions (3.04) and (3.05) in these equalities or 
their amplitudes. | 

In the notation of this paragraph, B° and H° are constants 
and B” ana H® are slowly varying functions of the coordinate 
point on the su:face. 

Let us denote one of the reflected wave field components 
through F. The value of F on the surface will be: 


iky, (u,v) 


Fe f(u,v) e (3.06) 


where f(u,v) is a slowly varying function and k 1s a large 
parameter. In order to find F at a certain distance a from 
the surface, we must know the solution of the wave equation: 


oP +k°F = 0, (3.07) 


which satisfies the radiation condition and the limit condition 
(3.06) on the surface, Treating k as a large parazeter, the 
approximate form of such a solution can be shown explicitly. 


(13) 


266 


Actually, let us consider the expression: 


F = f(u,v) [Ho gre ‘ (3.08) 


The u,v,8 quantities can be interpreted as curvilinear coordinate, 
of a space point related to the x,y,z rectangular coordinates 
through (2.11). The geometric meaning of these curvilinear 
coordinates is evident: the u,v parameters determine the posi. 
tion of that point on the body surface from which the ray, 

coming from x,y,z, is reflected; the quantity « is the distance 
traversed by the ray after reflection. 

Therefore, F in (3.08) can be interpreted as a function of 
the space point. It is evident that this function takes the 
value (3.06) on the surface. It is also evident that it satisfies 
the radiation condition and it corresponds to a acattered wave, 
But, moreover, if the parameter k is large, then F satisfies the 
wave equation approximately. Actually, it can be shown that 
the equalities: 


{ereatv, + 0}? el, (3.09) 


af Bot grad(y, + i} =O. (3.10) 


result from the definitions of y, and D(s) and from (2.11). 

On the basis of these equalities, it is easy to verify 
that second and first power terms in k drop out of (3.07) 
after F is substituted therein and only zero degree terms 
remain, 

The correctness of (3.08) results, independently of the 
reasoning just explained, from geometric optics considerations. 
Actually, this expression must give the reflected wave. But, 
evidently, the phase of the reflected wave equals k(¥, +B). 
As regards the amplitude, then, if we travel along a fine beam 
of reflected rays, the amplitude must vary in inverse propor- 
tion to the square root of the beam cross-section, as is given 
by (3.08). (14) 
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Therefore, this formula gives the reflected wave field 
at the distance s from the surface when the field on the 
surface itself is known. 

Applying this formula to the electric and magnetic field 
components, we obtain: 


Es E*(u,v): ES ate, (3.11) 
Ht H"(u,v)> (3tg} aie (3.12) 


where E"(u,v) and H*(u,v) are the field amplitudes on the 
body surface obtained from the Presnel formulas. 

The formulas we obtained for the field are natural 
combinations of the reflection and geometric (ray) optics 
lews. Both, separately, were known over a hundred years 
ago: Fresnel found his reflection laws about 1820 and 
Hamilton found the ray optics laws about 1830. In parti- 
cular, Hamilton knew that the quantity, corresponding to 
our D(a), 18 a second degree polynomial ins. However, we 
have not been able to find any indication, in the literature, 
of the application of these results to the approximate 
representation of reflected electromagnetic waves. 


4, Diffraction Laws in the Penumbra Region 


In the introduction, we already mentioned that the inci- 
dent and reflected waves become mutually inseparable near the 
geometric shade boundaries, in the region of oblique ray 
ineidence, and the Fresnel formulas become inapplicable. 

We explain here, on the basis of our work,! the idea of the 
derivation of the diffraction formulas which give the field 
in this region and also in the penumbra and umbra regions. 

Let us visualize a convex body on which a plane wave 
falls in the x direction. Iet us select a point on the body 
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surface which lies on the boundary of geometric shade and let 
us make it the origin. Let us direct the z axis along the 
normal to the surface (towards the air). Since the normal 
on the srade boundary is perpendioular to the wave direction, 
then our x and 2 axes will be mutually perpendicular. We 
select the y axis so that we will obtain a right-handed 
coordinate system. 

The equation of the surface in the neighborhood of this 
point will be: 


2 +4 (ax® + 2bxy + cy”) *Oo, (4.01) 
in which 
a>0; c>0; ac-b- »O. (4.02) 


The radiua of curvature of the normal cross-section of the 
surface will equal: 


R, =i : (4.03) 


Later, we will introduce the ‘large parameter' m according 


to the formula: 
[xr lx 
mz. |—2 « loos (4.04) 
2 2a 


and we will solve our problem by neglecting quantities of 
order 4 in comparison with unity. 
m 


Our idea is to find the electromagnetic field at a small, 
compared to the radius of curvature R,> distance from the origin. 
Under our assumptions, each field component will be: 


Pe oikX pe (4.05) 
where ¥* Batisfies the differential equation: 
@ a 
a (4.06) 
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All the field componente can be expressed through Hy and H, 


: ) 


La] 
“ 
a 
| 


(4.07) 
Et - Hy», 
on, 86H, 
yt (se +2), 


which can be considered as simplified Maxwell equations. 

M. A. Leontovich eatablished the approximate limit 
conditions for a field in air on the boundary of a good- 
conducting body. They are correct under the conditions: 


fn | >> 15 KR, | fr |» 1 (4.08) 


and have the form |see (2.18) } t 


g-nn,s [E [nx]. (4.09) 


Later, we will corisider » = 1, The normal vector 
component in (4,09) is determined from the equation (4.02) 
of the surface, We can put, approximately: 


nyt ax+by; nye beteoy; ntl, (4.20) 


because the squares of ny anda ny can be neglected in mer ease 
with unity. We will consider the quantities ny» Ny» P| to 
be small of one order, 4 
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Under these assumptions, the limit conditions for fields 
which contain only Hy and H, can also be derived from (5.07) 
and (4.09). They will be: 


KH, = - ny Hy » (4.12) 


prom (node) ey Se (5.12) 


Because of the smaliness of ny, the right sides of these equa- 
tions are correction terms. In a first approximation, they can 
be replaced by zero and the simpler limit conditions can be 
analyzed: 


H,20, (4.13) 


r.) 
= + ik (m +E )s 20. (4.14) 


In the second approximation, RH and q, Values obtained by 
solving the differential equations with the limit conditions 
(4.13) and (a.1ay® can be substituted into the right sides 
of (8.11) and (4.12). 

The solution must satisfy the conditions at infinity as 
well as the differential equation and the limit conditions. 
Tnese former are the requirement that the part of the solution 
whioh corresponds to the plane wave should have a given 
amplitude at infinity. 


#1n our dasic work an inconsistency was admitted here, 


namely, (4.11) and (4.14) were considered as the limit conditions. 
Consequently, both the prinoipal and the oorrection term yere 
obtained in the final expression for H_ [see (4-30) below ané 
only the principal term in the expressfon for H, (4.29). “This 
inaccuracy is corrected in this work. 
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The mathematical problem formulated has a unique solution 
which we will give here minus all the computations and being 
limited to definitions. 

If we do not consider the gikx factor, the field wiil 
depend on the coordinates only through the quantities: * 


@ =m (ax + by) , (4.15) 
t= eam? [2 + (ax> + odny + cz ] F (4.16) 


of which the second becomes zero on the surface. The constants, 
characterizing the electric properties of the reflecting sur- 
face, enter into the field expression through the quantities: 


3 
Bag mp ik. (4.17) 


All things considered, the field is expressed through 
one universal (i.e., independent of the surface shape) 
funetion Vv; (6,634) and through ite limit value: 


Vp (80) * ¥, (88,00) . (4,18) 


The vy function can be represented as a definite integral 
containing the complex Airy functions w, (t) and w(t). These 
latter are defined as the solution of the differential equation: 


w'(t) = tw(t) , (4.19) 


# moreover, the correction terms will contain y in a linear 
way. 


#8 rr we should use (1.19) and (1.20) instead of the Leon- 
tovich conditions, we would obtain for q the somewhat more 


exact expression: = iB fa -1., 


n 
(29) 


2T2 


which have, for large negative t, the asymptotic expansions: 


wy (t) = ea exp (:3 {- +)2/2 +1 ft ): (4.20) 
-t 


_ /2 n 
Wp(t) 7 bias exp (- ig (- t)? -1 t). (4.21) 


The expression for vy has the form: 


wo(t)-awe(t) 


Vz (8.6 
Ub wy (t)-aw, (t) 


Wa(t-) - 2 2 w, (t-¢) at , 


(4.22) 
where the C contour goes along the ray are t £& 3 a from infinity 
to zero and along the ray are t # - + n from zero to infinity. 


Por ¢ = 0 (on the body surface) the V. expression simplifies 
and becomes: 


,0,q) se eee t | ey FS 
Vv, (€,0,9) eae mle) - awl) ( ) 


This function 16 tabulated for a number of values of q; the 
tables for q = 0 (absolutely-condueting body) are printed in 
our work. 

Having the definition of Vv, (8,6,4), we oan write the 
expression for the field. To do this, let us introduce the 
functions: 


veo? vi (t,t,a) » (4.24) 
@ 2 8 vileLe) , (4.25) 


(20) 


where 
ore -3e, (4.26) 


and let use form the following expressions with their aid: 


2 
p=-123%, (:2a+"2° w) (@-¥) , (4.27) 


2 
Qt 123 + (- 12a + St wy) (9) , (4.28) 
Then the Hy and H, magnetic field components will equal: 
He re) Ho eth Q, (4,29) 


Hod ny eX p+ Be eX» | (4,30) 


where wf and He are the amplitudes of the incident wave. All 
four of the functions, ®, ¥, P, Q, satiafy the differential 
equation of (4.06) type and will be of the same order of 
magnitude. Since m is a large parameter, then the terms 
containing © and ¥ will be the principal,and the term 
containing P and Q will be corrective. The BE, and Hy field 
components will be of the same order as the correction terms, 
namely: 


zs - do ot OF, (4.32) 


R, = 4 He eke Ps ; (4,32) 


Ao regards the remaining electric field components, they 
will equals 
BoH,> E,t- By - (4.33) 
because of the simplified Maxwell equations (4,07). 
Hence, we have determined all the field componente. 


(21) 
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5. Investigation of the Expressions for the 
Fields in the Umbra and Direct-Visibility 
Regions 


The diffraction formulas we derived, give the field near 
a certain point on the surface of a conducting body in the 
geometric umbra boundary. We show that they give a continuous 
transition from the field corresponding to the Fresnel] formulas 
(for the direct-visibility region) to total shadow. Let us 
start with the umbra region, 

The integral (4.22) can be represented as the sum of 
residues referred to the roots of the denominator or the 
integrand. We haver 


1ét 
Vi (0.0) = 12,7 7 e te 


s=1 


aio Vo (5 sai) 
wi(t,) (t, - a*) 


where ts is a root of the equation: 
1 
wz (t,) - aw, (t,) 20. (5.02) 


The t, roots lie near the ray arc t * 3 and increase in 
absolute value. For sufficiently large positive values of 
@-([ , we oan be limited to one term in the series of (5.01). 
Moreover, if the asymptotic expansion (4.20) for wy is used 
and if € is considered to be large in comparison with t, in it, 
then we obtain the approximate expression for Vy 
1 
13 /F 18-0) 


v,(€.6.q) #$,——240 
eed) * Fe) (te) 
(5.03) 


The quantity ty has the following values for q = 0 and q § ar 
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4 hil 

t, = 1,01879 - e 3 (a=0), (5.04) 
rT bil 

t, = 2,33811-e > (qe @). (5.05) 


In every case, both the real and the imaginary parts of ty are 
positive, Hence, there follows that the Vy anda Vo are the 

o, ¥, P and Q functions related to them and, therefore, the 
field, will decrease exponentially as & - fe increases. 

Let us note that the equality @ -[T= © yields the 
geometric boundary of the umbra. The increasing, positive 
values of & - [ correspond to points lying farther and 
farther in the umbra region. 

Where the magnitude of ¢ - [% 1s small (it can be of 
eithcr sign) we there have the penumbra. We will not dwell 
on methods of computing the yy function in this region; let 
us say Only that this function and, therefore, the field 
varies continuously there. 

Now, let us turn to the line-of-sight region where 
& - Jt 18 large and negative. In this case, it is impossible 
to use the series (5.01) for V, and it is necessary to return 
to the (4.22) integral. The term containing the wa (t - 6) 
in this integral can be computed exactly. It yields: 


i eitt a(t - ¢) at = ef , (5.06) 


where ¢ has the valuer 


oree-¥% t, (5.07) 
which agrees with (4.26). Therefore, this term yields the 


component unity in the © and @ functions and it corresponds 
to an incident wave in the field expressions. 
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The second term can be evaluated acoording to the stationary 
phase method as show in (2J. The phase extremum is obtained fop 


fre =p, wheret 
pP*3 iF +3 - 2) (5.08) 


It is convenient to introduce the special notation: 


62 [¢? +30. (5.09) 


for the square root in the abdove formula. Let us note that p 
has the same sign as It - € since p > 0 corresponds to the line- 
of-sight region, p * 0 to the geometric boundary of the umbra 
and p < 0 to the umbra. We are interested now in large positive 
values of p. Use of the stationary phase method for this case 
yields for all the V,: 


Nal s 
Vv, (8t,a) = ef@ - o'® E or EO) 
where the phase ¢ equals (5.07) and the phase $" equals: 
6d (16? - 36% - 20?) . (5.11) 
Let us note that the phase difference o* - $@ equals: 
of - 9 = By (6 +8) (0 - 26)% = (6 - p) p®. (5.12) 
Since of - @ goes to zero on the body surface, 6*° pe - é 
for € = 0. 


The quartity V, 1s obteined from (5.10) for qs ao. The 
@ and ¥ functions related to vy and Vo will equal approximately: 
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& 
Yyel- etl? -¢) 4 : ak 7 (5.13) 


o=1- oto Fy (5.24) 


Not only the functions ¥ and © themselves enter into 
the field expreasion but also their derivatives with respect 
to &. All the factors, except the phase, can be considered 
constant when forming the derivatives. Because: 


d(¢*- 9) - & 
ae : 3 6-38 


2p (5.15) 


we will have: 


oF. ap (¥- 1); 


ra 


Evaluating P and Q by using these values, we obtain: 


- pe - 
reas ite (Pp- sgt) [Feo 


There remains but to substitute the expressions found 
into (4.29) - (4.32) for the field. Hence, it is convenient 
to denote the pl:ase of the reflected wave by the one letter: 


2@ip (®©- 1). (5.16) 


% 
ag 


(5.17) 


x2 kx + 98-6 (5.18) 


With this notation, we will haver 
= 9? etkx ~ qa - ip | 5 eiX Py 


2 
1 H° } ac - bd 1 
*2 ea ae ze mw) | x, 
(5.29) 
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reg —te (Bp wy) UF ott 
(5.20) 


-.i . g- ip 1x 
E, a Wy ae E eX, (5.21) 


(5.22) 


Sle 
E4 
no 
3 
oto 
o 
» 
= 


H, = 
and, moreover, Ey = Hq. Fr; E, se Hy 

The firet terms in (5.19) and (5.20) evidently yield the 
incident wave and the remaining terme the reflected wave. In 
the next paragraph, we show that the reflected wave corresponds, 


in accuracy, to the Presnel formula with a correction for beam 
broadening. 


6. Comparison of the Diffraction Formula With the 
Fresnel Formula for the Line-of-Sight Region 


Now, let us turn to the Presnel formulas. Putting p = 1 
in the Fresnel coefficients and considering |n a large quantity 
and cos @ to be email (of the order of at. » we obtain for N 


and Mr jr 
ye dnc 6-2, Me-1 (6.02) 
Jr coe 64] 


We must put a, = 1, ay cant 0 in the Fresnel formulas (1.13) 
and (1,14) and we must consider n, and emall quantities for 
which the squares can be neglected. Then these formulas yield 
for the eleotrio field: 


= - ann, HY, 


rd 

B, 

Bee We - (N+ 1) nw, (6.02) 
BE = - me + (N +1) ny HO 


and for the magnetic field: 


to) 
HY a- en, H, ’ 


Hy = NAY - (N+ 21) n, HO, (6.03) 
Ween - (N42) nw. 


In order ot obtain the reflected wave field at a certain 
distance from the surface, it 1e necessary, according to (3.11) 
and (3.12), to multiply these expressions by the factor: 

Dio _iklz, + 8) 


: (6.08) 


The value of these quantities, except s, must be taken at that 
X51V 2% point where the reflection of the ray striking the 
x,y,2 point, occurred. Since the equation of the reflecting 
surface is: 


Zo +4 (ax? + 2bx,y, + ey? }20, (6.05) 


then we have: 
ny = OX) + bY, 5 Ny & BX, + CY, 5 nl. (6.06) 


In evaluating D(s) according to the general formula (2.23), 
we must neglect the last term since we are interested in the 
field at distances which are emall in comparison with the 
radius of curvature. The remaining terms yield: 
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D(s) = cos @ + 2as = 2aB - ax, - by, - (6.07) 


In order to make a comparison of the diffraction formulas 
{5.19) - (5.22) and the Fresnel formulas (6.02), (6.03), we 
must establish the relationship between the XyrVQr8 quantities 
and the x,y,z coordinates (or the ¢,€,y quantities). This 
relationship is given by (2.11), which becomes in our case: 


xe x, +s - 28nyo r 


Y= y,- 2ann,, (6.08) 


z5Z,- 2en,n, . 


Solving these equations, approximately, with respect to XQ 9¥ 528) 
we obtain: 


et -6. 
ax, + by, = s-B, 
% FY, (6.09) 
6¢+@.6- 
e* “Jam ‘am * 
Hence: 
2 
n= -2; n= -g Beary, (6.10) 


Furthermore, according to (5.12), (5.13), the phase x equals: 


xs kt + oF ~ go kx + (6 - p) pe = k(x + 20? ) © k(x, +8) , 
(6.11) 


that is, it equals the phase of the reflected wave calculated 
according to geometric optios. Let us now calculate the 
magnitude of D(s). Substituting (6.09) into (6.07), we obtain: 
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Dis) = S, (6.12) 
in which, evidently, 


D(0) = cos 6 ® EB é (6.13) 
The last three formulae yield: 


fe e'X {5 : oe (6.14) 


Therefore, the factor (6.14) which enters into all the 
expressions for the reflected wave in the diffraction formulas 
(5.19) - (5.22) agrees with the factor which enters into 
(3.08) - (3.09) which are generalizations of the Fresnel 
formules. The quantity: 


fe 2-3-3 (6.15) 


here yields the correction for beam broadening. 

There remains to verify that all the other quantities 
in (5.19) - (5.22) agree with the Fresnel. 

According to (4.17) and (6.13), we have: 


qa. a; p=mcopeé. (6.16) 


4a 


Consequently: 


g-tp>i>1nssesy, (6.17) 
4+*P 14+ [aH eos 8 
& 
where N 18 the Presnel coefficient (6.01). 


* the value qa* 2 QR-1 leads to a rather more exact 
value of N, namely: 


Ne 2608 6- f 2 =). 
Hh cos 6 + [a -1 
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Using (6.19) and (6.17) as notation, we can write (5.19) « 
(5.22) for the field thus: 


Hy, = Hy etkx , bss - (N +1) ny He a (6.183 


Me 4 [= uo = (+) ny je (6.19) 
B,* - 2.Nn, HY Tr. : (6.20) 


H, = - an, HO B eX ‘6.21) 


Comparing these expressions with the Fresnel formulas 
(6.02) and (6.03) we state that the factors with the magnitude 
of (6.15) agree in accuracy with their Fresnel values Hy cee 
By, He. The equalities Ry = H, and B, © - Ky are satisfied 
both in the case of our formulas and in the case of the Fresnel 
formulaa. 

Therefore, we showed that our formulas transform into the 
generalized [by the introduction of the (414) factor | Fresnel 
formulas in that part of the line-of-sight region where the 
slope of the angle made by the ray with surface of the body 
1s small. 

In the penumbra and umbra regions our formulas yield a 
diffraction picture. 


H, = Hoe 
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2. GENERALIZATION OF THE REFLECTION PORMULAS TO THE CASE OF 
REFLECTION OP AN ARBITRARY WAVE FROM A SURFACE OF ARBITRARY FORM 
Vv. A. Fock 
ABSTRACT 


Presnel formulas and the laws of Hamilton's ray 
optics are used as a basis for derivation of expressions 
for an electromagnetic field of an arbitrary wave re- 
flected from a surface of arbitrary form. A correction 
for the dilation of the pencil of rays after reflection 
is considered. In the derivation the tensor form of 
the differential geometry of the reflecting surface is 
used. The Gaussian parameters of the surface in the 
point of reflection and the phase of the reflected wave 
fre conSidered as curvilinear coordinates. For the 
specific case of a spherical wave reflected from a 
sphere, the formulas obtained are compared wiih those 
obtained from diffraction theory, 


In our paper “The laws of Fresnel reflection and the laws 
of diffraction" | subsequently referred to aa (Ref. vi, o re- 
flection formula considering the cross section of the bundle 
of reflected rays was derived for the case of a plane wave 
reflected from e surface of an arbitrary form, This forma 
was then compared with diffraction formulas valid in the half- 
shadow region. 

In the present work the reflection forma is derived 
for the case of reflection of an arbitrary (not a plane) wave, 
Our calculations are based on the application of the laws of 


Presnel reflection, established by him around 1820, and the 


pe 
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laws of ray optics established by Hamilton around 1830. Our 
results cannot therefore be considered as principally new, 
Inasmuch as the Presnel fcermlas are applied by us to the 
electromagnetic field, however, and inasmuch as the laws of 
the ray optics-are formulated by us with the aid of geometry 
in ite present day tensor form (which leads to extraordinary 
lerge simplifications), our results may prove to be useful 
for a practical application. For the convenience of the read- 
er unfamiliar with the tensor form of differential geometry, 
we present a compilation (in Sect. 2) of the necessary forn- 
ulas. 
1. Fresnel formulas 
let the field of an incident wave be represented by 
Beetky, Hel k¥, (1.1) 
where E° and H° denotes amplitude, and » ie the phase expressed 
in units of length, and 
(grad y)® = 1. (1.2) 
For a plane wave, the amplitudes &° and H° are constant; 
in the general case we shall consider the components of vectors 
E° and H° as slowly variable functions of coordinates. In the 
following, E° and Ht are understood to be the values of the 
amplitude of the field on the surface of a reflecting body. 
The corresponding values for a reflected wave will be designe- 
tea by Ghana 42. 
Le., furthermore, a(a,a,a, )be @ single vector in the direc- 


“es (2) 
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tion of an incident ray, a+ (ajatal) - a single vector in the 
direction of a reflected ray, and D(nynyng )- the single 
vector of a normal to the surface of the body in the point of 


reflection. According to the law of reflection, the values 
1 


8°, & and n are related by a relation: 
es) za: 2n(a-n), (1.3) 
moreover 
al-n = - arn = cosé, (1.4) 


where 6 18 the angle of incidence. The values 8 and ad are 


proportional to the gradient of the phase of incident and re- 
flected wave, Neglecting the variation of the amplitude over 


one wavelength, we obtain from the Maxwell equation for the 


vacuum 
fa x E] =H; o£? = 0, (1.5) 
whence 
le x wol- - so; ark? © 0, (1.6) 
and analogously for the reflected wave 
ry x z}] ® yi; al.gl = 0; (1.7) 
[al x x} = - E); Psa = 0. (1.8) 


We designate by y» the magnetic permeability, and by 
nt e + Lhns/o (1.9) 
the complex dielectric constant of the substance of the re- 
flecting body, and introduce the Freanel coefficients 


coe 6 - > Bint @ 

N - bgee gen eee, (1.20) 

Me HCO oY pi 6 ; (2.22) 
p cos 6 +V un - ain® 6 
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Then Fresnel formulas, which define the relation between the 
amplitudes of the incident and reflected wave, can be written 


in the form: 
(n:B) © N(n-B°), (1.12) 
(n-H?) = M(n:H°). (2.13) 


The amplitudes of the transmitted wave (which penetrates the 
body of the substance) are of no interest to us, and we do not 
write out the corresponding equations. 
Equations (1.7), (1.12) and (1.13) can be solved with 

respect to vector Et and At, Introduoing notationa 

n:E° = Bn; nsH° = HD, (1.24) 
and expressing a, according to (1.3), as a function of g, we 
hall have: 


pin? 6g) = - NER (n cos 20 + g cos 6) + MHA(n x a]. (2.15) 


Gin? ex] = - MHR (n cos 26 + @ cos @) - NER [2 xa}. (1.26) 
The latter formulas oan be written in a somewhat different 


form, if we replace & and al by a vector tangent to the surface 


b#£a+ncos @ =a -n cos 6, (1.17) 
the square of which equals } 
b? = sin? @, (1.18) 


We shall have: 
ein? 6g) = Neg (n ein® @ - & com 6) + MHOin x p} (2-29) 
ein? oH) = MH (n pin® @ - b cos @) - NEG(n x p] « (1.20) 
Buch are the amplitude values of a wave reflected from 


the surface of the body as derived from the Fresnel formas. 


(4) 


287 


2. Differential geometry of the reflecting surface 
Let equation of the reflecting surface in a parametric 


form be: 
X= x_5(u,v)s ¥ 2 ¥o(u,v); f © £o(u,v), (2.1) 
where u,v are Gauasian coordinate parameters (curvilinear 


coordinates on the surface). 


Assuming 
%o Xo , Po Wo ; 920 8x0 
Suv “= wy + oD BV Su Sv (2,2) 


and determining analogously Bou and Syy> we write the square 
of the arc element on the surface in the form of: 
ds@ = g, du@ + eg ydudv + gyydv2 (2.3) 


or shorter 
doe =x os Gyydudv. (2.4) 
’ 


We shall utilize the notations for covariant and contra- 
variant components of vectors and tensors by raising and 
lowering the symbols with the aid of the "metric" tensor guy 
contained in (2.4). 

If we let 
= au 8yy 7 (guv)?, (2.5) 


then the contra-variant components of the metric tensor will 


equal to: 
gv = WY, give “ut g’Y = =a acre 


The totality of the values (2.6) 18 also called a tersor, which 


16 inverse to the tensor g,,. The element of the surface wil) 
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be written in the forn: 
as = Vg au av. (2.7) 

In the following we shall deal with a covariant differen- 
tiation on the eurface, For this, we assume 

Fe ore Oe are Teas (2.8) 
where instead of the combination of u, v, we can also write u,u 
or v,v and the letter w may take on the value of u,v. The 
values uv,w called Christoffel's symbols, can be expressed 


by derivatives of Buy and namely: 


uw Cy Buy 
fuv.w]= a(Gue 4 yum. Show (2.9) 
In our case there are six Christoffel'’s symbols - three values 
of the form: 
Buu ay Su 
fuu,u . i ar 4 [»v,9] 24 >" > 
uu,v = “Buy - 4 28uu (2,10) 
Ou ay ? 


and the other three values obtained fram the preceding ones 
by substitution of u with v, and oonversely, With their aid 
we form "tensorial parametere" (or "Christoffel's symbols of 


the second kind"), 1.e. values: 
r 
re : eP4 [aru] + aPV (ar.v}, (2.11) 


where each of the letters p, q and r may take on the values 
uy, Vv. 


let f(u,v) be a certain funotion of the point on the sur- 
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face. The covariant components of its gradient on the sur- 
face will be equal to: 
fy, = of/du; fy = df/dv, (2.12) 
and the contra-variant components will be 
ris git + eV; Y= giVEy + BYE, (2.13) 


with the square of the gradient being equal to: 


fa" 4 ft" est)? + ag’ of af + (36)? (2,1) 


The square of the gradient is scalar, i.e. it ie not depen- 

dent upon the selection of the coordinate parameters u,v. 
The second covariant derivative of the function f(u,v) 

differs from the usual second derivative by the terme linear 


in the first derivatives. We have 


ee a 

fy = EL - hy ot - hy BE, (2.15) 
= o'r _ pe ar. pv af 

fw ae TW au av 


It can be proved that the totality of values fuy, fuy 
and fy, represents a symmetrical] tensor, and the expression 


fuy du® + afyy du dv + fyy dve (2.16) 


does not depend upon the choice of coordinates u,v. 
Let us go over now to the forma for the vector compo- 
nente of the normal to the surface and thei: derivatives with 


respect to the parameters u and v) these latter are connected 
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with the radii of the ourvature -f the normal cross-sections 


of the surface. We haver 


Bty _ d¥o oe 
Vang = ome - Fe Fe ote, (2.37) 


where letters “etc, mean two analogous expressions, obtained 
by @ cyclic re-arrangement of letters (x, y and £). 
It 1a obvious that 


ox, 9 az, ie) ° 
"=o tym tm a ta toy 
(2.18) 
We assume 
2. 
- Xo ary. z 
Guy oe Oe +n om’ 
3 
Ow * x ar ey + Py Srey +2 Brees (2.19) 
d2x, ay, a22, 


Wy esr ty oe tae 

On the strangth of the equations (2.18), we can replace 
here the usual second derivatives of x5, Yo, Bo by the covariant 
ones. As a matter of fact, by assuming in (2.15) euccessively 
f*Xo, fa" ¥o, and f = £5, multiplying by n,, ny and ny, and 
adding, we obtain on the left-hand aide the linear combina- 
tion of covariant second derivatives, and on the right, the 
expressions (2.19), as on the right hand side, the members with 
the first derivatives will be cancelled ae a result of (2,18). 
Hence, it follows that the totality of values @,,,, Guy and G,, 
represente a tensor, which will obviously be symmetrical. 
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On the strength of the same equations (2.18) taken with 


the opposite sign, the values Gy etc. can be written in the 


form o2: . 
Hence it follows that 
st Quy du dv = dny do + dny dyy + dn, Azo. (2.21) 


Assuming that 
an, = (dxQ/R) + bn etc, (2.22) 


where the infinitely emall vector én 1s perpendicular to the 
normal n and to the vector of displacement (dxy, aY¥o, dz), 


we obtain 


: Pa Q,, du dv = a62/n, (2.23) 


where do* is the square of the displacement vector producible 
by expression (2.2). Relations (2.22) indicate that R is the 
radius of curvature of the intersection of surface and the 
Plane containing the normal and displacement victor. Thus, 
the forma (2.23) gives us an expression for the radius of 
curvature, R, in deperdence upon the direction of the plane 
of the normal cross-section, 

Solving equations (2.20) with respect to derivatives of 


Nye Ny and nz with respect to u,v, we obtain: 
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ox ox 
a gu Ql ave, 
Ong 
ov 


ox, 
“= he or, 
where values au are obtained from Q,, through formulas analogous 
to (2.13) 


(2.2h) 


Designating the principal curvature radii of the normal 
cross-section by Ry and R,, we have 
K = 1/7(R, Rg) = Of Oy - OF ay, (2.25) 
(1/R)) + (1p) = - O28 --a. (2.26) 
The value K is the Gaussian curvature of the surface. 
2, Cross-section of the bundle of reflected rays. 
Fresnel formulas give the amplitude value of the reflected 
wave on the surface of a body. For finding the amplitude of 
the wave reflected at a certain distance from the surface, it 
ig necessary to have the formulas for the cross-section of the 
bundle, passing through a surface area dS of the body, and which 
after reflection has traversed the given distance 6, Such form- 
las were carried out by us [an Ref. (1) ] for the case, when the 
incident wave is plane, In the present work we shall derive 
them for a general case of an arbitrary incident wave. 
According to the law of reflection written in the form of 
(1.17), single vectors g and a}, characterizing the direction 
of the incident and reflected ray are expressed by the vector 
R tangent to the surface according to the formulas: 
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a®b-n cos 6, (3.1) 
al = b +n cos 6, (3.2) 

and moreover, : 
n-b 2 0; b@ # pin? 6, (3.3) 


We designate by w(u,v) the value of phase »y of the wave 
incident upon point (u,v) on the surface of the body, Since 
the vector a is the gradient of the phase function », the 
components of vector a, [unten are tangent to the surface which, 
on the strength of (3.1), are equal to the tangents of compo- 
nents of vector >| can be expressed with the derivatives of o, 
by u and v, These derivatives are, in turn, expressed by com- 


ponents of vector b. We have 


Ow ox oy dz, 
Br 7 Out Ox gt + by FO + bz =O. 


da ox 3 ez 
By Ty Oy Bet by we + be Fe 


Combining this with the first equation (3.3), we can solve 
these three equations for bys by» and by. We obtain: 


b, s wo a +@ wa etc, (3.5) 


where the values a, @” are connected with the derivatives 
@,, ®y by relationships analogous to (2.13). 
The second equation in (3,3) can be written in the form: 


Dy bv a oY = 8 ag Fa atta ols ein? @. (3.6) 


(12) 
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Thua, the angle of incidence 6 is expressed directly by 


Q,, - 
We examine equations 
x =X, + eat ete. (3.7) 
which can be written in the form of 


X 2X, + aby +8 cos On, ete, (3.8) 


All values on the right side, except 8, represent certain 
known functions of point (u,v) on the surface. Coneidering 
(u,v) as constant, ang varying 8, we obtain the equation of the 
ray reflected off point u, v. The parameter s is, obviously, 
the path traversed by the ray after reflection. Since the 
phase of the incident wave at the point of reflection 1s o(u,v), 
the phase y of the reflected wave will then be equal to: 

xy = 8 + (u,v). (3.9) 
Expressing s in (3.7)in.terms of yx, we obtain: 

X =X + (x - w)az | 

y*y¥o + (x - oa}, (3.10) 

Z- f+ (x- w)al 
With a constant y formulas (3.10) represent parametric equa- 
tions of the wave surface of the reflected wave. 

If in formas (3.10) we vary the values u, v within the 
itmits (u,u + du), (v,v + dv), we shall have a certain area of 
the wave surface. This area can be considered as an intersec- 
tion by the wave surface of the bundie of reflected rays, which 
is paseing through an area 48 «Vg du dv. Since the rays are 
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perpendicular to the wave eurface, this cross-section will be 


normal, Designating its area with D(s)dS, we shall have 


a} a} a} 
pis)as| SX BX SB au ay (3.11) 
ox oz 
se 
whence 
2 ba 
a st (|Z & & (3.12) 
VE | tu 
ox ov oz 
wv 6G OBV 


In these formas, the values 6 x/du etc, denote deriva- 
tives of expressions (3.10), evaluated for a constant y. The 
value of the determinant, however, wil] not change, if they 
are replaced by derivatives with constent s as was done in our 
work (2), Actuelly, we have 

(8x/du)x = (8x/du)y - ay at ete. (3.13) 
and, as a result of such replacement, the second and third 
lines of the determinant will change to values proportional to 
the elements of the first line. Geometrically, this means 
that the intersection of the bundle by any surface (for example, 
by the surface s © const.) being projected on a plane perpendi- 
cular to the reflected ray, will produce a normal cross-section 
of the bundle. 
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4, Calculation of the determinant 

A direct caloulation of the determinant (3.12) involves 
intricate computations. Such computations may, however, be 
considerably simplified, if in vectors contained in the first, 
second and third line of the determinant, one would go from 
components along the axes X, y, z over to the components along 
two tangent directions and direction of the normal to the re- 
flecting surface. 


Suppose we have a determinant 


AR Ny A 
Ar By By BY (4.1) 
Cy Cy Ce 


We assume that 
oZ> 


3 
Ai = Ae po + ty pot Ae oe, 

3x dy oz 
dys hn et Ay Bt Ne BE ) 
An © Agny + AyNy + ANZ, 


whence conversely 


A, MY ee AY Oe Any, 


Ay = ae ae + av ao + Anny, (4.3) 
A, = oo + av Fo + Ayre . 


Here AY and AY are connected with A, and A, by formlas analo- 


goua to (2.13). An analogous transformation will be. introduced 
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for two other vectors, B and C, contained in the determinant. 


We shall have then 


A, Ay’ An 
os} By Bl, (4.4) 
cq Cy Cy 
and also: 
au av A, 
o=*Vg} ss" BY B, (4.5) 
chev 


In order to use these formulas for calculation of determinant 


(3.12), we must assume that 


Ay 7 8ke hy Ay he FOB; 
B, 2? %, ae, a, = (4.6) 


Cy 2 ox, cy 2 2, C, = Hs 
According to (3.2) and (3.3), we obtain then: 
A, = Os Ay = Gy; An © cos 6, (4.7) 
The calculatior of the new components of vectors B and C is 


considerably more complex. We hare 


1 
ee ere (4.8) 
and according to (1.17) 
B, = amy ahs 2 (Be + me Seen 8) 8) + cos ° | (4,9) 
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According to formuls (2.20), we have 

On, OX | ny Ayo . Bnz B20 , 

Be Bee ta et Oe Be Ou (4.20) 
Moreover, this expression is asymmetrical with respect to u,v. 


Now we calculate the value 


2 Os oxy dy, , db, 02, 


+ atm? La ai (4.11) 


As @ result of formulas (3.4) this value can be written in the 


Duy 


form: 32 
2 d*x, y, 
bay * geSy - (o. 35, + + by SW 5th aes), (4.12) 
whence 1t is evident that bj, is likewise synmetrical with 


respect tou,v. Replacing here b,, by, b, by expressions fron 
(3.5) and using (2.8), we can write this value in the form: 


Buy 7 38. - at [uv, u| - o [wv, y}. (4.13) 


Introducing acoording to (2.11) the "tensor parameters" 


ree we can also write: 


- u v 
Dyy = OF - Tw, - Phy wy. 


ou ov (4,24) 


Comparing this expression with (2.15), we receive a simple 


result: o 
buy ® ®uv, (4,15) 


where ayy ta the second covariant derivative of theaphase o. 
This result is valid not only for notations (u,v), but also 


for other combinations of notations (u,u) and (v,v). 
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The obtained formulas enable us to find values B,, By, Cy 
and Cy (shown further on). Into expressions for B, and C, 


there enter values 


db dbz 


ab, 

By * My ay t+ Ay uu +r a > (4.16) 
db 0b. db. 

By * Mx ake ny ttn, ge. (4.17) 


Let us calculate one of them. As a result of (b«n) # 0 we 


have: : 
dn 3 onz 
Put -(P gut ty a te Be): (4.28) 
In place of by, by and bz, we substitute here expressiona 
(3.5), and making use of (2.20), we obtain: 
Ba = Gyy o + Guy oY; (4.19) 
analogously 
By = Gyy wl + Gyy ov. (4.20) 
Now we can write out the new components of all vectors. 
We have 
By * Guu - 1 @ + 8(aQy - COB 8 By), 
By * Buv - @ Oy + 8(myy - co8 @ Guy), 
By, = - @y cos 8 + B(Qyy w + Ayy wo + Alase *)) (4.21) 


Cu = Svu - By my + B(ayy - cos 6 G,,), 
Cy = vv - Wy a + B(avy - cos 6 Gyy), 
nF = ay con 8+ o(Oqy af + Ory oF + 20555-81) , (4,20) 


a 
o 
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Besides, according to (4.7) 
Ay ¥ @;3 Ay ® @y3 A, = cos 6. 
With these values of A, B, C, the determinant D(s), which 


gives the cross-section of the bundle of rays, will be equal to; 


A Ay An 
D(oyet ja, By Bn]. (4.23) 
Cy Cy 6, 


This expression for the determinant can be considerably 
simplified with the aid of relations 
A, o + A, oY + Ay cos 6 = 1, 
B, o + By oY +B, cos @ = 0, (4.24) 


w+ vo+ 
Cy a Cy © C, cos 6 


i 
o 


These relations can be easily checked. According to (3.6) we 
have 


a, ao + wy, @’ = sin? @ = 1 = cos 6, (4.25) 


Taking from this expression the covariant derivative with 
respect to u and v (it coincides with the usual derivative), 


we obtain by dividing by 2 


Dy o + ay a = ~ cos o S{cos_@) 
Gy 04 + wy oY = - cos 6 Seon 6) 


Substituting into (4.24) the evident expressions (4.7), 
(4.21) and (4.22) for the components of vectors A, B and C, 


(4.26) 


(28) 


x1 


and maxing use of (4.25) and (4.26), we are convinced in the 
validity of relations (4.24). The seometrical sense of these 
relations is obvious. They express the fact that Ais a 
vector normal to the wave surface, while vectore B and C are 
perpendicular to A. 

Multiplying the third column in (4.23) by cos 6, and 
making use of (4.24), we obtain 


Ay Ay 
D (e) cos 6s : B, By Oj|® By By (4.27) 
Ct, Cc, 0 fo 


Thie expression acquires a more "elegant” form, if we 


introduce a symmetrical tensor 


Tuy © Buv - Gy Oy + Bl(myy - cos 6 Ayy). (4.28) 


According to (4.21) ana (4.22) we ahall have then 
Bue Tuu By © Tuy (4.29) 
Cus Tv, Cy ° Ty, (4.30) 
and the determinant (4.27) will take on the form of: 


ies Tyo = Tuv 
D({s) cos 6s = (4.31) 
& 
Tyr Ty 
If we introduce the mixed components of tensor T,,,, accord- 


ing to the formas: 


Ty -> oF Ty (4.32) 
r 


(19) 
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then instead of (4.31) we can write 


7 
D (8) cos @ @ (4.33) 
nN Ty 
or expanding the determinant 
D (8) con @ = Ty TY - TH TV (4,34) 


Thus, the calculation of the determinant D(s) is reduced to the 


calculation of the tensor T,,, which presents no difficulties. 


5. Differential geometry of the wave surface. 
According to (3.10), equations 


ROX + (x - a)a2 etc, (5.2) 


represent, with constant x, the parametric equations of the 
reflected wave surface. Every point on the wave surface corres- 
ponds to a definite point on the reflected surface, and namely, 
with the one that lies on one and the seme ray. To these two 
points there correspond one and the same v.lues of parameterea 
u,v. Parameters u,v and phase x can be interpreted as curvi- 
linear coordinates in the space. 

The square of the distance between two infinitely close 
points will be in the form of: 


ai@ « x Gly au dv + ay’, (5.2) 


In this expreasion the products of differentials dudy and cudy 
will be absent, but the square of the differential dy will enter 
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with coefficient unity. 
The quadratic form 


dt® » Ss rae du dv (5.3) 
u,v 


represents a square of an arc element on the wave surface, 

We shall now find the coefficients of this quadratic 
form. Recalling equations (%.6) for vectors B and C, we can 
analogously to (2.8) write 

But Bs gy" BGs gy oo. (5-4) 
In calculating the scalar product and the squares of vectora 
B and C, we can make use of their components (¥#.21) and (#.22) 


We shall have, for example 
2 uv 2 
B “2° B, By + Br. (5.5) 
as 


Using (4.24) and introducing notations: 


yz ge + (a w /cos® 6), (5.6) 


Be = y 7’ BL A, (5.7) 
u, 


Replacing the notations beneath the swamation sign by 


we may write 


letters p,q, and making use of (4.29), we obtain according 
to the rays from (5.4): 


1 QW 
Suu p> Fo TD Tug (5.8) 
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Analogously, 


e* » ia ee. (5.9) 


a, pak vp Sea (5.10) 


Tnus, the coefficients of quadratic form (5.3) are expressed 


Girectly through tensor T... By designating with gs: the determi. 


uv 


oe 1 1 1 2 1 
* Buu Sw ~ Buy Sy (5.11) 


(a discriminant of a quadratic form) we have on the basis of 


equations (5.8) to (5.10) 


g’ = Det 7P% (pet 7.)*, (5.12) 


whence 
& = D(s)*, (5.13) 


The element as? of the surface of a reflected wave, correspond- 


ing to the element aS of the reflecting surface, is equal to: 
1s Ve du dv # D(a) Vg du dv = D(s)as, (5,14) 


as it should be. 
1 
Values Tay are linear, and values Buy are quadratic func- 


tions of 6. With s ® 0, we have 


By (0) = Tyy (0) * By - a %- (5.15) 


We note that this tensor is inverse to that of 7° 


With an arbitrary 6, we can write 


(22) 


Ty (8) = Ty, (0) + eT, (0). (5.16) 


where, acoording to (4,28) 


Tyy (0) F ay "> cop 6 (5.17) 

and also 
Biy (3) F Ty (0) +20 R, (Oo) +8 pee up (9) Tay (0) 
i. 18) 


We go over to the calculation of the second quadratic 
form, determining the curvature radii of the wave surface. 
The determination of it is analogous to (2.20), only instead 
of the vector n, we must substitute vector a? of the normal 
to the wave surface, and in place of values ox,/ov etc, -- 
the values dx/dv etc., 1.8. the components of “vector” c 


(4.6). According to this determination we have 
dal 


. at (8) = ja oy oy nats ge (5.19) 


But this expression has already been found by us when calcu- 


lating Bly: Using (4.8), we can write 


- 20), (8) = (B, - (dx,/du) + @,85) C, + +e1 (3,20) 


where the punctuation denotes the products of components 
according to axes y and z, 


Rence: 
-s01, (8) = BC - Cy * giy (8) - Thy (8). (5.21) 


Thus, the coefficients of the first and second quadratic form 
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are connected with tensor Thy (8) by a relation: 
Gy (8) + 00,, (8) = 7, (8). (5.22) 


From this as well as from (5.16) and (5.18) we can find also 


the evident expression for a (8), namely 


0), (a) = My (0) 4 poe Typ (0) Ty (0), (v.23) 


In particular, with 6 = 0, as a result of (5.17), there will 
- a1 (0) =@ - cos 6 a.. (5.24) 
uv ‘uv v 
In this manner, for the reflected wave we have found both 
the first as well as the second form. 
Analogous calculations can be carried out also for the 
incident wave. For this, it is sufficient to replace in (3.7) 


and in other formulas al 


with ara [ cormia (3.1) |, and consider 
8 a8 negstive, 60 that (-s) 1s a distance calculable along the 
Tay up to the point incidence on the surface. We shall limit 
ourselves by introducing the formulae for the values of coeffi- 
cients es {0) and . (0) of the first and second quadratic 
form of the incident wave in the point of incidence of the ray. 
We shall have 

By y(0) * Bay — % (5.25) 


- a0 (0) = ay + cos 6G, (5.26) 


From these formulas, it is evident that values ae and 
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1 
Buy 
e. differ by their sign in the term containing cos 6. It is 


converge on the reflecting body, but those for a and 


convenient tc use relation (5.26) in the case, when the inci- 


dent wave is plane: then ay = 0 and, consequently, 


mye cop eG, (5.27) 


Inserting this value in (4.28) we obtain 
Tuy = yy 7 % % - 28 cos 6a, (5.28) 


Calculating the value D(s) according to formula (4.34) 
and using (4.25), we shall have after reduction by cos 9, 


D(s) = cos 6 - 28 (e cos’ 6 + ) Oy o :') + us* cos 6 K. 
u,v (5.29) 


Here K and @ have values (2.25) and (2.26). In order to ex- 
plain the geometrical sense of the sum, contained in the 
second term of (5.29), we note that if du and dv are compo- 
nents of displacement on the surface of a reflecting body in 
the plane of tne incident ray, and d is the value of thia 


displacement, then we have 


du_ a dv w 
a “sine? do" sine: (5.30) 


Therefore, with R, designating the radius of curvature of the 
intersection of the surfacé with the plane of incidence, we 


have 


1 du dv 1 uy 
RT YY tov EGET Ge Da hat. 5.30) 
a > 
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Inserting this value of the sum into (5,29) and expressing @ 
and K, according to (2.25) and (2.26) through principal radii 
of curvature we have for the case of the incident plane wave 


the following expression for D(s): 


2 2 
D(s) = cos 6 + 28 Gee +R a. 
°o 
(5.32) 


This formula was derived by us in our previous work(?) | 


6. Reflection forma 
The results obtained enable us to find (in the approxima- 
tion of geometric optics) the electromagnetic field of the re- 
flected wave. The field of the incident wave we wrote in the 


form 


Beetk¥, Pe tkV, (6.1) 
As @ (u,v) is the value of the phase w on the surface of the 
reflecting body, then on the surface of the body the fiele of 


the incident wave will be equal to 


E° (u, vet, n° (u, viet, (6.2) 
where E° (u,v) and H° (u,v) - are valuea of amplitudes 2° and 
H° on the surface of the body. Knowing E° (u,v) and H° (u,v), 
it 48 possible to find from Fresnel formulas (given in Sect.1) 
the amplitude values of gE} (u,v) and ut (u,v) of the field of 
the reflected wave on tne surface of the body. The field of 
the reflected wave on this surface will be equal to 


z (u, vie; Ht (u, vetho, (6.3) 


09 


Thus, the values (6.3) can be considered as known (at least 
on the illuminated part of the surface, sufficiently distant 
from the boundary of the shadow). 

We must find the field at a certain distance from the 
surface, For each of the components of the electromagnetic 
field this problem is reduced to the following: it 1s neces- 
sary to find function F satisfying the wave equation 

ar + k°P = 0 (6.4) 
and the condition of radiation, and acquiring on the surface 
of the body the given value 

P= f(u, v) eb (u,v), (6.5) 
In our case k is the major parameter, and f(u,v) is a slowly 
variable function. The last assertion is to be understood in 
the sense that the derivatives, divided by k, of the function 
in directions tangent to the surface are small in comparison 
with the values of the function itself. It is easy in this 
case to indicate an approximate solution of our problem. 
Obviously, the phase of the desired function will be obtained 
by replacing with 

xeor+s, (6.6) 

where 8 1s the path traversed by the ray after the reflection. 
Its amplitude, however, will change inversely proportional to 
the square root of intersection area of the bundle of reflected 


rays. Thus, we arrive et the forma: 


PF = £(u,v) VD(0)/D(e) et*x, (6.7) 
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where x has the value of (6.6). 
Formla (6.7) can be derived in the following manner. Let 
us try to find F in the form: 
P = Vpetkx, (6.8) 


where p and x’ - are certain functions of the coordinates, not 
dependent upon the parameter k, Inserting (6.8) into the wave 
equation (6.4), we find 
AF + k°R = oe LAG - (grad x')?}s AK ary (p grad x') + A (Y) 
Ve (6.9) 
The equation of oscillations will be approximately satis- 
fied, if in expression (6.9) terms of the k® and k order are 
equated to zero. For this the phase x' and the amplitude square 
p must satisfy the equations 
(grad x')® © 1, (6.10) 
div (p grad x') 2 0. (6.11) 


Let us introduce now the curvilinear coordinates u,v,x, 
connected with rectangular Cartesian coordinates x, y, 2 by 
means of relations (3.10), and write equations (6.10) and (6.11) 
in these curvilinear coordinates. Introducing according to 
formulas, analogous to (2.6), the tensor gl, A4nverse to that 
of Bly determinable by formulas (5.8) to (5.10), we shall have 


inetead of (6.10), 


>a gx" ox, gx ? el (6.12) 
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and instead of (6.11), 


Equation (6.12) is satisfied, if we let 
x' =x. (6.14) 
Equation (6.13) is then reduced to the form: 


a (Ve) = 0, (6.15) 


and since according to (5.13) 


Vel = Ver(o), (6.16) 
where g is not dependent on x, it will be satisfied if we 
assume that 

pD (8) = ¢(u,v), (6.17) 
where ¢ is an arbitrary function of u,v. 
In order to have an agreement with (6.7), 1t 1s suffi- 
cient to assume that 
Ve = £(u,v) VD(0)/D(s). (6.18) 
Thue, we have proved that function (6.7) approximately 
satisfies the wave equetion (6.4). Obviously, it also satis- 
fies the radiation condition (its phase increases with a 
wrowing 6). Finally, with s = 0, it is reduced to the given 
function (6.5). Consequently, it satisfies all the require- 
ments that were set up. 


Applying expression (6.7) to the field of the reflected 


(29) 
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wave, and adding to it the field of an incident wave, we shail 


obtain the reflection formula in the form: 
E = E°%2k¥ 4 gt(u, v) D(0)/D (a) e2*X, (6.19) 
H = H°e**¥ 4 Ht(u, v) D(0)/D (8) et, (6.20) 


in conclusion, we wish to mention that if the reflected 
body is convex, the reflection formula is applicable in the en- 
tire illuminated space sufficiently removed from the boundaries 
of the shadow (and at large distances from the body as well). 
If, however, the body is concave, then with certain values of 
B it 4s possible to transform denominator D(s) into zero (focal 
surfaces and lines). In the neighborhood of the focal lines 
and surfaces, the geometric optics and, in particular, the re- 
flection formula, are not applicable, since the condition that 
an amplitude be a slowly varying function of coordinates is 
not fulfilled. 

Conversion of reflection formula on the shadow boundary 
to the diffractional ones has been investigated (for the plane 
incident wave and for amall distances from the surface of the 


body) in our work(1)- 


7. Reflection of the spherical wave from the surface of a sphere, 
As an example for the application of the derived formulas, 


let us examine the reflection of a spherical wave from the sur- 
face of a sphere. Let r, 6, @ be spherical coordinates. Equa- 
tion of the reflected surface is in the form of r 2a. The part 


(30) 
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of the Gaussian parameters u,v 1s played by the angles 9, ¢, 
so that in our general formulas we may assure 
ue6; vy = (7-1) 
Let the source be located in point 8 #0, r=b. The 


phase value of the wave incident on the surface of a sphere 


will then be 
(8,6) = Vae + b@ - 2ab cos 8. (7.2) 
The element of the surface of the sphere is written 
a6" = (ae? + sin® 6 d¢*), (7.3) 
whence 
See * ae; Beg = OF = Bg * a? sin* 8, (7.4) 
¥e: 2 sin 6, (7.5) 


ge zife®; 69% 20; gh = 1/(a* sin® 6). (7.6) 


According to the property of the sphere, the second 
differential formula will be proportional to the first, and 
we shall have 


Gg = - 0; Og, = 0; Oy, = - 8 win? @. (7.7) 


The covariant derivatives of phase w will be equal to 


Wp = ab sin 6 fw; wy = 0, (7.8) 


and the contra-variant derivatives will be written as 


a? = b sin 6/(aa); ao = 0, (7.9) 

The incidence angle of the ray (which we shall designate 

now with y, since the letter6 has already been assigned) will 
(31) 
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be determined from equations: 

sin y = b sin @/m; cos y * (b cos @ - a)/u, (7.10) 
resulting from (4.25). In order to calculate the seoond 
covariant derivatives of the phase, let us construct according 
to formulas (2.8) to (2.11) the Christoffel symbols. We have 


Te 703 «Teg, 2 03 TG, = - sine cos 8, (7.11) 


ny a SD 


od 
Substituting these values into the gezeral formulas (2.15), we 


obtain 


= (ab/a’) (b cos 8 ~ a)(b - a cos @), 


& 
® 
i] 


Wy * Qo, (7.12) 


(ab/o) Bin’ 6 cos @. 


e 
® 


Now we can construct tensor Tay’ We have 


= (0% Av") (b cos @-a)* + (ea/u”) (b cos @-a) (w* + be- ab cos 6), 


Tey 7 % (7.13) 


2 2 


Ty ® a® sin® 6 + (sa/o) sin® 6 (2b cos 8 - a). 


Let us go over now to the mixed components of 7 etc., and 


express b sin 6 and b cos @ with the aid of (7.10) by a, wo and y- 


We obtain 
bd ® font (8 + w) cos y + £22 zee (7.24) 
rg = (+04 8B ans), 

whereas rT s TS = 0. 


(32) 
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According to (4.34) D(a) cos y js equal to the product 
of values (7.18). Hence 


a Dis) = (‘ + @) cos ¥ + 250 \( +O+ 2e@ cos »): (7.15) 


The expression is symmetrical with respect to s and o. 

Our results enable us ‘at once to wrfite out the reflec- 
tion formula for the vertical component of the electric and 
magnetic Hertzian vector. which satisfies the scalar wave 
equation. 

Designating with letter R the distance from the source, 
which equals 

RnR» b° + r° - 2br cos 6 (7.16) 


we shall have for the Hertzian electric vector 


eikR etkw D(O)} ike (7.17) 


where N is the Fresnel coefficient (1.10). Por the Hertzian 
magnetic vector, the formula will be the same, only instead 
of N there will be another Presnel's coefficient M. 

Introducing for D(a) the expression (7.15), and assuming 
for the sake of simplification that 


2a0/a(s + w) = Cy, (7.18) 
we shall have 
ikR 
me inbinbe N cos ik(m + 8} 
U- "K+ OTs I Too y+ Care! Te, cosy) ° . 
(7.19) 


(33) 
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This formula can be compared with that obtained from the 
diffraction formulas derived in our paper (2) for the case of 
grazing ray incidence, and for distances from the surface of 
the sphere, which are small as compared with its radius, The 


formila indicated is reduced to the form: 


ikR 2 
a & ae | 2ipyp 
. se (i Bate yee : ) cis 
Here 
ptmcos y p, 2 mey; gg * im(Hn - 1/n), (7.21) 


while 3 


m= ka/2. (7.22) 

The necessary conditions of applicability of the reflection 
formula (7.20) are the large positive values of the magnitude 
p; if, however, p is of the order of unity, then the diffrac- 
tion formulas will be valid. 

It 18 not difficult to see that formula (7.20) in its due 
approximation coincides with (7.19), As the values c, and cos y 
are small relative to unity, therefore, their product in (7.19) 
can be neglected. Further, the quantity o +8 in the denomina- 
tor can be replaced with R. For the same quantity in the exponen- 


tial function, we can use expression 


2 
- 4s cos 
w+e-R= eae (7.23) 


whence approximately 
k(w + & - R) = kac, co” y = 2p.p". (7.24) 


(34) 
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Purthernore, 


copy . Pp 
cos y + cy “pe P, (7.25) 


Finally, we have for small cos y and for uw = 1 


N = (p + 1a)/(p - 1@). (7.26) 
If we use these approximate expressions, the agreement between 


(7.19} and (7.20) will be complete. 
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X11. APPROXIMATE FORMULA FOR DISTANCE OF THE 
HORIZON IN THE PRESENCE OF SUPERREFRACTION 


Vv. A. POCK 


A derivation is given of a formula for the distance of radiowave 
propagation (horizon dietance) in the presence of superrefraction. 
The formula obtained is suitable for an atmospheric waveguide next 
the earth in which the modified refractive index depends on the height 
according toa hyperbolic law. 


1. INTRODUCTION 


A general formula for the attenustion factor was derived as acerfeur 
integral in our work on the theory of radiowave propagation in an 
inhomogeneous atmosphere. | The expression we obtained is ap- 
plicable for the very general case of arbitrary behavior of the 
refractive index depending on height. The basic difficulty in using 
our general formula is in solving the differential equation for the 
height factor. This difficulty can be bypassed by using an asymptotic 
solution of the equation (this method is based on the presence of & 
large parameter in the equation). Obtaining an approximate ex- 
Pression for the height factor, the integrand in the contour integral 
can be written in explicit form and then it can be studied. A quali- 
tative investigation of the integrand permits an estimate to be given 
of these distances at which the attenuation factor starts to decrease 
rapidly, in other words, the estimate of the horizon distance. 


2. INITIAL FORMULAS 


In the general case the field from a vertical and horizontal 
electric and magnetic dipole is expressed by means of two Herts 
functions, U and W, which satisfy the same differential equations; 


P3/8 
4. “see & 


0 


the limit cond-tions for U and W are also of the same type but with 
different values for the coefficients. 1 Each of the Hertz functions cay 
be expressed by means of the attenuation factor V thus: 


Us poo V. Ww 
a sin 
where a is the radius of the earth; @ is the horizontal distance 
measured along an arc of the earth's globe; k = a is the absolute 
value of tne wave vector. 
The attenuation factor V ie expressed more conveniently through 


the nondimensional quantities: the modified horizontal distance. 


k 
xa—yze (2) 
2m 


and the modified heights of the corresponding pointe {source and 
observation paints): 


Kays yt ok 
yamh y sen, Q) 


where h and h' are heighte in length unite and m is the parameter: 


m Ve (4) 


The equivalent radiue of the earth does not play the role in 
problems related to euperrefraction that it plays in the nermal 
refraction case; consequently, we do net introduce it here. In addition 
to the quantities listed, the atteruation factor V depends on the 
parameter q which enters into the limit conditions. The parameter q 
for the Hertz function U (vertical polarization) equals: 


1° TT (5) 
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where 7 is the complex dielectric constant of the medium. The 
parameter q for the Herts function W (horizontal polarization) 
equals 


arin yy. (6) 
In practice, we can put q = op in the last case since both the para- 
meters mand fn are large. 

Hence, the attenuation factor V is a function of the nendimensiona) 
quantities x, y, y’, q: 


V2 Vix, y, y's Q). (7) 


In addition to the attenuation factor V, it is convenient to analyze 
the function Y related thereto, whereby V is thue expreseed: 


i= 
Ve2¥me* ft. (8) 


The function Y satisfies the differential equation 


Eye Sheers re Y20, (9) 
y 
where 

rly) = m*(€ - 1), by (10) 


in which € » €{h) is the air dielectric constant as a function of the 
height. Equation (9) is obtained by a transformation to the nondimen- 
sional quantities from the equation 


xy + 21k oe +et@bee-ayeso, (1D 
dh ss : 


(3) 
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in which the ¥ coefficient is proportional to the modified refractive 
index 


pathy = 10° £5242), (12) 


The Y¥ coefficient in Eq. (9) is conveniently denoted by a single 
letter; we put 


ply) = y 4 rly). (13) 


We will have 


ply) = me - 3 428), (14) 


so that ply) is, in substance, the same modified refractive index but 
expressed through the nondimensional height y. 
Using the notation of Eq. (13),£q. (9) is written as 


2 
ay... 2 
a + isle ply)¥ = 0. {15) 


The function ¥ satisfies the differential Eq. (15) and the limit 
condition i 


BE tay 0 (for y = 0); (16) 


atx = 0, it hae a singularity of the form 


2 2 
s (y-y' 4y' 
etd oe ie ty't2igx 127) 
yet ities . 


(4) 
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In the general expression! for the function ¥ as @ contour 
integral the integrand was expressed through the solution of the 
equation 


2 + 
a: + plylf = ef, (18) 
y 


where t is a complex parameter. (These solutions were called the 
height factors above.) 
In order to form the integrand, it is necessary to know both 
Solutions of Eq. (18); let ue denote them by {ly t) and f(y, t). 
These functions have the following asymptotic expreseions for 
large y: 


i 


fy a exp [i 5) You) - tau), a9) 
} yr) ot 7 


ola 


* Y 


a T 
f, (yt) > —— ~=exp([-i Jf > t dul. (20) 
+h) +t . 


Here c', c', ¢ are constants whose values are not essential since 
they drop cut of the expression for Y- In the homogeneous atrnosphere 
case when p(y} =t, the functions fy, t) and f,(y,t) reduce to the 
complex Airy functions wile - y) and wit - y), in which we can then 
putc'=c"z land 7 zt. 

Let ue put 


a. of 
D0 = foe 1 (21) 


(5) 
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Because of Eq. (18), which {, and f, satisfy, thie quantity 
is independent of y. at PY} 
Let us denote the values oft and == at y = 0 by f (0, t) 
and (0, t) and let us form the function 


1 £(0, th+ af, (0, t) 
Fit, y,y',@) Bi" f,(yot “F0.e) + af, (0) fly.t) + (ay 


The function ¥ determined for y'Py by the contour integral? 


Y= iJ et F(t, y, y', @) dt, (23) 


taken over the contour enclosing all the poles of the integrand in a 
positive direction, satisfies all the conditions set above and yields 
a solution to our problem. 


3. NORMAL REFRACTION CASE 


The normal refraction case is characterized by the modified 
refractive index M(h) being a monotonically increasing function of 
the height h and, therefore, the coefficient ply) is a monotonically 
increasing function of y. In this case, f(y t) and {,ly,¢) can 
be expressed approximately by the complex Airy functions of argument ¢ 
defined by the equalities 


Laar=rae = dest ; (24) 


b 
Se? du «$e, (25) 


y 


(6) 
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where b is @ root of the equation 
p(b) = ¢. (26) 


The value of & near y © b will be # holomorphic function of y, 
namely: 


& =p (b- y) +... (2) 


We can put approximately 


VE ow ghee an 


and to the same approximation 


SBN ye om 


from which 


Di2 = 2i. (30) 


Here, replacing y by y‘ and & by €', we obtain expressions 
for f i »t) and fry. ,t). The value of & corresponding to y = 0 
is anaiea by ae Using these notations, we obtain the following 
approximate expreesion for F, defined by formula (22): 


i [ dy! [ay wh (O,) + (Sp) W 2b.) 
FP. rat + w (8) wie) - 
qs aE aD ult) 
(31) 


(7) 
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When being substituted in formula (23), thie expression can be 
used to calculate the field in both the shadow region and in the line- 
of-sight region. The attenuation factor (as well ae the function ¥) 
ie calculated in the shadow region by @ residue series corresponding 
to the roots of the denominator 


wl) + ah) wie.) = 0. (32) 
° 


The function ¥ is calculated directly in the line-of-sight region 
by using the contour integral in which the principal part of the 
integration will lie near real negative values of t. But the quantities | 
€ and ¢' will aleo be negative for negative t values. Assuming these 
quantities to be sufficiently large, the functions *) and w, can be 
replaced by their asymptotic expressions: 


2-48 


1 
4. ; (33) 


wise *(-€) 


7 i 2 
wethac ft te? coe (34) 


Such a substitution reduces to the use of the asymptotic 
expressions in Eqs. (19) and (20) for fly, t) and f,ly.t). Con- 
sequently, the following expression ie obtained for the function F 
[according to formula (229): 


i 4 
Fz> expfi | pe = t dupA(35) 
zap neers arr | , WH 
y' 
: UR tenets fe -tdut Sven Tt du). 
o 


(8) 
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Thies formula is a generalization of formula (6. 1y.! The latter can 
be obtained from Eq. (35) by substituting cero for ply). 

Substitution of Eq. (35) into the contour integral yields an 

expressian, composed of two terms, for the attentuation factor, 
the firat af which corresponds to an incident wave and the seccad to 
a wave reflected once from the earth's surface with a Freenel coef- 
ficient. The incident wave is the superposition of @ wave with the 
phase 


y’ 


oe) ext f ypur= tau, (36) 
y 


and the reflected wave is the superposition of a wave with the phace 


O(t) = xt + frum du + em -tdu. (37) 
o o 


These expressions correspond to those of geometric optics. The 
integrals can be evaluated by the method of stationary phase, whsre 
the phase of the incident wave will equal the extremum value of w(t) 
and the phase of the reflected wave will equal the extremum value 
of g(t). The function u{t) attains ite extremum value for t determined 
from the equation 


re a Artie, = 0, (38) 
y 


and the function ¢(t) for t determined from 
Yy 
0 


ert) ext oe + actin: (39) 


oO 


(9) 
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The distance of the horizon fram the geometrical optics 
viewpoint is determined from the condition that a reflected wave 
with a real phase could reach up to this point. The least value 
of t for which thie still occure is t = p{0). This value must 
simultaneously de a root of Eq. (39). 

Therefore, the following relation must exist between x, y and y' 


x “+ Spam +t 0) - Plo) 1 (40) 
°o 


which yielde the formula for distance to the horizon under 
normal refraction. 

The more exact expression in Eq. (31) for F shows that it is 
already impossible to use Eq. (35) at t = p(0). Actually, the 
quantity E. becomes zero at this value of t and it is, understandably, 
inadmissible to use formulae (33) and (34). Nevertheless, it can 
be conside.-< wnat the value of x, determined from Eq. (40), 
approximately gives the boundary defining the line-of-sight region 
where the residue series is applicable. In other worde, it can 
be considered that the field amplitude starts to decrease rapidly 
when x, increseing, passes through the value in Eq. (40}. The 


terminology "horizon distance" can be used in diffraction theory 
in this sense. 


4. ASYMPTOTIC INTEGRATION OF A DIFFERENTIAL EQUATION 
WITH A COEFFICIENT HAVING A MINIMUM 
The modified index of refraction will not be a monotan:: 
function of the height in the presence of superrefraction but it 
will have one or more minimums corresponding to the separate 
waveguide channels. We will consider the case of a single minimum: 


we will call the corresponding height the inversion height and 
will denote it by b,. 


(10) 
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The coefficient ply) proportional to M(h) of the differential 
equation 


2 


a 
-, 


+ ply)f = tf (41) 


= 


Y 


will aleo have one minimum at y = Y; corresponding to h = h;. 

We wil) consider p(y) to be an analytic function of y- The 
equatior. p{y) = t will have two roots in the region interesting us: 
yb, andy > bp. 

Both roots will be real for t rea) and lying between p(0) and 
P (yj: the roots can be complex for other t values. 

We must have such an asymptotic expression for the functions 
f(y) fly) ae would be valid uniformly for all the values of 
y and t considered, with the exception of the value t = Pty,) at 
which the roots b, and b coincide. 

The expressions used in section 2 for f) and fn in terms of 
the Airy function are not applicable here. Ite validity was based 
on Eq. (41) reducing approximately to 


-€w=G, {42) 
we 


in which the coefficient for the unknown function now has the same 
monotonic character ae in the initial equation, by means of the 
substitution Eqs. (24)-(25) which defines € as a holomorphic 
function of y. Now, we must take as the etandard equation 


2 
SH+Gt tect (43) 


for the parabolic cylinder function inetead of Eq. (42) for the Airy 
function, since this is the most simple equation in “hich the 


(1) 
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coefficient [or the unknown functios: has the same charactoer (with 
a single minimum) as does the coefficient p{y). It is necessary 

to select the substitution relating € to y #0 a the quantity ply) ., 
becomes sero simultaneously with the quantity ae + vand 50 

that the correct asymptotic expressions Would be obtained for 
large values of these quantities. The substitution 


fret J J fs 4v at, (44) 


~21” 


Gatisfies these conditions under the condition that the parameter v 
is chosen 60 that 


uve 
Ler ifve 4 4v dl. (45) 
-2iqv 


The integral in the right side of (45) equals 
2 


4 fi Mee ay dt = iv. (46) 
-2ivye 


Consequently, Eq. (45) can be written thus 


d 
inv = ie -tdy. (47) 
b 
1 


422) 


It gives v ae a function of t. 


near t= Ply,), namely, we will have 


Putting 


we can write the substitution (44) as 


Ply.) - 


* NB Ty; 


t 


+ vee 


y 
S= fen =tdy 
° 
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This function will be holomorphic 


b b 
6,94 fem ~tdy+$ f emi >t dy, 
° ° 


4 


8-55 WeF + av ag. 


The first part of this expression equals 


C 
+ ee 4avde =dever+ay eine 402 4 4) -$ in 4v. 
o 


Hence we can conclude that the quantity S - Sp +5ln v will bea 
holomorphic function of v near v = 0 for ¢ 70 and the quantities 
5-5, “5 in v and 5S will be holomorphic for ¢<9. But since 
we know 7€ 0 at y = 0 (om the earth's surface), the sum 8,43 Inv 


will be a holomorphic function of v. 


later. 


(33) 


This remark will be needed 


(48) 


(49) 


(50) 


(51) 


(52) 
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The solutions of Eqs. (41) and (43), in the asymptotic approx- 
imatione under consideration, are related by the relation 


{ ad 2. (53) 


Solutions of Eq. (43) are functions which are expressed by means of 
the parabolic cylinder function D,(s) which satisfies the equation 


2 
Pal sin tg ge) Dial 0. 54) 


The functions Dis) have been well investigated. We will not 
enumerate their properties but will refer to the book by Whittaker 
and Watson ''Course of Mordern Analysis" where the principal 
formulas are given. The following series can be taken as adefinition 


D(z) 
A £ 
gt 2S. reas 
Das) =“TTay* ra co | al a 


Equation (43) is obtained from Eq. (54) by replacing z oy + 
exp(-i ? and n+} by iv. The functions 


at 
8) (e) =D l {e et). (56) 
lv oy 
4 
(t) =D ( ). (57) 
B2'0 = are -+ e i 


will be solutions of Eq. (43). The quantities (0) and #20) will be 


(24) 


333 


complex conjugates for real vw and C. 
There resulte from the properties of 5D, (3) 


ove Vv 2a H+ it 


(-0) = (€) + (0) (58} 
@,(-0) #e 8, (0 Te-m (6 


et a CN 
=I 


&2(-0) = « 6,0) + TH "Fda (59) 


Asymptotic expreasions for 6, (0) and #20) are essential to us. 
In the region adjoining the positive real axis, we have 


2 
*% it i w-J iv? a By a> 
6 (C) =e ‘ eee Gece vee (60) 


Using Eq. (52), we can also write 


v 


La e - +i5 ln v : 
5,(0) 26 ri 7. ig +85 Mares exp (Vere a (61) 
+ &4v 


The latter expression ie valid aleo for large v. The asymptotic 
expression for (0) is obtained by replacing i by - i. 

in order to obtain a formula valid near the negative real axis, 
we must use relation (58). We will have 


3uw _ 34 2. giv 


- ery t-5 Inv 
8, (9) ae ZS 5 "Ete —— emf} fe 4v dvjt (62) 


+ 4v 


(15) 
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UT, ie iv 24) 
Sa, i ie Ser id 


Tr L i 
Ti, - tv) Ly rei je +4vdv], 


We are now in a position to construct the solution af Eq. (41) 
which satisfies all the requirements. 
Let us put 


+ 


Ww av v v 
Aiisae Se boo (63) 


Because of the properties of S noted above, the exponential in 
Eq. (63) is a holomorphic function of v also near v = 0. 
The function 


£y(y.t) = ct foe 6 (6). (64) 


will be a suitable solution of the equation for the height factor. Above 
the inversion layer (for S - Sy 1) thia function has the asymptotic 
expression 

4 
oo ees, (65) 


flys t= 


e 
4 ply) -t 


which results for Eq. (61). 
Below the inversion layer (for Ss, - SH)) the asymptotic expression 
for fly, t) will be 


iS - 2i5 “v9 e -1S 
°o 4 


(16) 
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where we put 


we 
x, et Fein 


Tl, + dy) 


Using the known asymptotic expression for the function ri + iv), 
it is easy to show that the function xy™) tends to unity for large 
positive values of v. Inasmuch as the second term ir Eq. (66) becomes 
amall in comparison with the firet for v #71, both expressions 
for fly. t) will then agree in form. However, it ie essential that our 
expressions for { (yt) be valid not only for large, dut also for small, 
values of v down to v = O and that they be holomorphic functions of v 
near v= 0. 

The appropriate expressions for {,ly,t) are obtained from the 
preceding by substituting - ifor i. In order to write ‘hem expli- 
citly, let us put 


ei EY -ife-Slnv -S) 
cylv) = e Aig aye So (68) 


va 
X,{) elie ze, ailyce Ame): (69) 


Fs + iv) 
Then 


fty.t) = ete ata, (70) 


and the asymptotic expressions for ily, t) will be following 


{17) 
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nT 
a 
‘ e -iS + 2iS | _s' 
foly, t} = LY ed o; forS Sy) (71) 
“Tse " 
- iS ver e iS 
f(y, €) = x2 (v) poe eo ee Ve 72) 
' a hii Afar -t 
for $, - SP 


Hence, the problem of the asymptotic integration of the height 
factor equation has been solved. 


5. INVESTIGATION OF THE ATTENUATION FACTOR 


We must now substitute the expressions found for fly, ¢) and 
fly, t) into formula (22) for F and we must investigate the attenuation 
factor V or the function ¥ related thereto. For simplicity of writing, 
we will limit ourselves to the q = @ case, which corresponds to 
horizontal polarization. The function F becomes in thie case 


Fit, y, y's oo) sr ty, 0) tye oe, ty, th. (73) 
7 e D, ,(t) 1 2 a i ct 1 s 


The Wronekiian Di, for the functions (64) and (70) equals the constant 
value 


Dit: 2, (74) 
which is most easily derived from the asymptotic expressions (65) and 
(61). We will aseume that y'>y, so that S{y') - S> 1 and let us 
consider two cases; when the second height is also high and when it 

is below the inversion layer. In the first case, we will consider 


(18) 
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S(y) - s,>), which permits expressions (65) and (70) for f, and f, 
to be used. In the second case, we shall consider 5, - Sy)" and 
we shall use expressions (66) and (72). 

In the first case, we shall have 


2is 
ig Sly’) = 245, ev. X28 iS-2iS, 


~iS + 2iS 
Fas e 04 VI eI 
ete) + S/oly) 1 ‘ i Fine ere 


The separate terms of this expression admit of an interpretation 
on the basis of geometric optics. It is evident that a wave going 
from above downward must have the phase factor <= and a wave 
going from below upward must have the phase factor : Expression 
(75) shows that there is only one wave going from above downward, 
namely, an incident wave with the total phase 


wht) = xt ¢ Sly’) - Sly) (76) 


we added the term xt here from the exponential in integral] (23) . 
This phave agrees with the phase Eq. (36) of the normal refraction 
case, a8 is natural, since this wave did not reach the inversion layer. 
As regards the waves going upward from below, they will be an 
innumberable set; these waves are obtained by expanding the second 


term of Eq. (75) ina power series in e%; 


They will correspond 
to waves, multiply reflected from the earth's aurface and from the in- 
version layer. The phase of waves reflected once from the earth's 


surface will be 


X 
© (t) = xt Sly") + Gly) + eral (77) 


(19) 
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Thie expression differs from Eq. (37) in its last term which cannot 
be obtained from geometric optics. Thie term equals 


Xp Mh aw) 
arc———= arc + 2v Inv - av. (78) 
X1 T2 + iv) 


It becomes zero for large positive v but it plays an important part for 
small v since, because of it, the whole phase $(t) remains a holo- 
morphic function of v near v = 0, in other words, near t + ply,). 
Now let us analyse the case when the point y is below the in- 
version layer, where S, -SP 1. 
Using expressions (66) and (72) and the equality 


wy 


XO) x2) =e ea, (79) 


we obtain after certain computations 


iS(y') - 2i5 


F ef — sl __. (80) 
&% {y') - t Vpty) - t X,e On ie ae 


In this case, there ie not one but an innumerable quantity of 
waves going downward from above since waves reflected {rom the 
inversion layer as well as from the upper boundariee are added to 
the incident wave. Moreover, there is an infinite quantity of waves 
reflected from the earth and going upward from below. All these 
waves are obtained formally by expanding Eq. (80) in a geometric 
progression in powers of e ”. 

The total phase of waves not reflected from the earth equale 


wit) = xt 4 S{y') - Sly) - are Xy (81) 


{20) 
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or 


x 
wit) = xt + Sly') - Sly) + arc (82) 
1 


and the total] phase of a wave reflected once is 
O(t) = xt + Sly") + Sly) + L are x2 . (83) 
z xy 


The expression for u{t} does not agree with Eqs. (36) or (76), which 
ie natural, since the incident wave paseed through the inversion layer. 
Expression (83) differs from Eq. (77) by the additional term having a 
factor-e. 

Up to now, we spoke of the phases of the different terme of the 
integrand. An integral over t in the attenuation factor corresponds 
to each such term. If these integrale are evaluated by the method of 
stationary phase, then each one gives a term in the attenustion factor 
which represents a wave with a phase equal to the extremum value of 
the phase of the integrand. 

It is understood that we use such a method of evaluating the 
attenuation factor only in the line-of-sight region; residue series must 
be used in the shadow region. 


6. FORMULA FOR THE DISTANCE 


We defined the horizon distance for normal refraction (section 2) 
ae such a value of the horizontal range x as would give the boundary 
between the region of applicability of the reflection formula and the 
region of applicability of the residue series. For this value of x, 
the extremum of the phsee of the reflected wave must be the least 
value of t for which the phase itself ie still real. 

There are many reflected waves in the presence of superrefraction. 
But we can expect that the principal part will be played by a wave 


(21) 
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reflected once form the earth's surface. Inasmuch as the "horizon 
dietance" is not a sirictly defined concept, we rightly make it more 
precise by interpreting it ae the hor:zon distance for a single reflected 
wave. 

The phases of s uingte reflected wave are found in sec. 4. 
According to Ege (77) and (63), we will have for y'>¥;,y>} 


y' 
: x 
sin ens | para an GY =e du ¢ are ye {64) 
Q ° 


and for y'» yy yy; 


y’ y x 
sa ees Apt e au + foto ~tdu+ $aro—. (85) 
] 
° ° 


These formulas can be combined by putting 


y 
1 X2 
S*(y,t) = [eu -tdutg a ty 7y,) - (86) 
° 


y 
S*y,t) = foo -tdu (y<y)). (87) 
° 


Then, both for Y>Y; and for yy; we will have 


O(t) 2 xt + S#(y't) + S*{y,t). (88) 
Let us note that S* is a holomorphic function of t near t z pty;). 


Reasoning as in sec. 2, we obtain the following expression for 
the horizon, distance 


ao dso eet ' (89) 


(22) 
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Let :.* write this expression ina more explicit form. Acording to 
Eq. (48) near t = ply) we will have 


Ply) -t . 


"NE . (90) 


On the other hand, near v = 0 


re = iv) 
7 arc—y-——* (C42 In 2)u +... {9}) 
TG 4iv 
and therefore 
parcaeav(G-14 Indy) +o. ' (92) 
1 


where C = 0.577 is the Euler constant. Consequently, for y> ¥, 


ase 3 pau 1 
lade puree Vy yc + In 4v}. (93) 
° 


This expression has a limit for t-pply,), v-00. The last term is 
absent for y<y, and the value t = ply,) can be substituted directly 
into the integral. Consequently, for y¢ yy we will have 


* 1 x d 
3:2 J puro : (94) 
eo 


The presence of the secand term in formula (85) specifies the 
dependence of the horizon distance on the wavelength. In order to 
clarify this dependence, let us turn form the modified x, y coordinates 
to the usual s, h coordinates, where 6 is the horizontal range 


(23) 
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and h is the height. 


Denoting the modified refractive index without the 10° by ph), we 
will have 


ply) = 2mpth), (95) 


where m is the quantity Eq. (4). We introduce the parameter 1 
instead of t by means of the relation 


te 2m?+ ‘ (9) 


Then 


y h 
f Vou) tau =k ier 72a dh, (97) 
9 


xt=kst. (98} 


Now, the quantity v will equal approximately 


v “ry (he) <1). {99} 


The distance formula is obtained fram the condition 


+3 =Ofors = nh), (100) 


where the phase ¢ is assumed to be expressed by the new quantities. 
Let us put 


h 
Fin) « | ere Pecy for hh). (101) 


(24) 
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—t )- 
rib) = tn 4 ear ype le + 9 m3 foe 


(for h> hd) 


Then the formula for the horizon distance obtained from condition 
Eq. (100) is written as 


8 = Ffh') + F(h)- (103) 


Let ue compsre the values of the horizon distance for identical 
heights but for different wave lengths. The wavelength enters into 
the expression for F(h) only for h7h, and only into the logarithmic 
term. Let the rag distance equal 5 for A= )* k and 


8, for h= Li a na Comparing the difference of expréssions (103), 
we obtain 


2 
,°68,¢ eer Iny—for h h; 
279. “er at + yas x > 


(104) 


k, 1 hy 
27°) Fa Ing Vey ax, for hDh; 


(105) 


Thies difference depends only on the behavior of the modified re- 
fractive index near its minimum except for the ratio of the wave 
lengths. 

Let ue apply our general formula to the case when the modified re- 
fractive index pth) depends on the height according to a hyperbolic law 


( - by? 


uh) = phd +2 gh, (106) 


(25) 


where a is the radius of the earth’s globe; } is @ parameter. In 


this case 


ii = _.2 
n'(h,) = ath, +0” (107) 


The integrals in ¢(t) will be elliptic but they are evaluated elemen- 
tarily for t = p(b,) and we obtain the following expressiona for F{h): 


F(h} = Vian 4ayp+ Vir + {1068} 
ea Fe +1 fa ti Te. on 
ak 7 -J 
for hdb, 


F(h) Wza(h +t)+ Zar - (109} 


& fath +) Vhatevi 41 Vk. a3 Ver, 
peas ear ete z +1 + inert AS, 
i i 


fcr byb, 
where 
2 3 
+ 2e"{h, +1) 
a ee . } (110) 
Here 


C,=7in2-4+C = 1.429. (li) 


(26} 
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For comparison, let us note that the horizon distance in the 
absence of refraction equals, as is known, 


s' =Vaan' +Viah . (112) 


Hence, the increase in the horizon distance because of refraction 
equals 


eo - et = (Fin) -yeab') + [Ft - V2ah). (113) 


We assumed in all the preceding reasoning that the heights h 
and h' are small in comparison with the radius of the earth a. But 
the preceding formulas are applicable when a wave comes from in- 
finity (for example, ‘rom the sun). The differcnce Fih') - {Zant 
has a finite limit for h'»@, namely: 


gle Lr) -V2ab') = (114) 


(h+i) Vb ee ty 
sVzar 3 — bert 4s. 
Replacing the first two terms in Eq. (112) by their limit values, 


we obtain the following expressions for the increase in the horizon 
distance: 


e-e's 2y2m -/2ath+ i) -2ah+ ao + (115) 


(hy +o} N er yh +i Vn 4 +f 
ae Inhyret nen? Nee aN a 


for h 6h, 


{27) 


o- ea 2V2u a/2athed Wah ¢ 2he- (116) 


a(b; +1) Viat 4h, +1 Veet: 
[(Ir wares erg i nn Oe re 
The “lead angle" 


8 ott, (117) 


corresponds to this increase in the distance. Since the present theory 
does not take refraction in the high layers of the atmosphere into 
account, it is necessary to add the value of normal refraction onthe 
horigon to Eq. {117) for a comparison with the observed lead angie. 
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XIII. ON BADIOWAVE PROPAGATION NZAR THE HORIZON 
WITH SUPERREFRACTION 


V.A. Pook 
L.A, Vainshtein 
MG. Belkina 


This work is devoted to the computetion of ancualous 
rediowave propagstion near the horison whem an inversion 
layer axiets near the earth (which is invariant in the 
horisontal directions) for severe] typical examples, Curves 
are conetructed for the attemation factor in the case when 
the tranamitting antenna is eitusted high above the inversion 
layer and the receiving anterma is within the inversion layer 
at s low elevation (or conversely). 

The results obtained indicate the expedieny of intro- 
Guoing the horison in analysing very remote propagation, they 
give an estimate of the possible values of the attenuation 
feotor at the borison and also indicate the dependence of the 
attenuation factor near the horizon on the distance and wve- 


length, The results obtained can be of value in analyzing 
the propagation of decimeter, centimeter and shorter wa7e- 


lengthe in the troposphere. 
1. INTRODUCTION 


The theory of rediowave propagation above & spherical earth in the 
presence of an inhomogeneous atmosphere for which the refractive index 
depends only on the height wis worked out in the work of V.A. Fock (1,2). 
An investigation was given in the second of these works, of the atteu- 
ation fector in an inhomogeneous atmosphere near the horison, where the 
concept of the horizon is defined for an inhemogenecus atacephere of 
any kind, The definition of the horison introduced in (2) in the case 
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of an inhamogenecus atacephere without an inversion of the reduced 
index of refrection coincides with tho boundaries of the shadow which 
results from the laws of geometric optics. If an inversion of the re- 
@aced index of refraction exists, then the horison is found from more 
exact wave considerations; ia this case, its statemsnt depends on the 
wavelength, 

If 4% ie asmumed that the attenuation factor decreases rapidly 
with distance beyond the horison, then (as was done in (2)) the range 
of the horisen can conditionally be considered to determine the range 
of rediowave propagation, Therefore, a eimple formula is ebtained for 
the range ef radiewave propagation with euper-refraction, The heights 
ef the receiving and tranamitting antennas, the wavelength ani the 
paraneters characterising the M-profile all enter into thie formula, 
The range ferme for a reduced index of refrection dependent on the 
height according to a hyperbelic law((2), 0 5) semmes an especially 
eimple form. 

The analysis of very leng propegaticn using the horison concept, 
given in (2), requires certain improvements, however, Pirst ef all, it 
is desirable te clarify which values the attenuation factor at the 
horisen assumes and hew the attenuation factor near the horison depends 
em the distance, the wavelength and the parameters of the inversior. 
layer (the height of this layer, its everage gradient, eto.). To do 
this, it is evidently necessary to eva)imte the attenuation factor in 
certain particular casen inasumoch 4s this problem is not subject to 


(2) 
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solution in a general form, Henos, if we explain how rapidly the at- 
tenuation factor decreases in the shadow region (beyond the horison) 
and how rapidly it increases to a value of the order of unity when de 
perting from the horison into the line-cf-sight region, then we there- 
by confirs to what degree the horison determines the range of radio— 
wave propagation in practical cases, 

In view of the enormmour tedium involved in computacion of the at- 
tenuation factor during sup: -refrection, the calculations oan only be 
made for a small number of typiual cases. Here it is impossible to 
perform any exhaustive calculaticns, as for normal rediowsve propaga- 
tion. Hence, we were limited to the calsulatian of the attention 
factor a 0 function of the nondinenstonal coordinate £ in four cases 
which enabled the dependence of the sttemution factor on the horison- 
tal distance between points, for a fixed M-curve ami for fixed heights 
of corresponding points to be constructed for four wavelengths, re~ 
ferred a9 1:3:9:27 (08 Section 7), 

In this wy, 1 appears to be possible to mcke more precise the 
meaning of ihe range of the horison and the range of propagation and 
© answer a nusver of questions formated above, in particular, the 
question of the dependence of the very-long propagation phenomenon on 
the wavelength, 

Let us recall that the anslyeis of anomalous propagation given in 
(2) Le applicable if and only if one of the corresponding points 1s 
soove the inversion leyer near ths earth whils the other point can be 

G) 
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either within this layer or above it. Consequently, when computing 


the attenuation factor we were Limited to the case when one point is 
high above the inversion layer and the other is within the layer at a 
height equal to one-fifth the height of the inversion point. 
2. Qi THE HORIZON CONCEPT Di THE PRESENCE OF A 
TROPOSPHERIC WAVEGUIDE NEAR THE EARTH 

Let us consider in more detail the horisan concept when a mve- 
guide (inversion layer) existe near the earth, 

Piret, let us recall the ray treatment of normal and encmlous 
propagation (see (3), pp. 14, 17). The reduced index of refrection ie 
@ linser function of the height for a homogeneous atzosphere, 

The rays, iaewing from the source Q, have the shape of curves ine 
verted convexly to the s axis (Fig. la) on the s, bh plane (s is the 
distance along the earth, bh is the height). The horison 00' is deter 
mined by the ray Q00' which touches the earth at the point 0, To the 
Pight of the horizon line 00° is the shadow region which the field 
penetrates only because of diffraction; to the left is the line-of- 
sight region. The reflection forma, according to which the field is 
obtained as @ result of the interference of the direct ray QP with the 
ray QP'P reflected from the earth, is approximately applicable for 
observation points in the line-of-sight region (to the left of the 00! 
horizon). 

Rays from the source Q located within an etmoepneric waveguide, 
near the earth, of height b, (Pig. 1b) are convex upard ‘from the 8 

(4) 
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Pig. 1. To the horison concept. 
a = for norml refraction; 
b = for superrefraction - according to geometric optics) 
© = for superrefraction = according to mve optics 


(ba) 
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axis) within the waveguide and sre convex dowmard (ap in Fig. la) 
above the waveguide, Consequently, the ray Ql passee into space abote 
the waveguide but the ray Q2 appears to be ‘trapped! within the mre- 
guide, These two kinds of rays are separeted by the limiting ray QO 
which approaches the height h = hy seymptotically as s—se@. Besides 
the direct rays, rays reflected from the earth, as QL''l’ for example, 
are incident on the epace above the inversion layer and are esparated 
from the trapped rays ty another limiting ray Q0"0* which approaches 
the height hy asymptotically after a single reflection from the earth, 
ALL ray ieeuing from a source within the angle 0Q0" formed by both the 
limiting rays eppear to be trapped, 

In this example, the laws of geametric optics leed to the conclu- 
sion that s horison is apsent both within and above the waveguide, 
Actually, direct rays iesuing from Q within the angle 1Q0 and reflected 
rays issuing from within the angle 1°Q0" pass through observation 
points situated above the waveguide to the right of the rays 1 ani 1’, 
They penetrate the whole space above the wiveguide to the right of the 
rays 1 and 1! and, consequently, the region of geometric shadow and, 
therefore, the horison are absent. 

However, it is easy to see that the laws of geonstric optice are 
not applicable to the Limiting rays Q and Q"0* ani to rays close to 
the limiting. Prom the preceding, it 1s clear that precisely these 
rays transport (socording to the geometric optics laws) electromg- 
Retic energy to long distances above the waveguide. Hence, there 
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follows that wave considerations must be drawn upon in order to solve 
the question of the horiaon and the range of propagation with super 
refrection. 

Thin was done in (2) where it ws shown that there is a certain 
boundary 010! (Fig. lo) in the space above the waveguide, to the right 
of which a ray reflected fram the earth cannot penetrate. This boundary 
O'O! ds the Lorison in the presence of an inversion layer since to the 
Fight of this boundary, 4.0., in the shedow region, the field (ae in 
Fig. la) can only penetrate because of diffrection, 

Beaides the boundary 0'0} there is still the boundary 00, to the 
right of which direct rays which do not experience reflection from the 
earth, cannot penetrate, The boundary 0'0' is to the right of the 
boundary 00 since a rey, when reflected frum the earth, appears to be 
to the right of a direct ray parallel thereto (sse the rays @ and 
Ql"! on Figure 1b). Direct rays do net pass inte the 00 = Of0' band, 
consequently, the total field in this band ig not subject to the my 
treataent, The total electromagnetic field to the left of the bountary 
OO is obtained by the superposition of the direct and reflected rays. 

Because of such a valus for the boundary 00 ~ the linits of ap- 
plicability of the reflection formula - it is expedient to introduce « 
special designation for ‘t: we call it the direst wave horison, In 
contrast, we call the boundary 0'0'the reflected wave horison, Uhile 
thess horisons coinoide for normal propegstion, they must be differunti- 
ated in the case of anomalous propegation. 


(6) 
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The horizons 00’ and 00 on Pig. lo replace the limiting rays 
QOr0* and QO (Fig. 1b), obtained from geometric optics, in the wave 
picture, 

These general considerations will be made gore precisa in Section 4, 


3. FUMDAMBITAL FORMULAS 


The attenuation fector ¥ in an inhomogenesus ataosphere for which 
the refractive index depends caly on height can be represented as the 
contour integral: 


re) Vix,y',7) = <(-1 £) z { oft P(e yy) at 


When ah inversion layer is present near the earth, if ons of the corre- 
eponding pointe is above the layer and the other is within it, then the 
following spproxinste expressions (see (2), Section 4) can be taken for 
the integrand F: 


(2) F(t, xty) ep {1 (Sy!) - 23,]}sin S(y) 
TY ab f by") oa t 7p) = t (xv) exp (-218,) s it’ 


Bere y' ard y are the nondimensional heights of the source and the 
observation point (x >, where s' > ny and y.c Yq where % de the 
nondinansional height of the inversion point); x ie the nondimensional 
distance between the source and the observation point and p(y) ise 
funetion related to the reduced refractive intex M(h) by the formule: 


(7) 
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& 


6) pa) = ut) mfa-1+7); ee @) 


where n is the refrective index of air; a te the radius of the earth. 
We assume that the function M(b) has the same sbape as on Fige. 1b 
and le, Consequently, for given t, the equation 


(a) p(y) -t = 0 


has two roote y) and yo. These roots are real and positive for p(y) 

< t<p(0)s they are complex conjugates for t< p(y,)) they coincide 

for t © p(y,) and then x) = yo = yy. In general, there can be other 

reote (negative or complex) beeides these two but they are of no value, 
The quantities S(y), S(y') and 3, are given by the formlas: 


y’ 
a(y) » | agree as sgt) = [ #O-t wy 
6 t-) 
° 2 WGT=taed | WeGT=te 
t) ° 


wherein the radical y/ply) - t must be taken in the arithmetic sense 
for positive real y for t < pty,). In order <0 evaluate S, for 
t<p(y,), the redical = t mst be continued analytically into 
the region of complex y. We will consider that p(y) ie an anslytic 
function (see Forma (18) below) admitting of such a continuation, 


(6) 
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The quantity » is deterained from the formula: 


1 72 
(6) veg f Ol -t 


The quantity * is also real for real values of t, where the sign af 
V ie chosen from the following relations, ‘The function p(y) can be 
replaced, for y » Joo by the first terms of the Taylor series 


Py) = ply) +S PF Oy) - 7)? 


and the integral (6) can, afterward, be calculated and ve obtain the 
following approximate forma for t w= p(y,) 


piy,) - 
(7) Vie ah 
PFE) 


In conformance with this, we consider v3 0 for t< py,) and v< 0 for 
t >p(yq). Formule (6) is rewritten thus for ply,)< t <p(0): 


72 
(e) ere La #- PG) 
7 


where yt - py) >0 and I< 72° 
The function X(v) is determined by the formula: 


°F -¥re -y ln 
(9) XW) - Foe eres 
r(t-ar 


(9) 


where the principal value is taken for ln y at 7>0 [t < ry I i 
Hence : 
(10) XiW— 1 as Lee 

When evaluating the attenuation factor for large values of y, jt 
is necessary to take into account that the function p(y) must satisfy 


the foliowing relation as y—-@ : 


(11) Soe [P(y) n y] - 0 


Consequently, representing S(y') as follows: 


y' y' 
so) = [ yrrtae | [YGT=t ~ ¥7=t] wy 


we see that the first component increases without limit as y'_~ (the 
>» & 
drfinite part equals 57 - t7¥") and the second tends to a finite 
limii if the difference p(y) = y approaches zero rapidly enough (for 
example, just as for the function p(y) according tc (18) . 
let us introduce the quantity 5 as the limit 
z lis j 2 7. 
(a2) & © dafsiy) - 25, -2 yt ot 7] 
2 ¥ 


Substituting the following for large values of y' 
2_™ : 
S(y') ~ 28, *37' -tyy' + G 


4 a 
and replecing the quantity yp(y') = t in the denominator of (2) by 
vr » we obtain the attoruation factor as 


(10) 
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(13) Vi,z',7) = = «xp ! 2] a ¥Gy7) 
where i 
(14) %G7) © cae] oF itr) at 
é 
and 
axp(1f,) ein S(y) 


1. (t,y) = y 
oS Wor) BGT Ht Xieweas,) = to 


The function % (7) is related to the attenuation factor V by the 
eane forwula (13) as in the theory of norm) radiowave propagation, 
Just as in this latter theory, it ie natural to call ¥) the attenuation 
feotor of plane waves, Since we shall svaluate only ¥, subsequently, 
we eball often designate y as simply the attenuation factor, 

Let us introduce the variable J which equals 


(16) g$° x-¥y7 
into ¥,. The geometrical meaning of ¢ follows frea Pig. 2, where T 
bg denotes the point at which the incident 
—p» P 


plane wave {or spherical wave from a re- 
mote source) touches the earth's surface, 
The quantity ¢ ie related to the angle 
@ «= TCP (P is the observation point, C 1s 
the center of the earth) or with the dise 
Pig. 2. oy sali tian tance @ = a0 along the earth which corm 
Feepondse to it, by means of th relations 

(ua) 
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is 
(17) f= meaty a = (8) 


Let us note that the point of tangency T corresponde to the path of a 
ray in e homogeneous etmosphere, 

The infinite contour C in the plane of the complex variable t, 
over which the integrale for ¥ and ¥, are taken, ie arbitrary to a con- 
siderable degree and should be chosen eo that the integral can be 
evaluated with the least difficulty, particularly, in such s way that 
the principal part of the integration would be as emll ag possible. 
Bence, the contour © should encircle al) the poles of the integrand in 
& positive direction so that they would be above the contour C. It 
would appear to be more conventent to take the contour show in Fig. 3, 
with ite break=point either at t = p(y) 
or somewhat to the left (see the and of 
Section (6) as the contour of integrae 


Pig. 3. Contour C in the tien. 
complex t = p(y;) plane. 


As 19 seen from (5) and (6), integrals of the form [ypiy) -¢t dy 
for different t and for different liaite of integration, including the 
complex, enter into the integrand W(t,y). In order to facilitate the 
evaluation of these integrals, the hyperbolic lew (54) wae taken for the 
reduced index of refraction N(h) and, consequently, the function p(y) 
is obtained according to (3) as 

2 
Qs) ply) = ply) + es 
(2) 
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whereupon there results fran (11) that 
(29) p(y.) = % ° Mm 


‘Tho parameters, 7; and y, are in (28), where My is the nondimensicnal 
height of the inversion point. It is also expedient to introduce the 
epecial notation 


(20) rTeye % 
thea 
(a) ya) = 2 


Let us note that (4) ie @ quadratic equation with the two reots y) and 
Yo» Which join at t = rly), dn the case of the hyperbolic law. 

The integrele which we need in the case of the hyperbolic law ere 
expressed through elliptic integrals of the first and second kinds, 
However, in the cases we considered, it appeared to be more convenient 
to evaluate these integrals by expansion in powers of the parameter a’, 


where 


It 19 sufficient to take several of the first terms in these expansions, 
which also contain logerithmio components, since the principal part of 
the integration over C corresponde to very amall values of the para- 
meter a2, Later terus of the expansion are essential for the large 
values of the parameter Y which we tock (see the beginning of section 5) 


(13) 
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only on those parts of the contour where the whole integrend is itself 
omll, 

In conclusion, let us dwell on the analytic contimation of the 
fonotions P(t,y',y) and Y¥(t,y) over the whole complex t plane, The 
fact is that the quantities S(y), 3(7'), S$, and X(v), which enter 
into these functions, are originally defined only on the reel aries for 
t < p(y.) (¥ > 0) where the arithmetic values were taken for the 
redicals Ypiy')=¢ and “ply = €. However, knowing the inte- 
arend at t p(y.) eppeare te be sufficient only for caloulations with 
the reflection formula (see Section 4). The integrenis mist be mown 
for complex t in order to calculate the contour integrals, ani this is 
accomplished by using analytic contimation. 

Here, it must be kept in mind that the exact functions F(t,y',y) 
and =¥(t,y) have no singularities at the point t = P{y,). However, 
the asymptotic expression (15) for the function ¥ (t,y) has a singular 
point (a branch point) at t = p(y) (for expressions ey) - & and for 
S(y)) and at t = p(0) (for S(y) and €,)° These singular points are 
obtained because we used the asymptotic expreseions, Actually, there 
ate no branch points since the exact integrand mest be meromorphic. 
Consequently, we bypase the ‘apparent singular pointe! fron below by 
considering, for example, that argir(y) -t] = # for t >p(y) and 
that poiy)-t = 1 ¥t~ ply), tere t= ply) >0, In substance, 
this bypass is conditional since (2) is not applicable for t > p(y) 
Decause of the so-called Stokes phenomenon, This phencaenon can only be 


Cn) 
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neglected when the section t > p(y) gives a amall contribution to the 
value of the contour integral, ae ococura in the caees which we consider, 
The ebeck calculations which we made by using parabolic cylinder func- 
tione (see (2), Section 3), which give a more exact asymptotic repre~ 
sentation of the integrand ¥(t,y), confirmed both the qualitetive and 
the quantitative validity of the results obtained by using (15). 

The function ¥(t,y) aleo hes poles corresponding to the roots of 
Equation (45). When the poles approach close te the contour of inte= 
gfation, they mist be bypassed from below, 


&. BRFLECTION FORMULA 


It is natarel to evaluate the attenuation factor in the line-of- 
aight region by the method of stationary phase since this method gives 
the transition to the lawa of geometric optics wnich is applicable far 
qncugh from the horison, ‘The method of stationary phase can be applied 
to the integral of (1,4) ae follows, Let us represent the integrand 
on the real axis as: 

_ et M(t) _ 1 P(t) 


23 
ay ¥ 2 Gg) -tixmla-A 


Qe) = J - Sy) +, - are XY) 
Blt) © & + sy) + 23, - arg My) = A(t) + 23) 


(25) - arg Xv) = viny-v + aef(}- 47) 
(as) 
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(26) A- qq 0 [or + 285,] 


The following expression oan be written for all the integrands in 
{1,) for real ts 
5 = eh W(t) . Qt p(t) 


(27) 1£% Pail 

oY 2 eretinmla-a 
vwheve 
(28) 


a(t) = t+ Ne) 
gt) o fto F(t) 


Since VY is aleo real here, then 
(29) Ixw] - xo et” 


and if > 0, then 
1 


(30) Al = re 

The last forma chown that the abeclute value of /\ is less than 
wity (in particular, |Al= pp tor y= 0) it yoo [t<p(y,)] and 
it tende rapidly to sero as »” increases. Consequently, if we should 
sock the stationary phase point at t < p(y), we can neglect the phase 
of the denominator 1</.. Then the etationary phase points t, and 
tg of the first and second components in the right side of (27) are 
obtained from the equations 


(m2) wil) = 03 gilt) © 0 
pT) 
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or 
(32) G2 -QAlyds So - sult) 
where the values of t; and t, are different for given ¢ ant y, 
Calculations show that the functions of1'(t) and =@1(t) havea 
waxieum, Consequently, ve find two values of t, and two values of t, 
(ai least, if © 40 not too large), Only valuse of t, and t, should be 
taken which correspond to the left half of the curves t <p(y,) (a%< 0) 
fnasmoch ag the phase of the dencminator 1 ~ /\ ean de neglected only 
for theee values when determining the stationary phase points, 
Finding the points t, and to, we can evaluate (14) by applying the 
method of stationary phsee to each coxmponant of (27). Thus, we arrive 
at the reflection formila for the attenuation factor Ya 


1% A toy a(t.) 


WOl= GING) WGI = yO) 
where 
1 
(34) A(t) Teo aA) 


The first term of the reflection formula (33) 4s the ground wave, 
the second term is the wave reflected from the earth, This formula hee 
the pane structure as the usual reflection formla of geometric optics, 
however, corrections, arising in the exact analysis of wmve passage 
through layer edjoining the inversion point, ere reflested therein, 

Lat us note thet t amd t, decrease as § desreases and the values 


of YF corresponding therete imerease, It is possible te write for large 


enough positive ¥ 
Q7) 
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(35) Away XMey 222 
“and, consequently, the more eiaple expressions oan be used for the 
Q(t) ana $(t) fenotions 


Mt) = BE, -sy) 
(36) 


H(t) - Sosy) 
where ss 
a * &, ¢ 23, s yrds") $2" +e 


The reflection formula (33), for such simplifications, trensforme 
into the usual refleotion formils resulting from the laws of gecmstris 
optise in an inhamogeneous etaosphere, Therefore, the latter 4s ap= 
Plicable to rays sufficiently far from the listting rays QO and Q"0 on 
Fig, 1b, msre exactly, to those rays for which v(t,) end y-(t,) are 
large enough positive numbers, ds it is easy to consider, we have 
Y= O for the limiting rays themelves and geumetric optics is not 
spplicable to the, 

Returning to the general reflection forms (33), let us intredwe 
the following notation for the mximm values of -Q'(t) and <€1(t): 


(8) E> [Olas &e CeOL, 


Because of (24), the following inequality is always satisfiei: 
(39) oy < 4 


Qs) 
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Hence, we eee that the etationary phase point , and t, can only be 
found for both components in (27) if ¢«f,, The equation w'(t) «0 
bas no real solution for ¢ >¢) and the ground wve ie not expressed by 
the first component of (33), Consequently, the value { = £,, deter~ 
wines the horison of the ground waves (see Section 2), Similarly, the 
value £ © £, determines the horison of the waves reflected fron the 
earth, 

The physical meaning of £> is that the electromagnetic waves 
escape in the ¢>¢, region only because of diffraction, consequently, 
ke £2 10 the boundary of the shadow region, The physical meaning of 
4 4a that reflection formula (33) 4s applicable for Le f ys Wnsequently, 
§ =, 1s the bountary of the line-of-sight region, The region 
6, < $ < Gq te the intermediate region between both horisons, 

Since the maximum values of the functions -f)'(t) and -$'(t) are 
attained near the point t = p(y,}, then the quantities 


Ww) f= (Ong) 1 2 + [- FO} ergy 


will be very close to the quantities determined by (38), as we will show 
by examples in Section 5, Consequently, the location of the horison can 
be determined approximtely ty a formula such as (40), which is mach more 
simple than to construct the graphs of the functions -fi'(t) and -¢'(t) 
whioh are required for the use of (38). The formise (0) for the hyper= 
Pelic law (16) reduce to 


ws) % = %-00)5 € = a oay) 
ag) 
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(az) ar pee Saat | 
| Wekeery Kory 

(43) OG) © -/E 47+ Ala a, Ai] 

and 

(us) CG, © Co7TIM2=k © 16429 


(C 1 Buler's constant), 

The aecand forma of (41) gives (115) of [2] for the dietance of 
the horison of the reflected wavee when the transformation is made to 
the usual (dimensional) coordinates. As we already said, the first 
formula determines the distance of the ground wave horison. 

In conclusion, let us note that reflection forma (33) ie applica- 
ble to the caleulation of the attenuation factor V, almost up to the 
ground wave horisan Pr 1 iteclt, 


5. MUMBRICAL RESULTS IN MONDIMENSIONAL COORDINATES 


We chope the following mumerical values of the parameters which 
enter into the function p(y) {Formas (18)-(20F} when calowlating the 
attenuation factor yy for a hyperbolic inversion laws 


Se ae 
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The functions p(y) for the values of the parameters selected are 
show in Fig. 4. The choice 
we made permits the propagee 
tion of four wavelengths, 
which are referred to as 
13319127, to be caloulated for 
@ specific H-profile (see 
By) — Ply) 


' ( 
« & Graphe of the fanotica ply) Section 7). Here the firet row 
for the parametric values of Tale 1, of Table 2 ivy 


short waves and the fourth row corresponds to very long waves, 
We took y = 74 in all cases, 1.0., we assumed the height of one 
5 


of the corresponding poisite to be equal to one fifth the height of the 
inversion layer. We took the other point at a great height above the 
inversion layer = so great a beight that the attenuation factor 3,7) 
of (13) could be used, 

The four curves of the attenuation factor ¥), whioh we caloulated 


as a function of the variable ¢, are given on Fig. 5. The subscripts 


Fa es ' 
NIKE ET 4 


6 8 © © 20 a fo 35 40 46 to OSS 
Pig. 5. Dependence of the attenuation factor ¥, on £ 
Curves 1,2,3,4 correspond to the mumbers of the rows of Table 1 and te 
the numbers ef the curves of Pig. 4. 


(a) 
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1,2,3, and 4 on the curves show to which row of Table 1 and to which 


p-ourve of Pig, & the given curve for the attemation factor corre- 
sponds, The point ry on each curve marks the location of the ground 
wave horison and the point [°, marks the location of the horizon of 
waves reflected from the earth. The points [°, near the origin, which 
are provided with the sane eubscripts 1, 2, 3, and 4, determine the 
horizon (the line-of-sight limit) for a homogeneous atmosphere; the 
Corresponding values Se are obtained from the simple formula ¢, 73. 

An ig seen, long distance propagation cocurs in all four of the 
enees considered, and as should be expected, the moet sharply expressed 
ie in Curve 1, The phenomenon of long-distance propagation attenustes 
monotonically when the traneition ie made to Curves 2, 3, ani 4, how 
ever, the ettemuation factor |Vim 0.1 for £m 5 according to Curve 4 
while |¥,| aemmes a value four orders lower ({y,| ~ 0,000013) for 
the same ¢ and y but in a homogeneous atmosphere. 

The values of the function |¥)| at the horisons Py and [', ave 
given in Table 2. 

It ie eeon therefrom that the valuse of the attenuation factor at 
both horttons I”, ant I’, very within sufficiently vide limite, from 
3-3,5 tines, The values of |¥,| at the [, horison for normal 
propagation and for the same values of y are given for comparison on 
Table 2. A comparison of the columns shows that the valuse of the at= 
tenuation factor at the borison for normal propagation have approxi~ 
wmtaly the same scatter as for anomalous propagation to the I", ant 
r, horisous, because of the dependence om y. 

(22) 
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It oan be noted that a sudden variation fn tho character of the 


propagation does not occur at the T) and T, horizonst The attenuation 
factor starts to decrease monotonically in the line-of-sight region to 
the left of both horizons. In particular, thie leads to the attenuation 
factor being 2 - & tines less at the ry and Tr, horizons, according to 
Table 2, than at the 1. horison for normal propagation. Such a be- 
havior of the attenuation factor ie apparently explained by diffraction 
(more accurately, weve) phenomena, taken into account by the reflection 
formala (33) and not incladed in the laws of geometric optics, having 
value not only beyond the ly and Te horizons but to the left ae well, 

In order to explain the applicability of the sinple fermlas (40)- 
(44) to compute the distances of the Tt, and T, horizons, let us ccm~ 
pare the results which they give in the cases we considered with the 
Tesults obtained from forma (32). 

Table 3 shows that both formulae give very close numbers. Consee 
quently, the simple formas of (2) can be used to compute the distance 


to the horizons in practical computations. 


6, ATTENUATION FACTOR IM DEEP SHADE. RESIDUE SERIES 
It fe convenient to investigate the attenuation factor in deep 
ahade by using the residue series which 1s obtained from the integral (14) 
(23) 
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by the usual method {gee 11], Section 6). In order to obtain the 
Teaidue series, it is first necessary to obtain the exot location of 
the poles ef the function vt {t.y), d-e-, the roots of the equation 


(45) ~eA=0 

Those roote are found near the contour ¢ (Pig. 3) or within it. If we 
dencte 

(46) Lt © t- ply) 


then the values of £:t for the roote which we found form Table & in 
which the first colwam shows the muaber of the row in Table 1 and the 
eecond column shows the number of the root for this caee, 


0.10653 + 4 0.00019 
0.06364 + 4 0.05523 
0.1633 ¢ 4 0.2107 
| 20.2495 ¢4 0.3913 
| 0.06338 + 4 0.06518 
; -0:1739 +1 0.3293 


| o.r038 +4 0.2298 
| 0.1883 +4 0.6934 


00,0852 © 2 0.4661 
0.1275 #4 21,1918 


® oI Z Pigy— Ply 
Mag. 6. -Ructe t, corresponding to 
trapped and untrapped weves. 


RY YH OP FUNP | 


The Location of the real parte of the first three rocts of the 
p(y) curve is shown on Pig. 6 for the first case. We see that only the 
first root corresporis to the ‘trapped’ wave in the usual interpreta= 
t4on, the other two roots yield waves which easily emerge bayon'! the 

(2h) 
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limits of the inversion layer, from the geometrical optice viewpoint, 

However, these ‘leakage’ waves have slight attenuation and partioipate 
astively in the very-long propagetion process, Let us recall that 

ty © 1,17 © 12,02 fer normal propagation so that the third wave at~ 

temates ten times more alowly in this case than the least attenuated 

wave under normal propagation ecomiitions. All the roots correspon! to 
the ‘leakage’ waves for the rest of the cases. 

Let vs transform (45) to « eimple approximate form whioh will 
permit comparison with ether veryelong propagation theories. Let us 
etart with the 'trepped' uves which have almost real ¢ between 
p(y,) and p(0) (euch as the first root in Table 4) and, therefore, 
have negative values of VY. For y > 0, we pat 


(47) ye (ovet®; ive in(-ryoir 


Then we will have in addition to (10) 
(46) Xv)—» as VY ~—p-— @ 


and we obtain from (5) 


9) 323-4 r 
where 
be 
(50) x -{ Gl-ty 
e 


end 7 denotes the least positive root of (4), Taking these forsnies 


fate aceount (45) becomes 
(25) 
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(52) 4 exp(2is,) = Xv) 


If V 4s large and negative (strongly trapped weves) then we 
obtain the following more simple equation because of (48) 


(52) s, = @-pTs nae 1,2, 000 


which corresponds to the known characteristic equation of trapped 
waves (see (31, p. 20). 

Now, let us imagine that Y is positive or complex with positive 
real part, 1,0,, Ret <p(y,) or Re At < 0, In this case, it is not 
possible to determine the quantity S, by using (50), if only beosuse it 
is not known which of the complex roots y, and yo should be taken, 
However, inverting (49), we can always determine 3 by using the 
relation: 

(53)  * 8,+ttr 


and we agein obtain (51) from (45). Since we will always have X(})-01 
for a suitable choice of ero Wfas in (47)] and for |y|—se@ with the 
exception of aro y © -§ and, moreover, X(0) = 72, then we can 
coneider X(v) = 1 as a first, quite rough approximation for the 
‘leakage’ wave and we again obtain (52). 

Let us note that the simplified equation (52) is also suitable for 
normal propagation when it is necessary to put p(y) = y andy, = % 
in (50). We thus obtain froa (52) 


ow 1 [36-D]=08 
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which corresponds approximately to the roote of the characteristic 
equation for the homogeneous atmosphere, 
In order to verify (52), we calowlated the value of 5 for the 
roots which we found according to (53) ant we obtained the following 
puabers as & result: 


=0.768 ~ 4 0.004 
0.459 ef 0.396 
1.178 ef 1.09 
11.78 oa 0,005 1,800 efi 2,823 


2ubbh @ 1 0,062 0.517 = 1 0.376 
5.50. ¢ 1 0,021 0.867 - 2 1.646 


2.315 © 4 0,012 0.360 = 4 0.776 
5.516 @ 4 0,014 0.656 = 4 2,402 


2.436 ¢ i 0.079 0.207 = i 1.120 
5h99 + 1 0,007 0.319 - 1 2.718 


Hence, by calculating 3, for the roots found, we can ascribe the 
subscript m to it by using the approximate relation (53). 

Shown om Fig, 7 is the attenuation factor in deep shade calculated 
by using the residue 
series for the firet case. 
Figure 7 shows that the 
firet tens of the residue 

. series, which corresponds 
-L0 a) Be ee ee S to the pole t,, only de- 
tie hes Ste Fe ae i. termines the attenuation 
calculated using the residue series. 


(27) 


factor for ¢ > 150, 4.0., for A = cm waves at 8 > 1000 kn, Since 
the first term has negligible attenuation, then the absolute value of 
the attenuation factor will be almost constant at such long ranges, the 
aeyaptote on Fig. 7 is almost horisontal. Let us note thet the sttenua- 
tion factor approaches the agymptote completing the attenuation of the 
Cecilletions in the deep shade on Fig. 7. These oscillations caused 

the interference of tha first and second ‘simple wvee'. 

Hence, tha firet elzple wave with the leaet attenuatian is exited 
very olightly ty a weve incident from above cate the tropospberi wave- 
guide beceuse of which thie simple wave oan have a decisive value only 
at very long ranges, The second and the third, in part, terms of the 
residue series have fundamental value near the I", and J”, horisons. 
Thies phenomenon must have @ general oharecter since if the simple wave 
de ‘trapped’ (see above) and almost dose net leak out of the inversion 
layer (which 40 explained by its negligible attenuation) then it is 
almost not excited by rediators above the inversion layer according to 
reciprocity considerations. Waver with large attenuation to « large 
degree penetrate the epace above the inversion layer, consequmtly, they 
are excited more strongly and play a fundamental part near the horizons. 

Because of the oircumstance noted, the I’, and J", horisons 
actually determine (although in an appracimate enough sense) long dis- 
tance rediowave propagetion even for etrongly expressed superrefrection, 


as is seen from Pig. 7. 


(26) 
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The residue series is usally used as the basie for analyxing 
very long propagetion. Here it is assumed that only trapped wres can 
have low attenuation (Re At, >0). Actually, waves which "leak! also 
attenuate slightly in a number of cases (Re At, <0), Consequently, 
waves which are several tines longer than the ‘oritical' wavelength A, 
defined according to (4) (p. 258) contribute to very long propagation 
in a tropospheric waveguide, 

In comelugion, let us note that several of the first terme of the 
Tesidue series, as computations ehowed, permit the attenuation factor 
te be calculated until it almost joins the reflection forme and, hence, 
gets rid of caloulations in quadratures (see Sectian 3), 


7. WOMRICAL RESULTS POR A CQNCRETE CASE 


In order to faoilitate the physical analysis af the numerical 
results which we obtained in Seotion 5, we consider the corresponding 
concrete case herein. 

The M-profile shown on Pig. & can be taken es an example and the 
attenuation factor ¥, oan be 
Constructed for the folloming 
wavelengths: 1) 3.33 om; 2) 10 
ony 3) 30 omy &) 90 om as ie 
done in Pig. 9. The mmbers on 
the curves ef Fig, 9 indicate 
the wavelengths listed here, 


Fig. 6. eco we 


© 6.5 95 1= 00.0 ny B= 950.5 
M(by) © 153.55 (0) - W(k,) = 0,381, 


(29) 
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‘The lower horizontal scale is the range » in kilonsters and the upper 
io the angle @ in degrees (see Fig. 2). The left vertical scale ir 
the 1g]¥,{ (to the base 10) and the right hand scale is for values 


of [¥. 
| af: A 


SiN RSS aSeRRe 


Pig. °. Dopaanesie of the secucia Pei %, ag 
for the wavelengths: 1 © 3,33 omy 2 = 10 cx; 
2 = 30 cay 4 - Kon, 


Let us note that the dispersion ws not taken inte account in our 
computations, We assume that the H curve hes the sane shape for all 
four wavelengths for which the attenuation factor Vy 1s given on Pig. 9, 

The M curve on Fig. 8 is constructed according to the hyperbolic 
lay 


(55) K(h) © a(hy) «> fe = my 
a nel 
in which 
(56) Min ses 
a 


Two parameters are included in the hyperbolic law: hy and Z with the 


dimensionality of a height and related to the nondimensional constants 
Yq and y in (18) by means of the relations 


(0) 
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vs 
ul ka 
(57) nets + ae » - (4) 
in which hy is the height of the inversion point or, what is the came, 
the height of the atmospheric waveguide. As ie easily shown, the 
bad ght 

kA 
(58) R= no! (x -= 


Geterminee the radius of curvature of the N curve at the inversion point, 

Also marked off along the borisontal axis of Fig. 9 is the horisen 
Z, for propagation in a homogeneous ataoephere, This horison is deter 
mined by the height of the observation point b and is inlependent of 
the wavelength: Let us note that we have taken bh =n, here, the 
point T', determines the position of the ground wave horizon on each 
curve and the point I, determines the position of the horizon for 
waves reflected from the earth (Sections 2 ant 4), The I’, am T, 
horisone vary ae the wavelengths vary and, consequently, for each curve 
itself, 

In all eases the phenomenon of very long radiowave propagation at- 
tenuated as the wavelength increases can be expressed, Taking into 
account the intense variation of the wavelength when making the tran- 
sition from one curve te arsther (the wavelengths ere in the 1:3:9:27 
ratio), it should be recognized that the dependence of the attenuaticn 
factor on the wavelength is comparstively slight near the horieon, 


(2) 
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The wavelength enters ir.to the formas for the distance to the 
horizon (ecee (2], Section 5) only under the logarithm, Consequently, 
the distances to the horisons generate an arithmetio progression if 
the wavelengths, se in Fig. 9, generate 4 geometric progression. ere, 
however, the values of the attenuation factor at both the qT, and the 
Tn horisans depend on the wavelength to the same degrve as for norm) 
radiowave propagation (see Table 2), 

Because of these olrcumstances, to identify the rencteness of 
radiowave propagation with the remoteness of the horizon of the ground 
and reflected waves must be done with eme care, The distance of 
propagation van be defined otherwise, for example, as that range in 
which the attenuation factor has the absolute value 0,1, where the 
values of the atteruation factor are etill less at longer distances, 
For this last definition, the ‘distanse of propagation! is included 
between the distances of the I’, and J", horizons for the Curve 1 on 
Fig. 9 and for the other ourves, this distance is less than the dis- 
tance Th as seen fram the figure, these four distances generate an 
arithmetia progression in a very rough approximation, Let us note that 
it is ususlly sufficient to compute only by using the reflection forma 
of Section 4 and by extrapolating the ourves thus obtained in order to 
estimate the distance of propagation according to the 0.1 value, 

The direct purpose of this paper (see Section 1) was to verify the 
formias for the distance of rediowave propagation derived in [2]. We 
have show above that a simple ar” graphio picture of very~long radlovave 


G2) 
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propagetion in the presence of an inversion layer can be obtained ty 
introducing the horisons of the direct ani reflected waves, However, 
the distance of propagation oan only be identified with the distance of 
one of the herisons in only a sufficiently rough sense. The fact is 
that the decrease in the attenuation factor (after the oscillations 
terminate in the line-of-sight region) starts earlier than we arrive 
et the first horison, Consequently, ae shown in Section 5, the attenn- 
stion factor ¥, takes values oo the J”, ant T), borisone which are 2 - 
& tines lese than at the usval T’, borisoa for propagation in « hano= 
geneous atmosphere. Moreover, the attemmtion factor decreases near 
the J’ ona I, borisons much more slody, understandably, than for 
normal propagation, 

All these osuses reduce to the Tr, and rT, horisons characterising 
the distence of redicwave propagation more roughly for ancaaloue propa- 
gation than does the I’, horison unter normal propagation, However, the 
possibility of using the I", and T', horisons for an approximate esti- 
mate of the distance of propagation does not cause doubts, ae is seen 
if only from a comparison of the attenuation factors near the horisons 
and in deep shade on Fig. 7. 

It should be etreesed that the M-profile we chose has a weak enough 
inversion: the difference M(0) - M(hy) does not exceed several tenthe. 
In certain oases, euch an inversion can remain unestabliehed in practice, 
Rewever, our calculations ehow that even such an N-profile redically 
alters the cheracter of redioweve propagation and leads to very long 


propagation. 
Leningrad University April 27, 1956 
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Appendix A 


APPROXIMATE BOUNDARY -CONDITIONS FOR THE 
ELECTROMAGNETIC FIELD ON THE SURFACE 
OF A GOOD CONDUCTOR 


M. A. Leontovich 


The approximate boundary conditions on the surface of bodies 
which have a large complex permittivity have found application in 
solving a number of probleme concerning the propagation of elec- 
tromagnetic waves.* In view of the fact that a very detailed derivation 
of such boundary conditions has yet to be published, this present 
paper derives these boundary conditions and indicates the limita of 
their applicability. 


1. As we know, the problem of the propagation of electromag- 
netic waves when "ideally conducting" bodies are present reduces to 
the solution of the problem involved in the propagation of a field 
outside these bodies under specific boundary conditions at the surface 
of these bodies (the tangential components of the E vector are equal 
to zero). The problems involving the propagation of a field outside 
good conductors (or, in general, outside bodies with a permittivity 
which has a large modulus) can also, under known conditions, be 
approximately reduced to the solution of the Maxwell equations for 
external (with respect to these bodies) space when homogeneous 
boundary conditions obtain at the surfaces of these bodies. 

“—~~¥ Ta. L. Al'pert, Application to Loases in Waveguides. 
J.Tech. Phys.(No. 16) 10:1358, 1940. 


The approximate boundary conditions being examined here are 
elco given in a book by A. N. Shcelukin titled "The Propagation of 
Redi> Waves,‘ 1940, p. 50, but the fully developed applications of 
these boundary conditions are not given. 
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If the complex dielectric (or magnetic) permeability of the body 
has a large modulus, then the wavelength inside the body (and in the 
case of an absorbing body the depth of penetration of the field into 
the body) will be small, eo that inside the body the conditions obtain 
for the application of geometric optice. %f, in addition to this, the 
field varies slowly from point to point an the surface of the body on 
the scale of a wavelength inside the body, and there are no sources 
inside the body, then the field in the vicinity of the surface {inside 
the body) will consist of e wave which je propagated and attenuated 
in the direction of the normal to the surface (into the interior) of the 
body. This wave, generally speaking, ie not s plane wave, but its 
radius of curvature is large in comparison to the wavelength of the 
wave in the body and the depths of its penctration. Therefore tos 
first approximation the electric and magnetic vectors in the body 
are parallel to the surface of the wave; they lie in the plane which 
je tangent to the surface of the body and are related with one another 
in the same way that the electric and magnetic vectors are related 


in a plane wave (that is, 
E aff 68) 


where Bis the external normal to the surface of the body; € and » 
are the complex electric and magnetic permeabilities of the body). 

Since the tangentis! componente of E and i are continuous, the 
tangential components of E and ¥ are related by the same expression 
on the external side of the “auriace uf the body; it therefore follows 
that the following boundary conditions are fulfilled there: 


(e H-vEf ey fy]. qQ) 


Introducing the coordinate system (yg, y. 5) which is such that x 
and y lie in the plane which is tangent to the surface of the body at 
the point being investigated, and the ¢ axis ie dirscted into the 
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interior of the body, it is possible to write these boundary conditions 
in the following manner: 


E. eH: zr, 5 fe x, - (2) 


2. Our problem consists of making the limits of applicability 
for these boundary conditions more precise end of evaluating the errors 
which are associated with the use af these boundary conditions. We 
must therefore, in the first place, evaluate errors which are asso- 
ciated with the depiction of the field in the form of @ wave which is 
proprgated into the interior of the body according to the laws of 
geometric optics, and, in the second place, we must clarify under 
what conditions thie field can be represented in the form of @ wave 
of this type. The answer to the first problem is contained in a paper 
by S. M. Rytov.* We shall reproduce here the results ofhis paper 
in the form required for our analysis. 

We shall examine a body with a complex permittivity €, with a 
megnetic permeability », voth of which vary irom point to noi .t in 
the body. Here we shall assume that the complex index of refraction 
Vep is a quantity which hes a large modulus everywhere in the body. 
Therefore, we assume that 


Jer en) , 


where q is a small parameter. 
Having written the Maxwe)) equations: 


eik€E =: Curl,  ikpH = CurlE (3) 
(k is the wave number in @ vacuum, end the time function is assumed 
to be of the form e” “*) in the following form: 


WS.M. Rytov., J, Expt. and Theor. Phys. (No.2) 103 180 (1940). 
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otk Yew (A 8) = Curt Wait + Hftiving), 
inves (VaR = Curt WEE) + diet giac) . 


{4) 


and having taken ‘E and fit in the capacity of the field vectora, 
we can convince ourselves of the the fact that the large quantity ¢ 
or » {e only included in the form fe; however the quantities ¢ 
and p» taken separately are included in the form . ve and Vax 
(i,e., only their relative variations have an effect). 

In order to compose a solution which yields an approximation of 
geametric optice we therefore assume that 


+iy 


ef 
z£ A. t fn a . {5) 
and making use of formula (4), we obtain the following equations: 
vk Ef By oun + +B. om] 
typ A) - vB = “fourth 4A. vin 


The solution for A and B is sought in the form of a power series of q: 


(6) 


K=%,+ ah, + 97%, + ss 
(7) 
5-8 + a, +075, + 6. 


Then we obtain the following system of equations: 


vA, + ty. BJ Q; ihr a - vB, = 0, {8) 
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vA, + tlov 8) = ae 3, Hiring} 


(9) 
they. Kj : vB, 2 fom A‘ +$[K,. vl ; 
vA, + [rv 5] Fa i 5 +B, vim}}: 

(10) 


Hy % x) : vw, = a $f vied} 


The zero-approximation Eqs. (8) yi#ld the approximation of 
geometric optics. The condition for this solvability is the “eikonal 
equation" 


tye)? a kv’, qn 


from which the complex function xy, 3) must be determined. At the 
surface of the body the tangential components of the field in the body 
muet coincide with the tangential components on ite external surface. 
Since we assume that the field outside the body variee elowly, 

it followe that y = 0 on the surface of the body. From thie it follows 
that the real and imaginary parts of y are proportional to one another: 
surfaces with equal phases and equal amplitudes inside the body 

(in this zero-approximation) coincide, and the normale to these 


surfaces at points lying on the surface of the body coincide with the 
normal to the surface of the body. 


Thus it is true in thie case that 


gu=-fkv, (12) 


where f is the external normal to the surface af the body. Equatians(8) 
provide the the ralationship between tne field vectors, and this re- 
lationship is the eame as that for a plane wave; thus it follows that 
to the degree that we can limit ourselves to thie approximation, the 
conclusion drawn in §1 is valid. In order to find the boundaries of 
applicability for thie derivation it is necessary to calculate the sub- 
sequent approximations. The corresponding calculations are made 
in the paper by S.M. Rytov which we have cited above. Making use 
of formula (34) of thie paper end introducing the x and y axes in the 
tangent plane which are directed along the main crose sections of the 
surface of the body, we obtain the following condition (, = const) 
instead of the boundary Condition (1), (2): 


Bf [+ mes -4 tp) | (13) 


and a corresponding one for r: Here p, and p, are the main radii 
of curvature to the surface at the point being examined. From this 
expression it is evident that we will obtain a correction of the 

order of-tand anita {d is the depth of penetratian). When the 
main radii of curvature are equal the curvature does not yield any 
correction in thie approximation; in additian, the correction ass0- 
ciated with an inhornogeneity depends solely upon the variation af ¢ 
along the normal. 

For a plane surface af a homogeneous body the firet-order 
correctione are equal to sero, and in order to evaluate the errors 
in this case it is necessary to calculate the second approximation. 
Making use of Formula (21) in the paper by 8.M. Rytov, we obtain 
the boundary condition in the following form for thie case: 


a ar ey fae 
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Let us note that if € and depend upon x and y, it follows that 
the corresponding corrections are aleo included in thie approximation. 


3. In deriving all of the formulas in thie section we made the 
following postulate: the field on the external surface of the body varies 
slowly. In order to answer the second question whic’ has been posed 
and in order to thus establish the limits of applicability of the boundary 
conditions (1) it is necessary to clarify when the above postulate is 
valid. 

We shall at first suppose that the body has a large absorption (i.e., 
we shall assume that er is complex and that 3m ¢y ie a large quantity). 
In that case we can aseert that the condition of a slow field variation 
when the wave traverses ths surface of the body is fulfilled at all 
distances from ths source which are large in comparison to a wave- 
length inside the body and in comparison to the depth of penetration d 
inside the body. Even if the sources of the field are located on the very 
surface of the body, waves which are propagated in the body and which 
produc’ a rapidly varying field will be attenuated at such distances. 

Thue the conditions for the applicability of the boundary Conditione(1) 
for absorbing bodies will be the following. The depth of penetration 


into the body and the wavelength in it must be small in comparison to 
the wavelength in the surrounding space, in comparison to the distances 
from the sources of the field and in comparison to the radii of curvature 
of the surface of the body. Variations of € and y of the body st a dis- 
tance equal to the wavelength in the body (or at a distance equal to the 


deptk of penetration) are small. 

In the case where € and 4 are both real and there is no absorption 
the situation is different, and the fulfillment of considerably more 
rigorous conditions is required in order for the boundary condition (1) 
to &pply. 

In fact, in thie case even if the sources lie far away from the 
surface of the body (outside it), waves may be present in the body which 
travel not only from the surface into the interior of the body but also 


from inside the body into the space outside. For example, if our — 
body is a plane-parallel plate and is irradiated by a plane wave, then 
6 wave wil) exist in it which is reflected from its rear surface and 
which travels in the direction of the forward surface. Therefore the 
derivation of the boundary ‘conditions (1) which was made above is 
inapplicable here. 

In the case where a body with large values of € and 1 hase plane 
boundary and occupies an infinite half-space (the othur half-space is a 
vacuum) there will be no such waves; however in thie case the boundary 


conditions ars applicable only in the case when the sources are at 


distances rom the body which are large in comparison with the wave- 
length in the vacuum, However, if the source is located at the suriace 


or close to the surface then, as we know, not only waves with a velocity 
‘& &re propagated along the surface of the body, but aleo waves with a 
velocity 7 which (from the upper eide of the surface an well} create 
a rapidly varying field in the plane of the surface; thus in thie case the 
assumption concerning the slow variations of the field on the external 
surface of the body (which we made in our derivation above) is untrue. 
In conclusion let us provide the result of the solution of the problem 
involved in the reflection of a plane wave from an infinite homogeneous 
half-space (1 = 1, € is large); thie solution is obtsined by means of 
applying the approximate boundary conditions. A coefficient of re- 
flection in obtained which is equal to the following expression: 


fe ems- 1 


Ree ‘ 
Fr cosg@ +) 
° 


where @ is the angle of incidence. A comparison with the accurate 
Freenel expression: 


392 


ner - v1 - Pein? > 


Re : 
Veco o+ 1- Tein e 


shows that an error is obtained whichis in complete agreement with 
our general derivations; this error applies for real values of ¢ and is 
of the order of Sain >. 


